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Abstract: The study of topological indices associated with molecular graphs is
very helpful in understanding many of their physico-chemical properties. Various
degree based topological indices such as generalized Randi¢ index, Zagreb index,
Arithmetic-Geometric index and harmonic index are found to be particularly useful
in the study of many molecular nanostructures. In this paper, we obtain the M-
polynomial of the para-line graphs of the 2D-lattice, nanotube and nanotorus of
TUC,Cs(R) [p, q], by means of which, we compute some of their topological indices.
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1. Introduction

The graphs discussed in this article are simple, undirected, finite and connected.
The degree degs(v) of a vertex v € V' in a graph G = (V, E) is the number of
vertices adjacent with v in GG and is closely related to the valence of an atom in
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chemistry. The distance between any two vertices v and v in G is the length of the
shortest path between u and v and is denoted dg(u,v). The subdivision S(G) of
a graph G is a graph that is obtained by replacing each of the edges e = uv of G
with a vertex of degree two which is adjacent with v and v. The line graph L(G)
of a graph G is obtained by replacing each of its edges by a vertex and adding
edges to it in such a way that two vertices in L(G) are adjacent if and only if their
corresponding edges in G are adjacent. The para-line graph L(S(G)) of a graph G
is the line graph of the subdivision graph of G. For standard graph terminologies
used in the paper, we refer [4, 14, 15].

A topological index is a number associated with a molecular graph that is signif-
icant in understanding many of its physico-chemical properties. It is particularly
found to be useful in analysing the quantitative structure property relationship
(QSPR) and quantitative structure activity relationship (QSAR) [3, 7] of such
graphs. The first topological index, called the Wiener index, was introduced by H.
Wiener [25] to study the correlation of the measured properties of molecules in a
compound with their structural properties. Hosoya [16] defined the Wiener index,
in an alternate manner, in terms of the vertex distances in a graph. Over the years,
various topological indices have been introduced and obtained for different chemi-
cal graphs [20, 13, 11, 12, 9, 10, 5, 23, 24]. In particular, these topological indices
have been obtained for the line graph of subdivision graphs of some nanostructures
such as those in [19, 1].

The M-polynomial of a graph, introduced by Deutsch and KlavZar [8], is helpful
in determining the closed form of certain degree based topological indices of families
of graphs for which the number of edges adjacent to a pair of vertices u, v is known.
Several authors have used the M-polynomial to find topological indices such as the
first and second Zagreb index, general Randic index and symmetric division index
of nanostructures [18, 17].

The study of materials in the size of nano units, i. e., 10~ units, comprises the
field of nanoscience. Materials and structures, that take nanosize range, often called
nanomaterials/structures, are found to exhibit exceptional intrinsic properties in
terms of many aspects such as strength, stability, conductivity and absorption.
This has enabled scientists and researchers from various domains such as physi-
cal science, material science, electronics, medical science and biological science to
study nanomaterials and adopt them as substructures in the construction of larger
structures [21, 2, 6, 22]. In particular, a TUC4Cjs [p,q] nanotube is an elegant
nanostructure that can be constructed mathematically from alternating squares
and octagons, consisting of p squares and their ¢ rows. The 2D-lattice, nanotube
and nanotorus of TUC,Cs(R) [p, q] are illustrated in Fig. 1.
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Figure 1: The graphs of the TUC,Cs(R)[6, 4] 2D-lattice, nanotube and nanotorus

In this paper, we construct the M-polynomial of the para-line graphs of the
TUC,Cs(R) [p, q] 2D-lattice, nanotube and nanotorus, by means of which, we com-
pute some of their topological indices.

2. Preliminary Definitions and Known Results
We begin the section with some standard definitions and notation, found in
literature, that we commonly use in the paper.

Definition 2.1. [8] For a graph G, the M-polynomial is defined as

MGry = Y my@ay (1)

§(G)<i<j<A(G)

where §(G) and A(G) are the minimum and mazimum degrees of any vertex, re-
spectively, in G and m;;(G) is the number of edges e = uwv € E(G) such that
{dega(u), dega(v)} = {i, j}-

Definition 2.2. Given any real number «, the general Randi¢ index of a graph G
1s defined as

Ro(G)= ) (degg(u)dega(v))™. (2)

weE(G)

and the general inverse Randi¢ index of G is defined as

1

RR.(G) = (3)
2 ooy
The Randi¢ index of G is obtained by choosing o = —% in the expression for the

general Randi¢ index of G.
Definition 2.3. The first and second Zagreb indices of a graph G are defined as

Mi(G) = ) (dega(u) + dega(v)) (4)

weE(G)
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and
My(G) = Y (dega(u)dega(v)). (5)
weE(G)
Definition 2.4. The second modified Zagreb index of a graph G is defined as
1
"My (G) = : (6)
2 wezE(G) degg(u)degg(v)

Definition 2.5. The symmetric division index of a graph G is defined as

B min(degg(u), dega(v))  maz(degs(u),dega(v))
SDD(G) = MGZE%G) [max(degg(u),degg(v)) min(degg(u), dega(v)) | (M)

Definition 2.6. The harmonic index of a graph G is defined as

2
H(G) = Z dega(u) + dega(v) a

uweE(G)

Definition 2.7. The inverse sum index of a graph G s defined as

B dega(u)dega(v)
6= 2, dege(u) + dega(v) )

Definition 2.8. The augmented Zagreb index of a graph G is defined as

AG) = Z [ dege(u)degg(v) 3. (10)

dege(u) + degg(v) — 2

weE(G)
Topological Index Expression in terms of M(G;z,y)
M (G) (Dg + Dy)(M(G;2,y)) ls=y=1
Ms(G) (D Dy) (M (G 2, y))|o=y=1
" Ms(G) (S25y) (M(G; 2, ) la=y=1
Ra(G) (Dg D) (M (G 2, y))|a=y=1
RRa(G) (S25)(M(G; 2,y)) la=y=1
S5D(G) (D2 Sy + 52Dy)(M(G; 2, y)) la=y=1
H 25 J(M(G; 2,y))|a=1
U Sz Dy Dy(M (G5 2, y)) la=1
A S2Q-2J DDy (M(G;2,y))|a=1
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Dxf( )—afé’f(w y)/0x, Dy f(x,y) = yof (x,y)/0y, So f(x,y) = [ (f(t,y)/t)dt
= JJ(f(x, t)/t)dt, Jf(x,y) = f(z,2), Quf(x,y) = 2°f(z,y)

Table 1: Topological indices in terms of the M-polynomial

Each of the topological indices defined above can be obtained using the M-
polynomial as given in Table 1.

3. Main Results

In this section, we obtain the closed form of the M-polynomial of the para-
line graphs of TUC,Cs(R)[p, q] 2D-lattice, nanotube and nanotorus, by means of
which, we compute some of their topological indices.

3.1. M-polynomial of the para-line graph of TUC,Cs(R)[p, q] 2D-lattice

. L L L L
OO~

Figure 2: The subdivision graph of Figure 3: The para-line graph of the
the TUC4CS(R) [6 4] 2D-lattice TUC408(R) [6,4] 2 D-lattice

Theorem 3.1. The M -polynomial of the para-line graph of TUC,Cs(R)[p,q] 2D-
lattice is M(TUC,Cs(R)[p, q; x,y) = (2p+2q+4)2*y* + (4p+4q—8)x*y> + (18pg —
11p — 11q + 4)x3y>.

Proof. Let G; be the para-line graph of TUC,Cs(R)[p, q] 2D-lattice. Since each
of the vertices of GGy is of degree either two or three, the vertex set of GG; has the
following two partitions with respect to degree:

Viz (G1) = {0 € V(G)laege, -2 and Viny(G1) = {0 € V()i -3 |-

Further, the edge set of G; has three partitions based on the degree of the end
vertices:

E22)(Gr) = {e =uv € E(Gl)Idegcl(u):zdegc;l(v)ﬂ} :
Epa(Gh) = {6 =uv € E<G1)’degcl(u):27d6901(v):3} and
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E5(Gh) = {e =uv € E(Gl)ldegGl(u)zg,deggl (v):3}, such that
Maz(Gh) = ‘E{Q,Z}(Gl)‘ =2p+2q+4, my(G) = ’E{z,z&}(Gl)‘ =4p+4g — 8 and

m33(G1) = ’E{3,3}(G1)
Thus, the M-polynomial of the given graph is
M(Gyiz,y) = Z mij(Gl)xiyj
2<i<j<3
= m22<G1)132y2 —+ m23<G1)l’2y3 + m33<G1)I3y3
= (2p+2q + 4)2*y* + (4p + 4q — 8)2y® + (18pq — 11p — 11q + 4)2°y°.

= 18pq — 11p — 11q + 4.

Theorem 3.2. Let Gy be the para-line graph of TUC4Cs(R)[p, q] 2D-lattice. Then,
(1) My(G1) = 108pgq — 38p — 38q
(2) My(Gy) = 162pg — 67p — 67q + 4

1 1 1
(3) ™M>(G1) = 2pg — 1—8]9 - 1—8Q+ 9

(4) Ra(G1) = 4%(2p + 2q + 4) + 3%2%(4p + 4q — 8) + 9%(18pq — 11p — 11q + 4)

1
(2p+2¢+4)+

T g

(5) RRa(Gh)

1
(4p +4q — 8) + —(18pg — 11p — 11g + 4)

3aga 9
(6) SSD(Gy) = 36pq — ?p - 23_8q _ %
(7) H(G,) = 6pq — %gp _ %q N 135
(8) 1(G1) = 27pq — ?—gp— ?—qur g
4947 4947 7
(9) A(G) = oty — STy - T 2T

Proof. From Theorem 3.1, we have

M(Gy;z,y) = f(x,y) = 2p+2q+4)2*y* + (4p+4q — 8)2*y* + (18pg — 11p — 11q +
4)3y3.

Then, we have the following:
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D, f(z,y) = 2(2p+2q+4)x%y? + 2(4p + 4q — 8)x?y3 + 3(18pqg — 11p — 11q+ 4)z3y3,
D, f(z,y) =2(2p+2q+4)x*y* + 3(4p+ 4q — 8)x*y® + 3(18pg — 11p — 11q + 4)23y?,
DyD, f(z,y) = 4(2p+2q+4)2%y* +6(4p+4q—8)2*y’ +9(18pg — 11p—11g+4)2°y?,

1 2,2, 1 2,3, L 3,3
SeSyf(z,y) = Z(2p+2q+4)9c Y +6(4p+4q—8)x Y +§(18pq—11p—11q+4):v Yo,

DDg f(x,y) = 4%(2p +2q + 4)2*y* 4 6% (4p + 4q — 8)x*y® + 9 (18pg — 11p — 11¢ +
)y’

1
Ap + 4q — 8)z2y3 + —(18pq — 11p —
gaga (4P + 44 — 8)a°y” + o= (18pg — 11p

1
Sz f(x,y) = 2 (20 + 24+ 4)°y* +
11q + 4)a3y3,

9
SyD.f(x,y) = 2p+2q+4)z*y* + §(4p+4q —8)z?y® + (18pg — 11p — 11g+4)a>y?,

3
SeDyf(x,y) = (2p+2q+4)x2y2+5(4p+4q—8)w2y3+ (18pg —11p—11q+4)z?y?,
1 L1 o1 ]
25,7 f(w,y) = 2| 7 (2p+ 20+ 4)2" + 2 (4p+ 40— 8)2° + - (18pg — 11p— L1g+4)a ]

6 3
SeJD.Dyf(x,y) = (2p+2q+4)z* + g(4p+4q—8)x5 + 5(18pq— 11p—11g+4)z5,

36
S3Q_oJDD} f(x,y) = 2°(2p + 2q + 4)2° + 2°(4p + 4q — 8)2° + 4—3(18pq —11p —

11q + 4)z*.
Using Table 1,

(1) The first Zagreb index

My(G1) = (Dy + Dy)(f(x,9))

= 108pq — 38p — 38¢q

r=y=1

(2) The second Zagreb index

= 162pq — 67p — 67q + 4.

rT=y=

MQ(GI) = Dny(f(x,y))
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(3) The modified second Zagreb index

1 1

1
=2pq — P — g4+ 5

MQ(Gl) = Smsy(f(x7 y)> p=y=1 18 18 9

(4) The generalized Randié¢ index

Ro(Gy) = DED;(wn))|
=4%2p+2q+4) +372%4p +4q — 8) + 9%(18pqg — 11p — 11q + 4).

(5) The inverse Randi¢ index

RR.(G1) = SpSy (f(z,y))

r=y=1
1 1
= 4—a(2p +2¢+4)+ 3000 (4p+4q —8) + 9—a(18pq —11p—11q + 4).
(6) The symmetric division index
28 28 4
SSD(Gh) = (SyDa + SeDy)f(wy)| _ _ =30pg = Zp— 54— 3

(7) The harmonic index
H(Gy) =28, Jf(z,y) _1

1 1 1
=2 Z(2p+ 2q + 4)z* + g(4p+ 4q — 8)x° + 6(18pq —11p — 11q + 4)2°

16 16 2

— 6Py — —p — —g+ —
Pe— 1P~ 1597 15

z=1

(8) The inverse sum index

I(Gh) = Sy DD, f(z,y)

r=1

3
(2p +2q + 4)2* (4p + 4q — )x5—|—§(18pq— 11p — 11q+4)x6] B
97 97

=2Tpg — —p— =4

6
5
10 10 *

2
5
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(9) The augmented Zagreb index

A(Gh) = S;Q-2 Dy Dy f (z.y)

36
= [2°(2p +2q + 4)2* + 2°(4p + 4q — 8)2> + E(1810q —11p — 11q + 4)z*
6561 4947 4947 217

S Pl g P e 1T g

r=1

3.2. M-polynomial of the Para-line Graph of TUC,Cs(R)[p, q| Nanotube

Figure 4: The subdivision graph of

the TUC,Cs(R)[6, 4] nanotube Figure 5: The para-line graph of the
TUC,Cs(R)|[6,4] nanotube

Theorem 3.3. The M-polynomial of the para-line graph of TUC,Cs(R)[p, q] nan-
otube is

M(TUCLCs(R)[p, ql; 2, y) = (2p)2*y? + (4p)x*y® + (18pg — 11p)a’y®.

Proof. Let Gy be the para-line graph of TUC4Cs(R)[p, q] nanotube. Since each
of the vertices of GG, is of degree either two or three, the vertex set of G5 has the
following two partitions with respect to degree:

Viey(Ga) = {v € VIGa)liego, w=2 | and Vig)(Ga) = {v € V(Ga)luege =3 |-
Further, the edge set of (G5 has three partitions based on the degree of the end
vertices:

Epa(Ge) = {6 = uv € E(G2)|aege, (v)=2.dega, (v>=2} :

Ep5(Gr) = {e =uv € E(G’g)|d€gc2(u):27degc2 (v)zg} and

E33(Ga) = {e = uv € E(G2)|degcg(u):37degc2 (v)zg}, such that
Maa(Ga) = )E{2,2}(G2) =2p , ma(Ga) = |E23)(G2)
mas(G2) = | Bpp(Go)

= 4p and

= 18pq — 11p.
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Thus, the M-polynomial of the given graph is

M(GQ, Z, y) = Z mij (GQ)Il’yJ = mgg(Gg)x2y2 + m23(G2)x2y3 + m33<G2)l’3y3
2<<5<3

= (2p)a*y”® + (4p)a*y’ + (18pg — 11p)z°y’.
Theorem 3.4. Let Gy be the para-line graph of TUC,Cs(R)[p, q] nanotube. Then,
(1) Myi(Go) = 108pg — 38p

(2) My(Gs) = 162pg — 67p

1
(3) mMz(G2) = 2pq — 1—8]?

(4) Ra(Ga) = 4%(2p) + 3%2%(4p) + 9%(18pg — 11p)

1 1
4p) + —(18pg — 11
3a2a( p) + 9a( pg — 11p)

28
(5) SSD(G2) = 36pq — gp

(5) RRo(Ga) — 4%(210) +

16
(7) H(G2) = 6pq — 1—529
97
(8) ]<G2) = 2Tpq — Ep
6561 4947

(9) A(GQ) = ﬁpq - 6—417

Proof. From Theorem 3.3, we have M (Goq;z,y) = f(z,y) = (2p)zy* + (4p)2*y® +
(18pq — 11p)x3y>. Then, we have the following:

Dy f(x,y) = 2(2p)x*y® + 2(4p)z*y® + 3(18pg — 11p)x’y?,
Dy, f(z,y) = 2(2p)a*y* + 3(4p)x®y® + 3(18pg — 11p)x’y?,

D,D, f(z,y) = 4(2p)x*y* + 6(4p)x*y® + 9(18pg — 11p)x’y?,

1 1 1
SeSyf(x,y) = Z(2p)x2y2 + 6(429)3?2313 + 5(18pq — 11p)a®y?,

Dy Dy f(x,y) = 4%(2p)a*y® + 6°(4p)z°y” + 9%(18pq — 11p)a’y?,
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1 1 1 ,
1 2Pty + s (dp)aty® + oo (18pg — 11p)ay?,

Sgsg (x’y):: fo 3aa «

9
SyDyf(z,y) = (2p)z*y* + 5(429):623/3 + (18pg — 11p)x3y?,

3 f
SaDy f(z,y) = (2p)z*y® + 5(4p)x2y3 + (18pg — 11p)ady?,

1 1 1
25, f(z,y) =2 ;1(211)-%’4 + 5(419)965 + 5 (18pg — 11p)zf|,

6 3
SeJD.D, f(x,y) = (2p)x* + g(4p)x5 + 5(18pq — 11p)®,

36
52 Q-2 D;D; f(w,y) = 2°(2p)a? + 2°(4p)x® + 5 (18pg — 11p)a.
Using Table 1,

(1) The first Zagreb index

My(Gz) = (D2 + Dy)(f(2,y)) vy~ 108pg = 38p.
(2) The second Zagreb index
My(Gs) = DyD,(f(x,y)) e 162pg — 67p.
(3) The modified second Zagreb index
"ML(Ga) = S.5,(flaw)| =20 o

(4) The generalized Randié¢ index

Ro(Ga) = DIDy (f(x,y))

r=y=1

(5) The inverse Randié¢ index

1 1
- —(2
. 4a( p) +

RR,(Gs) = Sﬁsﬁ(f(%y))

REVA 9o

323

= 4%(2p) + 3°2%(4p) + 9%(18pq — 11p).

(4p) + i(18pq — 11p).
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(6) The symmetric division index

28

= 36pg — —p-

SSD(G3y) = (SyDy + Sy Dy) f(x,y) N 3

(7) The harmonic index

16

= 6pg — —p.
g — =P

1 1 1
:2[—2 44 (4p)a® + —(18pg — 11 6]
=2 @)+ o (dp)a” + (18pg — Lp)z

r=1

(8) The inverse sum index

6 3
[(Gy) = S.JD,D, f(x, w‘m - [(2])):64 + 2 (p)® + S (18pg — 11p)a]
07
= 27pg — —p.
pq 10]7

(9) The augmented Zagreb index

A(Gs) = S3Q_»JD3D: f(2,y)

x=1
6561
=1 32

4947
64

36
= [2(2p)a? + 2*(4p)a® + 5 (18pq - 11p)x4] pq p.

3.3. M-polynomial of the Para-line Graph of TUC,Cs(R)[p, ¢ Nanotorus
A A A A

A/\ijﬂ /HO}'—(L‘(\I)\’—*\(I}*—* \I/ > <

\ - )

Figure 6: The subdivision graph of the
TUC,Cs(R)[6,4] nanotorus Figure 7: The para-line graph of the
TUC4Cs(R)[6, 4] nanotorus
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Theorem 3.5. The M -polynomial of the para-line graph of TUC,Cs(R)[p, q] nan-
otorus is M(TUC,Cs(R)[p, q; x,y) = (18pq)x3y>.

Proof. Let Gj be the para-line graph of TUC,Cs(R)|p, q] nanotorus. Since each
of the vertices of GG is of degree three, the vertex set of G5 has the partition with
respect to degree:

Vi (Gs) = {0 € V(G3)laege =3 }-
Further, the edge set of G3 has the partition based on the degree of the end vertices:
E{373}(G3) = {e =uv € E(G3>|degcs(u)=37degc3 (v)zg}, such that,

mss3(Gs) = ’E{3,3}(G3)‘ = 18pq. Thus, the M-polynomial of the given graph is

M(Gs;2,y) = Z mij(GS)xiyj

3<i<j<3
= (18pq)z*y’.
Theorem 3.6. Let G5 be the para-line graph of TUC,Cs(R)[p, q] nanotorus. Then,
(1) My(G3) = 108pq
(2) Ma(G3) = 162pq
(3) ™ Ma(G3) = 2pq
(4) Ra(Gs) = 9%(18pq)

(5) RRu(Gs) = - (18p0)

(6) SSD(G3) = 36pq
(7) H(Gs) = 6pq

(8) 1(G3) = 27pg
6561
A = —
(9) A(Gs) = —-pg
Proof. From Theorem 3.5, we have M(Gs;x,y) = f(z,y) = (18pq)x3y>. Then,
we have the following:
D.f(x,y) = 3(18pg)z°y’,

D, f(z,y) = 3(18pq) x>y,
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DyD.f(z,y) = 9(18pq)z°y®,

1
SeSyf(x,y) = §(l8pq)l’3y3,

DDy f(x,y) = 9%(18pq)z°y?,

1
SeSef(x,y) = 9—a(18pq)x3y3,

SyDq f(z,y) = (18pq)x®y?®,

SaDy f(z,y) = (18pq)x®y?,

25,7 () = 2[ £ (18pa)a*].

3
Sed DD, f(z,y) = 5(18pq)$6,

36
S3Q2JDID; f(w,y) = 75 (18pg)a’.

Using Table 1,

(1) The first Zagreb index

M(Gs) = (Do + Dy)(f(2,9))| _ = 108pg.
(2) The second Zagreb index
My(Gs) = DyD.(f(2,y)) oy 1620
(3) The modified second Zagreb index
"My(Gr) = S,5,(F(w0))| = 5(18pa).
(4) The generalized Randié¢ index
Ro(G3) = Dy Dy(f(z,y)) —y—r 9%(18pq).
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(5) The inverse Randié¢ index

1
RRa(G) = $255(f )| = 5= (15m)
(6) The symmetric division index
SSD(Gs) = (SyD, + S:Dy) f(z,y) = 36pq.
T=Y=
(7) The harmonic index
H(G?)) = QS:ch(fEa y) 1
= 6pyq.
(8) The inverse sum index
1(Gs) = S,JD.D, flwy)|
= 27pq.
(9) The augmented Zagreb index
A(G) = ST DDY ()|
6561
T 39 pq.

4. Conclusion

In this paper, we have obtained the closed form of the M-polynomial of the para-
line graphs of the TUC Cs(R) [p,q| 2D-lattice, nanotube and nanotorus. Using
these, we have computed some of their important topological indices such as the
general Randié¢ index, Zagreb indices and harmonic index. The study of these
topological indices, in turn, is helpful in understanding many of their physico-
chemical properties as seen in literature.
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