South Fast Asian J. of Mathematics and Mathematical Sciences
Vol. 17, No. 3 (2021), pp. 299-312

ISSN (Online): 2582-0850
ISSN (Print): 0972-7752

ss-EXCELLENCE IN GRAPHS

V. Praba and V. Swaminathan*

Department of Mathematics,
Shrimati Indira Gandhi College,
Tiruchirappalli - 620002, Tamil Nadu, INDIA

E-mail : prabasigc@yahoo.co.in

*Ramanujan Research Center in Mathematics,
Saraswathi Narayanan College, Madurai - 625022, Tamil Nadu, INDIA

E-mail : swaminathan.sulanesriQgmail.com

(Received: Aug. 25, 2020 Accepted: Oct. 15, 2021 Published: Dec. 30, 2021)

Abstract: Let G be a simple graph with vertex set V(G) and edge set E(G). A
subset S of V(@) is called a semi-strong set abbreviated as ss-set if | N[v]NS| < 1 for
all vin V(G). This concept was introduced by E. Sampathkumar in the paper titled
Semi-strong chromatic number of a graph. Any ss-set has hereditary property.
That is, a subset of an ss-set is an ss-set. So, an ss-set is maximal iff for any
u € (V—=5), there exists v € V(G), v # u such that v is adjacent with u and a vertex
of S. Excellence is studied with respect to several parameters like domination. A
vertex u is a-good with respect to the parameter « if u belongs to a minimum
(maximum) a-set of G. A graph G is a-excellent if every vertex of G is a-good. A
graph G is ss - excellent if every vertex of G is ss - good. ss - excellence and ss -
just excellence are studied in this paper.

Keywords and Phrases: Semi-strong set, semi-strong partition, excellent, just-
excellent.
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1. Introduction
As a generalization of strong set introduced by Claude Berge [2]. E. Sam-
pathkumar defined semi-strong sets in a graph.In a simple graph G, a subset S
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of the vertex set V(G) of G is called a semi-strong set of G if |[N[v] N S| < 1 for
vin V(G). A is semi-strong set has hereditary property. Hence maximum ss-set
considered. A vertex u is ss-good if u belongs to a maximum ss-set of G. A graph
G is said to be ss-excellent if every vertex of G is ss-good. ss-excellence and ss-just
excellence are studied in this paper.

Definition 1.1. [9] A subset S of V(G) is said to be semi-strong if for every vertex
veV,|Nw)NnS| <1 (orno two vertices of S have the same neighbour in V, that
is, no two vertices of S are joined by a path of length two in V). The minimum car-
dinality of a semi-strong partition of G is called the semi-strong chromatic number

of G and is denoted by xs(G).

Definition 1.2. A subset S of V(G) is called a maximal semi-strong set of G
if S is semi-strong and no proper super set of S is semi-strong. The maximum

cardinality of a maximal semi-strong set of G is called semi-strong number of G
and is denoted by ss(G).

Definition 1.3. A vertex u is ss-good if u belongs to a mazimum ss-set of G. A
graph G is said to be ss-excellent if every vertex of G is ss-good.

Example 1.1. (i) K, is ss-excellent, for all n > 1.
(i7) Ky, is ss-excellent.
(171) Koy is ss-excellent.

Theorem 1.1. P, is ss-excellent if and only if n =0 (mod 4).
Proof. Let n = 0 (mod 4). Let n = 4k. ss(P,) = 2k. ss-sets of Py, are
{Uh U2, Us, U,y - - - 5 Udk—3, U4k—2}§ {U2, Us, Ug, Uz, -« - -, U4k—2, U4k—1}; {U3, Uy, U7, U, - - -,
Ugk—3, Usp—2 }. Pax is ss-excellent.

Let n = 1 (mod 4). Let n = 4k + 1. ss(Pyy1) = [#] = 2k + 1. The bad
vertices are usz, Uy, ..., Usk_1-

Let n = 2 (mod 4). Let n = 4k + 2. s5(Pjq2) = 5 +1 = 2k +2. The bad
vertices are ug, Uq, Uy, Us, - - + » Usk—1, Udk-

Let n = 3 (mod 4). Let n = 4k + 3. ss(Puyys) = [*52] = 2k + 2. The bad
vertices are uy, s, . . ., Uak.

Theorem 1.2. C), is ss-excellent, for every n > 3.
Proof. Let n =2 (mod4). Let n=4k+2. ss(Ciyz)=22—-1=2k Let
V(O4k+2) = {Ul, U, . .. ,U4k+2}, k Z 1. Let Sl = {Ul, U2, U5, UGy + - + y U4f—3, U4k_2}.
|S1] = 2k and S is a ss-set of Cypio. By rotating the vertices in S, it can be
shown that every vertex is ss-good. Hence Cy.o is ss-excellent.

Let n=1 (mod4). Let n=4k+1. Then ss(Cy1)= 2 =2k Let
Sy = {uy, us, us, Ug, . . ., Ugg—_3, Us—2}. |S2| = 2k and Sy is a ss-set of Cyyq. By
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rotating the vertices in Ss, it can be shown that every vertex is ss-good. Hence
Cyr1 is ss-excellent.

Let n=3(mod4). Let n=4k+3. Then s5(Cuys) =52 =2k+1.
Let 53 = {Ul,UQ,U5,U6, c. ,U4k_3,U4k_2,U4k+1}. |Sg| = 2k and 53 is a ss-set of
Cyr+3. By rotating the vertices in S5, it can be shown that every vertex is ss-good.
Hence Cyy. 3 is ss-excellent.

Let n =0 (mod4). Let n =4k  Then ss5(Cy) =2 =2k  Let
54 = {ul,UQ,u5,u6,...,u4k_3,u4k_2}. |S4| = 2k and S4 is a ss-set of C4k. By
rotating the vertices in Sy, it can be shown that every vertex is ss-good. Hence
Cy 1s ss-excellent.

Observation 1.1. (i) W, is ss-excellent, since ss(W,,) = 1.
(11) Kay ap.....an 15 sS-excellent, since $$(Kay a....am) = 1.
(1ii) Petersen graph P is ss-excellent, since ss(P) = 2.

Observation 1.2. ss(K,,(a1,a,...,a,)) = m. Any ss-set of G = K,,(a1, as,
..y Q) consists of one pendent vertex each at every vertex of K,,. The vertices
of K, are ss-bad. Therefore for m > 2, K,,(a1,as,...,a,) is not ss-excellent.

Theorem 1.3. A vertex transitive graph is ss-excellent.

Proof. Let G be a vertex transitive graph. Let S be a ss-set of G. Let u ¢ S.
Select any vertex v in S. As G is vertex-transitive, there exists an automorphism
¢ of G which maps v into u. Let S" = {p(w) : w € S}. Since S is a ss-set, S’
is a ss-set of G. Since p(v) = u, u € S'. Therefore u is ss-good. That is, G is
ss-excellent.

Theorem 1.4. Suppose G has a unique ss-set. Then G is ss-excellent if and only
if every component of G is either K1 or K.

Proof. Suppose G has a unique ss-set say S. If S is a proper subset of V(G),
then there will be ss-bad vertices. Suppose G is ss-excellent. Then S = V(G) and
hence ss(G) = n. Therefore every component of G is either K; or K.

The converse is obvious.

Theorem 1.5. Let G be a non-ss-excellent graph. Then there exists a ss-excellent
graph H such that G is an induced subgraph of H.

Proof. Let G be a non-ss-excellent graph. Attach a P; with an edge at every
vertex of G. Let H be the resulting graph. Let V(G) = {u1,u, ..., u,}.

Let V(H) = {Ul, U, ..., Up,Ur1,UL,2,U1 3, U271, U22,U23,...,Un1,Un2, 'meg} where
Ui, U2, U3 is a P3 attached with u; by an edge, (1 < i < n). Then S = {u; 2,
UL 3, U22, U3, -+ Una, Uns} IS & ss-set of H and ss(H) = 2n. Also S =

{Uh U1,3,U22,U23, ..., Up?2, Un,3}, S = {Uzs U3 3, U1,2, U1,3,Uj2, U22,U23, ...,U;3,
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ceyUpay Unsh, §F 4 (2 < j < n), (1 <i<n), are ss-sets of H. Therefore
H is ss-excellent and G is an induced subgraph of H.

Remark 1.1. ss(H) = 2n in the above construction.

Theorem 1.6. Let G be a graph. Then ss(G) = n — 1 if and only if there exists
exactly one Py component and other components are either Ky or K.

Proof. Let ss(G) = n—1. Let V(G) = {uy,ua, ..., u,}. Let S = {uy,ug, ..., up_1}
be a ss-set of G. Any component of S is either K; or K. Also, |N(u,)NS| < 1.
If u,, is not adjacent with any vertex of S, then SU{u,} is a ss-set of G, a contra-
diction. If u, is adjacent with exactly one K; component of S, then again SU{u,}
is a ss-set of GG, a contradiction. If u, is adjacent with exactly one K5 component
of S, then S U {u,} contains exactly one P3. Therefore every component of G is
either K or Ky or P3 (the P3 component being unique).

The converse is obvious.

Ilustration 1.1. Let G be the graph shown in Figure 1. ss-sets of G are
{Ul,UQ,U4,U5,U,6,U7}, {U,Q,Ug,U4,U,5,U6,U7}.

G- U1 U Us Uyg Us Ug Uy

[ ] [ ] —0

Figure 1: A graph G with ss(G) =n — 1

Remark 1.2. Any graph G with ss(G) = n — 1 is ss-excellent.

Theorem 1.7. ss(G) = n—2 if and only if G has one of the following components:
(7). two Py components

(7i). one Py component

(143). one Ki3 component

(1v). one Cy component

(v). one Ps component

(vi). one C3 component

(vii). one Cs with a pendent.

Proof. Let ss(G) = n—2. Let V(G) = {uy,ua, ..., up}. Let S = {ug,us, ..., up_o}
be a ss-set of G. Then |N(u,—1 N S| <1and |[N(u,)NS| <1. If [N(up—1NS| =0
or |[N(u,)N S| =0, then SU{u,_1} or SU{u,} is a ss-set of G, a contradiction.
Therefore u,,_1 and u,, are adjacent with one vertex of S. If u,,_; or u, is adjacent
with a K component of S, then ss(G) = n — 1, a contradiction. Therefore u,,_;
is adjacent with exactly one vertex of exactly one K5 component. Moreover u,
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or U,_1, U, are adjacent and wu,_; is adjacent with a K; and u, is adjacent with
exactly one vertex of a K,. That is G contains exactly one of the following: two Ps
components or exactly one P4 component or exactly one K; 3 component or exactly
one Cj (provided w,_1,u, are adjacent) or a triangle with a pendent vertex or C,
or Ps.

The converse is obvious.

IMlustration 1.2. Let G;, (1 <i < 7) be the graphs given in Figure 2.
ss-sets of Gy are
{ul,u27u3,u4,u5,u6,ug,u9},
{UI;U27u37u4;u6;u77u97u10};
{UbU27U3,U4,U5,U67U9,U10},
{uy, ug, us, uy, ug, uz, us, Ug }.

ss-sets of Gy are
{Ul,UQ,U37U4,’LL5,U6},
{Ul,UQ,U37U4,U7,U8},
{ul,u2,u3,u4,u6,u7},
{UI,UQ,U37U4,U5,U8}.

ss-sets of G are
{Ul,UQ,Ug,U4,U5,U6},
{Ul,UQ,Ug,U4,U5,U7},
{uy, ug, us, ug, us, ug}.

ss-sets of Gy are
{uy, ug, us, uq, us, ug},
{uy, ug, us, uq, ug, uz},
{uy, ug, us, uq, ur, ug},
{uy, ug, us, uq, us, ug}.

ss-sets of G5 are
{Ul,UQ,Ug,U4,U5},
{Ul,UQ7U3,U4,U6},
{Ul,U27U3,U4,U7}.

ss-sets of Gg is
{UI,UQ,U37U4,U5,U8}.

ss-sets of Gi7 are
{uy, ug, us, uq, us, ug, ug },
{uy, ug, us, wq, us, ug, Ug }-

Here G, Gy, G3, Gy, G5 are ss-excellent but Gg and G7 are not ss-excellent.
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e U Uz U3 Uy Us Ug U7y Usg Ug U10
1 - ° ° *— o
G UuUpr Uz Us Ug Us Ug Uy us
2 - ° ° o—o ————  o—— o —— o
Us
Ur Uz Usg Uy
GS ° ° ——o
Ug Uz usg
Us Ug
. U Uz Uus Uy
G4- ° ° ——o
Uug Uy
Us
.U Uz Uz Uyg
G5 . ° ° —o
Ug Uy
Us ug
.U Uz ug Uy
GG- ° ° o—o
Ug Uy
.U Uz U Uyg  Us Ug Uz ug Ug
G? . ° ° —o

Figure 2: Set of Graphs Gy, Ga, ..., Gy for which ss(G) =n — 2
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Corollary 1.1. Let G be a graph with ss(G) = n — 2. Then G is ss-excellent if
and only if

(i) there exists exactly two components of Ps

(17) one Py component

(i73) one K13 components

(iv) one C3 component

(v) one Cy component.

In each case the remaining components are Ky or K.

If G has a Ps component, then G is not ss-excellent or a component with C3 with
a pendent.

2. ss-excellence of Graph Operations

Theorem 2.1. Let G, H be ss-excellent graphs with ss(H) = |V (H)|. Then GOH
is ss-excellent and ss(GOH) = n(r — s1) + 1s1, where sy is the number of Ky com-
ponents of G and | is the number of K1 component of H and r = ss(G).
Proof. Let G and H be ss-excellent graphs. Let V(G) = {uy,ua,...,u,} and
V(H) = {v1,v2,...,v,}. Let S; = {wy,ws,...,w,.} and Sy = {v1,v9,...,v,} be
the ss-sets of G and H respectively. Let {w;,ws} be a K5 component of Sj.
Without loss of generality, let vy, vq,...,v; be the K; components of H. Let
{wy,wo}, {ws, wy}, ..., {w,, w, 1} be the Ky components of S;. The remaining
vertices of Sp are K components. Let T = {(wq, v1), (w1, v2), ..., (w1, vy,), (wa,v1),
oy (we, ), (ws,v1), (ws,v2), ...y (w3,v), (Wa,v1), -y (W, 00), ooy (Wey,v1),
(W, 02)y « vy (Weyy U)y (W1, 01)5 - e oy (W1, 01)y (Wiya2, V1), « ooy (W40, U)o e
(wy,v1), .., (W, v,)}. Then T is a semi strong set of GOH of maximum cardinal-
ity. Let (u;,v;) € V(GOH). Since G and H are ss-excellent. u; belongs to a ss-set
D of G. If w; belongs to a Ky component of D, then (u;, v;) belongs to a ss-set of
GOH. If u; is a K; component of D, then also (u;, v;) belongs to a ss-set of GOH.
GUH is ss-excellent. Then |T'| = (n+1)s; +n(r — 2s;), where s; is the number of
K, components of S;. That is, |T'| = nr + lsy — ns; = n(r — s1) + ls;. Therefore
ss(GOH) = n(r — s1) + ls;.

Illustration 2.1. Let G be the graph given in Figure 3.

Sy = {uy, ug, us, ug, ug} and Sy = {vy,vq,...,v10}.

Then T = {(u1,v1), (u1,v2), ..., (u1,v10), (ug,v1), ..., (ug,v4), (us,v1), (us, va), . ..,
(us, v10), (g, v1), - - -, (ug, v4), (g, v1), (Ug, v2), ..., (ug,v19)} and |T| = 10+4+10+
4410=238. Here sy =2, n=10,r=5,1=4. n(r —s;) +1s; = 10(3) +8 = 38.

Corollary 2.1. The following graphs are ss-excellent:
OnD(tKQ U SKl),'
KnD(tKQ U SKl),'
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Figure 3: A graph for which GOH is ss-excellent

KLnI:’(tKQ U SKl),'

PO(tKy UsKy), (n=0 (mod 4));
ijnD(tKg @) SKl);

WnD(tKQ U SKl),'
Ka1,a2,..,7anD(tK2 U SKl).

Theorem 2.2. Let G and H be ss-excellent graphs. Then GUH is ss-excellent.
Proof. Let G and H be ss-excellent graphs. Let V(G) = {uy,ug,...,u,} and
V(H) = {v1,v9,...,0,}. Let S = {wy,ws,...,w,.} and Sy = {21, 29,...,25} be
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ss-sets of G and H respectively. Let {wy, wa}, {ws, wy}, ..., {w,,w, 41} be the Ky

components of Sy and {1, z2}, {xs, x4}, ..., {xs,, s, 41} be the Ky components of
SQ.

Then T' = {(wy, x1), (w1, x2), (wy, x3), (W1, T4), ..., (W1, Ts,), (W1, Tsy11), (W1, Ts,42),
ooy (W, ), (w3, x1), (w3, 22), (w3, x3), (W3, T4), - .., (W3, Ts,), (W3, Tsy11), (W3, Ts,12),
) (w37x8>7 T (wﬁv 1’1>, (wﬁ?I?)? (wﬁ?x?))v (wT17x4)7 R (wﬁv x51)7 (wﬁ? x81+1)7
(an ZE81+2), R (wm?xS)v (wTH—?’ xl)? (wT1+2’ x2)7 R (wTH-?’ :ES)’ (U}T, ZL’1), (wra "L‘Q)v
(wy, x3), (W, x4),..., (W, xs)} is clearly a semi strong set of GOH of maximum

cardinality. Also any vertex (u;,v;) belongs to a ss-set of GH. Therefore GOH
is ss-excellent. Also,

Uh?fl) U17U2) U1,U3) U1,U4) U17U5) UhUG) U17717) UhUS)

U2>Ul) 27112) &U2,U3) U2,U4) Uz, Vs U2>U6) U2>U7) U2,Us)

)
u,v/u,v/u,v/u,v/u,v/u,v/u,v/u,v
o8 1)‘3 2)‘3 3)‘34‘3 54‘36‘3 7)‘3 8)

U4, U1 Uyq, V2|) (Ug, U3 U4,U4/4 Uy, Us
® ® ®

Uy,

Uy, U?/é ‘U47 Us)

L 2

® ®

@

UGA

® ®

&U5,’Ul ‘u5,vA) Us,UK)‘UmUz) U57UJ) ‘U5>Uj) us,vy) (us,vs)
UL)

Ug, ’07) Ug, Ug)

o
us, vf) Lus,vp) lus,vy) lus,vp) uﬁ,v[) {us: I

®

@

) U’77U') ‘U77'U8)

‘U77U1) ‘U%U‘) ‘U%U) ‘U%UL) U7,UJ) (.7177?16

®
usg, v1)) ‘Ug,vz&) ‘Ug,U:S) usg, U4) u8,vj) u8,vfg) u8,v7\) ‘US,US)

o * o *
ug,m\ ‘ug,w& ‘U9,v3& ‘U9,v4\) ‘U97U5& ug,va\) ‘ug,w& {uo, vs)

®

U10,U1)\ U107U2§ U107U3§(£L10,U4§&U10,U5x U10,UG§\ U107U7§ U10,U8)

U11,U1) 117U2) 11,03)&411,1)4)&111,@5) U11, Ug) U11,U7) 117U8)
G

Figure 4: G = C10F
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1
ss(GOH) = (h; ) s+ (r—(ri+1))s
T18+S+
=—+_-4rs—rs—s
2 2 "
rs S
=rs—— — =
2 2

Ilustration 2.2. Let G = C11L0P; be the graph shown in Figure 4.

Sl = {Ul,UQ,U5,U6,U9}, SQ = {Ul,’UQ,Ug,,UG}. Let T = {(Ul,Ul),(Ul,UQ),(Ul,U5),
(u1,6), (us, v1), (us, va), (us, vs), (us, v6), (g, 1), (g, va), (ug, vs), (ug, v6) }-

Then |T| =12. Herer; =3, r =5, s = 4.

Therefore, s (r — (2£2)) =4 (5 — (22)) =4(5 - 2) = 12.

3. Just ss-excellence in Graphs

Definition 3.1. A graph G is just ss-excellent if every vertex belongs to a unique
ss-set of G.

Example 3.1. K,,, W,,, K4, 4.,

Remark 3.1. (i) If ss(G) =1, then G is just ss-excellent.
(17) P,, n >3 and C,, n > 4 are not just ss-excellent.

ans >3, F, 1Ky U sK; are just ss-excellent.

Theorem 3.1. Let G be a just ss-excellent graph. Then

(1) G 1s ss-excellent.

(17) there exists a unique partition of V(G) into ss-sets of G.
(iid) |[V(G)] = xs(G).5s(G).

Proof. Let G be a just ss-excellent graph.

(7). The result is obvious.

(77). Let u € V(G). By hypothesis there exists a unique ss-set S; of G con-
taining u. If V — S; = ¢, then the result is true. Suppose V — S; # ¢. Let
v € V — 5. Therefore there exists a unique ss-set Sy of G containing v. Since G
is just ss-excellent, S1 NSy = ¢. If S; U S, = V| then the result is true. Suppose
S1U Sy C V. Then there exists w € V — (57U Ss) and there exists a unique ss-set
Ss of G containing w. S7, Sy, S5 are pairwise disjoint. Proceeding in this way, after
a finite number of steps, V' can be partitioned into ss-sets of G. Suppose II; and
115 are two distinct partitions of V(G) into ss-sets of G. Then there exists a vertex
u € V(G) which belongs to more than one ss-set of G, a contradiction. Therefore
(71) follows.
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(¢73). From (ii), V = S;1 U Sy U...U Sk, where each S; is a ss-set of G and
Si1,S9,...,S, are pairwise disjoint. Since |S;| = ss(G), 1 < i < k, n = ss(G).
Therefore x5(G) < k. Suppose II is a xspartition of G into semi strong
sets. Let II ={T1,T,.... T\, }- |Ti| <s5(G), (1 <i<xs(G)).

xs(G)
Therefore n = |J |Ti| < xs(G).ss(G). Therefore w < Xs(G). That is, k <
i=1
Xs(G). But x5(G) < k. Therefore xs(G) = k. Therefore |V(G)| = ss(G).xs(G).
Remark 3.2. If |V(G)| = xs(G).ss(G), then G need not be just ss-excellent.
For: let G = Cs. ss(G) =2, xs(G) = 3. Therefore |V (G)| = xs(G).ss(G). But Cg

1s not just ss-excellent, since any vertex of Cg belongs to two ss-sets of Cg.

Theorem 3.2. If G is just ss-excellent and ss(G) < n, then G has no isolates.
Proof. Suppose G has an isolate. As G is just ss-excellent, V(G) is an ss-set of
G. Therefore ss(G) = n, a contradiction. Therefore G has no isolates.

Corollary 3.1. Suppose G is just ss-excellent and xs(G) > 1. Then G has no
isolates.

Proof. Since n = x5(G).ss(G) and since x5(G) > 1, ss(G) < n. Therefore G has
no isolates.

Corollary 3.2. If G is just ss-excellent and G is not the union of Ky or Ky, then
G has no isolates.

Proof. Since G is not the union of K; or Ky, ss(G) < n. Therefore G has no
isolates.

Problem: Construct a connected graph G which is just ss-excellent and ss(G) =
k> 2.

Theorem 3.3. Let G be a graph without isolates. Then G is an induced subgraph
of a just ss-excellent graph H.

Proof. Let G be a graph without isolates. Add a vertex w and make w adjacent
with every vertex of G. Let H be the resulting graph. Then diam(H) < 2 and every
edge of H is on a triangle. Therefore N(H) = K11 and ss(H) = 1. Therefore H
is a just ss-excellent graph containing GG as an induced subgraph.

Illustration 3.1. Ps is not ss-excellent and hence not just ss-excellent, but Ps+ K,
a fan, 1s just ss-excellent.

Theorem 3.4. Let G and H be just ss-excellent graphs. GU H is just ss-excellent
if and only if every component of G and H are either Ky or K.

Proof. Suppose G U H is just ss-excellent. Any ss-set of G U H is of the form
S1 U Sy where 57 is an ss-set of G and S5 is an ss-set of H. Since G U H is just
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ss-excellent, G and H have exactly one ss-set. Since G and H are just ss-excellent,
there exists a unique partition of G (or H) into ss-sets of G (or H). Therefore
ss(G) = n and ss(H) = n. Therefore every component of G and H are either K
or K5. The converse is obvious.

Theorem 3.5. Let G and H be two graphs. G+ H 1is just ss-excellent if and only
if G or H has no isolates.

Proof. Suppose G + H is just ss-excellent. Suppose ss(G) > 2. Let S be a ss-set
of G. Then 57 is not a semi strong set of G + H. Let T be a ss-set of G + H.
Let TNV(G) =k and TNV (H) = ky. If ky or ks > 2, then T is not a ss-set of
G+ H. Therefore k1 < 1, ky < 1. Suppose G has at least two vertices. If G has no
isolates, then any edge of G + H will not give rise to a semi strong set. Therefore
ss(G + H) = 1. If G has an isolate or H has an isolate, each non-isolate of G
constitute a semi strong set of G and each non-isolate of G lies in a semi strong
set of G of cardinality 2. Therefore G + H will not be just ss-excellent. Hence G
or H does not have isolates. The converse is obvious.

Illustration 3.2. Let Gy = Py + Ky, Gy = Py + K be shown in Figure 5. In both
the cases, Py has no isolates. ss(G1) = ss(Ge) = 1. Therefore Gi and Gy are just

ss-excellent.
G1 G2

Figure 5: A set of just ss-excellent graph G7 and Go
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