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Abstract: In this paper, the aspect of Aj-closed maps and AJ-open maps are ex-
plored using the recently introduced Aj-closed sets and Ag-open sets in topological
spaces. Initially, the standard properties of Aj-closure and Ag-interior with ap-
propriate examples are studied. Further, characterizations of Aj-closed maps and
Ag-open maps are also investigated.
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1. Introduction

Levine [7] introduced the notion of generalized closed sets in topological spaces.
Following this, many researchers introduced several variation of generalized closed
sets and investigated some stronger and weaker forms of them. Maki [10] continued
the work of Levine and Dunham on generalized closed sets and closure operators
by introducing the notion of A-sets in topological spaces.

A A-set is a set A which is equal to its kernel(= saturated set), i.e. to the
intersection of all open supersets of A. Caldas et.al. [2] introduced the notion
of A-closure of a set by utilizing the notion of A-closed sets defined by Francisco
G Arenas et.al. [5]. They also studied the concept of A-closed maps and studied
various properties. Malghan [13] introduced the concept of generalized closed maps
in topological spaces. Following this many researchers discussed various forms of
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closed maps and open maps. wg-closed maps and rwg-closed maps were introduced
and studied by Nagavani [15]. Regular closed maps, gpr-closed maps, rg-closed
maps, rga-closed and 1)g-closed maps have been introduced and studied by Long
and Herington [8], Gnanambal [6], Arockiarani [1], Vadivel and Vairamanickam [20]
and Ramya and Parvathi [17] respectively.

Moreover, the generalizations of various closed and open set concepts in general
topology have been extended to ideal, digital, nano and micro topologies. Quite
recently, Wadei Al-Omari and Noiri [23] presented the concept of AGg«-sets , BGg+-
sets and 0 Bg-open sets in ideal topological spaces. Later, Wadei Al-Omari and Abu
salem [22] studied some characterizations and basic properties of $}-closed sets in
ideal topological spaces. Recently, Subhalakshmi and Balamani [19] introduced
Ag-closed sets and Aj-open sets in topological spaces and studied their properties.
In this paper, we put forth concept of AZ-closure and Ag-interior of a subset A4 of a
topological space and analyse their properties. Further we introduce Aj-closed map
and Af-open map and derive their fundamental properties and characterizations.

2. Preliminaries

Throughout this paper (X,7) represents a topological space on which no separa-
tion axioms are assumed unless explicitly stated. For a subset A of a space (X,7),
cl(A) and int(A) denote the closure and interior of A respectively.

Definition 2.1. [16] Let (X,7) be a topological space. A subset A of (X,7) is called
an a-open set if ACint(cl(int (A))). The complement of an a-open set is called
a-closed. The intersection of all a-closed sets containing A is called a-closure of

A and is denoted by cly (A).

Definition 2.2. [5] Let (X,7) be a topological space. A subset A of (X,7) is called
A-closed if A= LND, where L is a A-set and D is a closed set. The complement of
a \-closed set is called \-open set.

Definition 2.3. [2] The A-closure of a subset A of a topological space (X,7) is the
intersection of all A-closed sets containing A and is denoted by cly(A).

Definition 2.4. A subset A of a topological space (X,7) is called
(i) generalized closed (briefly g-closed) [7] if cl(A)CU whenever ACU and U is
open in (X,1).
(ii) generalized a-closed (briefly ga-closed) [11] if cl, (A)C U whenever ACU and
U is a-open in (X,T).

(111) a-generalized closed (briefly ag-closed) [12] if cl,(A)Z U whenever ACU and
U is open in (X,T).
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(iv) gA-closed [3] if cly(A)CU whenever ACU and U is open in (X,7).
(v) g*-closed [21] if cl(A)CU whenever ACU and U is g-open in (X,T).
(vi) Ng-closed [19] if cl\(A)C U whenever ACU and U is a-open in (X,T).

The complements of the above-mentioned sets are called their respective open sets.

Definition 2.5. A map f:(X,7)—(Y,0) is called

(i) closed if f(V) is closed in (Y,o) for every closed set V of (X,7).

(ii) g-closed [13] if f(V) is g-closed in (Y,0) for every closed set V of (X,T).
(111) a-closed [14] if f(V) is a-closed in (Y,o) for every closed set V of (X,T).
(iv) A-closed [3] if (V) is A-closed in (Y,0) for every A-closed set V of (X,T).

(v) g*-closed [18] if f(V) is g*-closed in (Y,0) for every closed set V of (X,T).
(vi) ga-closed [4] if f(V) is ga-closed in (Y,0) for every closed set V of (X,T).
(vii) ag-closed [4] if f(V) is ag-closed in (Y,0) for every closed set V of (X,T).

(viii) a-irresolute [9] if f1(V) is a-closed in (X,7) for every a-closed set V of
(Vo)

Remark 2.6.
(1) In a-space, every a-closed subset of (X,7) is closed in (X,1).[16]
(ii) In Tyjaspace, every g-closed subset of (X,7) is closed in (X,7).[7]
(111) In Ty-space, every ag-closed subset of (X,7) is closed in (X,7).[4]
(iv) In T} )-space, every g*-closed subset of (X,7) is closed in (X,7).[21]
Lemma 2.7. [19] In a topological space (X,T), the following properties hold:
(i) Every A-closed set in (X,7) is \y-closed.
(ii) Every closed set in (X,7) is \j-closed.
(iii) Every open set in (X,7) is Ag-closed.

(iv) Every \-closed set in (X,7) is gA-closed.
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(v) In an a-space, every a-closed set is \j-closed.

(vi) In a Tyjp-space, every g-closed set is \j-closed.
(vit) In a partition space, every Ay -closed set is g-closed.
(viii) In a T} j5-space, every g*-closed set is A-closed.

Theorem 2.8. [19] Let A be a-open and \j-closed in a topological space (X,7). If
Fis A-closed then ANF' is XJ-closed.

3. Properties of A\/-Closure and Aj-Interior Operators

Definition 3.1. For a subset A of a topological space (X,T), the Ay -closure of A
(briefly Xy cl(A)) is defined to be the intersection of all \j-closed sets containing A.
i.eNycl(A))={FC X|A C F and F is X -closed in (X,7)}

Proposition 3.2. Let A and B be any two subsets of a topological space (X,T).
Then the following properties hold:

(i) Aecl(é)=¢ and X2 cl(X)=X.
(ii) If ACB, then A2 cl(A)C A2 cl(B).
(iii) AC X2¢l(A).
(iv) A2el(NS el(A))=A2cl(A).
(v) For ACX, Ao cl(A)Cely(A).

Proof. (i), (ii), (iii) and (iv) follow from Definition 3.1 and (v) follows from Lemma
2.7.

Remark 3.3. For a subset ACX, XJcl(A) need not be the smallest \j-closed set
containing A as observed from the following example.

Example 3.4. Let X = {a,b,¢,d,e} and 7 = {¢, {a},{b,c},{a,b,c},{b,c,d, e}, X}.
Then Aj-closed sets are ¢, {a}, {b}, {c}, {a,b}, {a,c}, {a,d}, {a,e}, {b,c}, {d, e},
{a,b,c}, {a,b,d}, {a,b, e}, {a,c,d}, {a,c, e}, {a,d, e}, {b,d e}, {c,d,e}, {a,b,c, d},
{a,b,d.e}, {a,b,c.e}, {a,c,de}, {b,c,de}, X. Let A={d}. Then A\jcl(A) = {a,d} N
{d,e} N {a,b,d} N {a,c,d} N {a,d,e} N {b,de} N {c,de} N {ab,cd} Nn{abde}n
{a,c,d,e} N {b,c,d,e}NX={d} which is not the smallest \j-closed set containing A.

Proposition 3.5. If a subset A of (X,7) is \j-closed then \jcl(A)=A, but not
conversely.
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Proof. Let A be Ag-closed in (X,7). By definition, A\gcl(A)=N{F C X|A C F'and
F'is Ag-closed in (X,7). Since A is a Aj-closed set, F'in the above intersection is

A and hence A\jcl(A) = A.

Example 3.6. Consider (X,7) as in Example 3.4. Let A={e} then Ajcl(A)=A
but A={e} is not a \j-closed set.

Remark 3.7. \Jcl(A) need not be a A\y-closed set as observed from the Evamples
3.4 and 3.6.

Proposition 3.8. For the subsets A and B of a topological space (X,7), Xy cl(ANB)C
Agel(A)NNgel(B).

Proof. Since ANBCA and ANBCB, by Proposition 3.2 (ii) we have \§cl(ANB)C
Agcl(A) and A cl(ANB)C Xjcl(B). Hence A cl(ANB)C Ay cl(A)NXS cl(B).

Remark 3.9. The reverse inclusion of Proposition 3.8 may not be true as observed
from the following example.

Example 3.10. Let X = {a,b,c,d,e} and 7 = {¢,{a}, {b}, {a,b}, {b,c},
{a,b,c}, {b,c,d}, {a,b,c,d}, {b,c,d, e}, X}. Then Aj-closed sets are ¢, {a}, {b},
{c}, {d}, {e}, {a,b}, {a.c}, {a,d}, {a,e}, {b,c}, {c,d}, {d,e}, {a,b,c}, {a,c d},
{a,d, e}, {b,c,d}, {c,d, e}, {a,b,c,d}, {a,c,d, e}, {b,c,d, e}, X. Let A={b,d} and
B={b,e}. Then ANB = {b}, \gcl(ANB) = {b}, \gcl(A) = {b,c,d} and \jcl(B) =
{b,¢,d,e}. Therefore A\3cl(A) N Agcl(B) = {b,¢,d} but \gcl(AN B) = {b}. Hence
Agcl(A) N Aycl(B) & Agcl(AN B).

Proposition 3.11. For the subsets A and B of topological space (X,7), Ajcl(A)
UAg cl(B) C Ay cl(AU B).

Proof. Since A C AU B and B C AU B, by Proposition 3.2 (i), Ajcl(A4) C
Agcl(AU B) and Ajcl(B) C Ajcl(AU B). Hence Ajcl(A) UAjcl(B) C Ajcl(AU B).

Remark 3.12. The reverse inclusion of Proposition 3.11 may not be true as ob-
served from the following example.

Example 3.13. Consider (X, 7) as in Example 3.10. Let A={b} and B = {d}.
Then AUB={b,d}, Agcl(A)={b}, Aycl(B)={d} and Ajcl(AUB)={b,c,d}. Therefore
A2 cl(A) UG cd(B) = {b,d} but Xycl(AUB)={b,c,d}. Hence A} cl(AU B) & Xy
cl(A) U XSl (B).

Remark 3.14. A7-closure operator is not a Kuratowski closure operator as it does
not satisfy
Ag cl(AUB)=)G cl(A)UNG cl(B).

Definition 3.15. For a subset A of topological space (X,7), the \g-interior of A



266 South FEast Asian J. of Mathematics and Mathematical Sciences

(briefly A\yint(A)) is defined to be the union of all \g-open sets contained in A.
i.e. Ayint(A)=U{F C X|F C A and F is \j-open in (X,T)}

Proposition 3.16. Let A and B any two subsets of a topological space (X,T).
Then the following properties hold:
(i) Agint(¢) = ¢ and X int(X)=X.
(ii) If ACB, then A\gint(A)C Xyint(B).
(ii1) Nyint(A)C(A).
(iv) Xyint(Ngint(A))=Ngint(A).
(v) For ACX, inty(A)C Ngint(A).
Proof. Obvious.

Remark 3.17. For a subset ACX, \yint(A) need not be the largest \j-open set
contained in A as observed from the following example.

Example 3.18. Let X = {a,b,c,d,e} and 7 = {¢, {a}, {b,c}, {a,b,c}, {b,c,d, e},
X}. Then Aj-open sets are ¢, {a}, {b}, {c}, {d}, {e}, {a,b}, {a,c}, {b,c}, {b,d},
{b,e}, {c,d}, {c,e}, {d,e}, {a,b,c}, {a,d, e}, {b,c,d}, {b,c,e}, {b,d, e}, {c,d, e},
{a,b,d,e}, {a,c,d e}, {b,c,d, e}, X. Let A= {a,b,d}. Then \jint(A) = {a}U{b}U
{dyu{ab}u{b,d} = {a,b,d}, which is not the largest A\J-open set contained in A.
Proposition 3.19. If a subset A of (X,7) is A\J-open then A\jint(A)=A, but not

conversely.

Proof. Obvious.

Example 3.20. Consider (X,7) as in Example 3.18. Let A = {a,e}. Then
Agint(A) = A but A = {a,e} is not a \j-open set.

Remark 3.21. A\jint(A) need not be a \j-open set as observed from the Ezamples
3.18 and 3.20.

Proposition 3.22. For the subsets A and B of topological space (X, T), A\gint(AU
B) 2 Agint(A) U \Jint(B).
Proof. Obvious.

Remark 3.23. The reverse inclusion of Proposition 3.20 may not be true as ob-
served from the following example.

Example 3.24. Consider (X,7) as in Example 3.10. Here Aj-open sets are

6. {a}, (0}, {e}. {a,b}, {ae}. {b.c}, {b.c}, {d.c}, {ab.c}, {ab.e}, {ad.eh,
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{b,c,d}, {b,c,e}, {b,d,e}, {c,d,e}, {a,b,c,d}, {a,b,c,e}, {a,b,d e}, {a,c d e},
{b,c,d, e}, X}. Let A={c} and B={d,e}. Then AU B = {c,de}, \gint(AU B) =
{e,d e}, Ayint(A) = ¢ and Ajint(B) = {d,e}. Therefore \Jint(A) U \Jint(B) =
{d, e} but \}int(AU B) = {c,d, e}. Hence Xyint(AU B) € Xoint(A) U Xyint(B).
Proposition 3.25. For the subsets A and B of a topological space (X, ), Agint(AN
B) C \yint(A) N Agint(B).

Proof. Obvious.

Remark 3.26. The reverse inclusion of Proposition 3.25 may not be true as ob-
served from the following example.

Example 3.27. Consider (X, 7) as in Example 3.10. Let A={b,c,d} and B={c,d,e}.
Then AN B = {c,d}, \jint(AN B) = {¢}, A\jint(A) = {b,c,d} and \jint(B) =
{c,d, e}. Therefore \Jint(A) N Ayint(B) = {c,d} but A\Jint(AN B) = {¢}. Hence
Agint(A) N Ayint(B) € Ayint(A N B).
Lemma 3.28. For a subset A of (X,7), the following properties hold:

(i) Ngcl(A°) = (\gint(A))“.

(i) (Ngcl(A9))S = Ajint(A).
(i) Ajcl(A) = (Agint(A°))“.
4. \j-Closed Maps and its Properties
Definition 4.1. A map f:(X,7) —(Y,0) is called a Xj-closed map if the image of
each closed set in (X,7) is \g-closed in (Y,0), i.e. if f(V) is \g-closed in (Y,0) for
every closed set Vin (X,T).
Example 4.2. Let X=Y={ab,c}, 7 = {¢,{a},X} and 0 = {¢,{a,b},Y}. Let
f:(X,7) = (Y,0) be a map defined by f(a) = b, f(b) = ¢ and f(c) = a. Then fis a
Ag-closed map as the image of every closed set in (X,7) is Ag-closed in (Y, o).
Proposition 4.3. Every closed map is a Aj-closed map, but not conversely.
Proof. Let f:(X,7)—(Y,0) be a closed map and V' be a closed set in (X,7). Then
f(V) is a closed set in (Y,0). As every closed set is a A\j-closed set by Lemma 2.7,
f(V)is AJ-closed in (Y,o). Thus f is a A\j-closed map.
Example 4.4. Let X =Y = {a,b,¢c,d,e}, 7 = {9, {a}, {b}, {a,b}, {b,c},
{a,b,c}, {b,c,d}, {a,b,c,d}, {b,c,d, e}, X} and 0 = {¢, {a}, {b,c,d}, {a,b,c,d},Y}.
Let f:(X,7) —(Y,0) be a map defined by f(a) = ¢, f(b) = a, f(¢) = b, f(d) = d and
f(e) = e. Then fis a Ag-closed map but not a closed map, since for the closed set
{a} in (X,7) , f({a})={c} is not a closed set in (Y,0).
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Proposition 4.5. Every A-closed map is a Aj-closed map, but not conversely.
Proof. Let f:(X,7)—(Y,0) be a A\-closed map and V be a closed set in (X,7). As
every closed set is A-closed, V'is a A-closed set in (X,7). Since f is a A-closed map,
f(V) is Ad-closed in (Y,0). As every A-closed set is \J-closed set by Lemma 2.7,
f(V) is Aj-closed. Hence f is A\j-closed map.

Example 4.6. Consider (X,7) and (Y,0) as in Example 4.4. Let f:(X,7) —=(Y,0)
be a map defined by f(a)=a, f(b)=c, f(c)=b, f(d)=e and f(e)=d. Then f is Aj-
closed map but not a A-closed map, since for the A-closed set {a,b} in (X,7),
f({a,b})={a,c} is not a A-closed set in (Y,0).

Definition 4.7. A map f:(X,7) = (Y,0) is called a gA-closed map if the image of
each closed set in (X,7) is gA-closed in (Y,0), i.e. if f(V) is gA-closed in (Y,o) for
every closed set Vin (X,1).

Proposition 4.8. Every Xj-closed map is a gA-closed map but not conversely.
Proof. Let f:(X,;7)—(Y,0) be a \j-closed map and V be a closed set in (X,7).
Then f(V) is A\j-closed in (Y,0). Since every Ag-closed set is a gA-closed set by
Lemma 2.7, f(V) is gA-closed in (Y,0). Hence f is a gA-closed map.

Example 4.9. Let X =Y = {a,b,¢,d}, 7 = {¢, {a}, {c}, {a,b}, {a,c}, {a,b,c},
{a,c,d}, X} and 0 = {¢,{a},{a,b},Y}. Let f:(X,7) —(Y,0) be a map defined by
f(a)=d, f(b)=c, f(c)=b and f(d)=a. Then fis a gA-closed map but not a Aj-closed
map, since for the closed set {b,d} in (X,7), f({b,d})={a,c} is not a Aj-closed set
in (Y,0).

Remark 4.10. g-closed maps and \j-closed maps are independent of each other
as observed from the following examples.

Example 4.11. Let X =Y = {a,b,c}, 7 = {¢, {a}, {b}, {a,b}, X} and 0 = {¢,
{a}, {a,b}, Y}. Let £:(X,7) —(Y,0) be a map defined by f(a)=b, f(b)=a and
f(c)=c. Then f is a g-closed map but not a Ay-closed map, since for the closed set
{b,c} in (X,7), f({b,c})={a,c} is not a Aj-closed set in (Y,0).

Example 4.12. Let X =Y = {a,b,c}, 7 = {9, {a}, {a,b}, {a,c}, X} and 0 =
{#, {a}, {a,b}, Y}. Let £:(X,7) —(Y,0) be the identity map. Then f is a Aj-closed
map but not a g-closed map, since for the closed set {b} in (X,7), f({b}) = {b} is
not a g-closed set in (Y,0).

Remark 4.13. a-closed maps and Xj-closed maps are independent of each other
as observed from the following examples.

Example 4.14. Let X =Y ={a,b,c}, 7 = {9, {a}, {b,c}, X} and 0 = {¢, {a},
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{a,b}, Y}. Let £:(X,7) —(Y,0) be the identity map. Then f is a Aj-closed map
but not an a-closed map, since for the closed set {a} in (X,7), f({a})={a} is not
an a-closed set in (Y,0).

Example 4.15. Let X=Y={a,b,c,d},7 = {9, {a,b,c},X} and 0 = {¢, {a},Y}. Let
f:(X,7) —=(Y,0) be a map defined by f(a)=c, f(b)=d, f(c)=a and f(d)=b. Then f
is an a-closed map but not a Aj-closed map, since for the closed set {d} in (X,7),
f({d})={b} is not a Aj-closed set in (Y,0).

Remark 4.16. ag-closed maps and \j-closed maps are independent of each other
as observed from the following examples.

Example 4.17. Let X =Y = {a,b,¢,d}, 7 = {9, {a}, {c}, {a, b}, {a,c}, {a,b,c},
{a,c,d}, X} and 0 = {¢, {a}, Y}. Let f:(X,7) —=(Y,0) be the identity map. Then
fis an ag-closed map but not a A\j-closed map, since for the closed set {b} in (X,7),
f({b})={b} is not a Aj-closed set in (Y,0).

Example 4.18. Let X =Y = {a,b,¢,d}, 7 = {9, {a}, {b}, {a,b}, {a,b,c},
{a,b,d}, X} and o = {¢, {a}, {c}, {a,b}, {a,c}, {a,b,c}, {a,c,d}, Y}. Let
f:(X,7) —=(Y,0) be a map defined by f(a)=a, f(b)=d, f(c)=c and f(d)=b. Then f
is a Aj-closed map but not an ag-closed map, since for the closed set {a,c,d} in
(X,7), f({a,c,d})={a,b,c} is not an ag-closed set in (Y,o).

Remark 4.19. ga-closed maps and \j-closed maps are independent of each other
as observed from the following examples.

Example 4.20. Let X=Y={a,b,c,d}, 7 = {¢, {a,b,c},X} and o = {9, {a}, {a,b},Y}.
Let f:(X,7) —(Y,0) be the identity map. Then f is a ga-closed map but not a Ag-
closed map, since for the closed set {d} in (X,7), f({d})={d} is not a A\j-closed set
in (Y,0).

Example 4.21. Let X =Y = {a,b,¢,d}, 7 = {9, {a}, {c}, {a, b}, {a,c}, {a,b,c},
{a,c,d}, X} and 0 = {¢, {a,b,c}, Y}. Let £:(X,7) —(Y,0) be a map defined by
f(a)=b, f(b)=c, f(c)=d and f(d)=a. Then f is a Aj-closed map but not a ga-closed
map, since for the closed set {b} in (X,7), f({b})={c} is not a ga-closed set in
(Y,0).

Theorem 4.22. If f(X,7) —=(Y,0) is a \j-closed map and (Y,0) is a partition
space then fis a g-closed map.

Proof. Let V be a closed set in (X,7). Since f is a Aj-closed map, f(V) is a Ag-
closed set in (Y,o). As (Y,0) is a partition space, by Lemma 2.7, f(V) is g-closed
in (Y,o). Therefore f is a g-closed map.
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Theorem 4.23. If f:(X,7) = (Y,0) is a g-closed (resp. «-closed, ag-closed, g*-
closed) map and (Y,0) is a T} o-space (resp. a-space, «Ty-space, 1)y~ -space) then f
is a Xy -closed map.

Proof. Let V be a closed set in (X,7). As f is a g-closed (resp. a-closed, ag-
closed, g*-closed) map, f(V) is a g-closed (resp. a-closed, ag-closed, g*-closed)
set in (Y,o). Since (Y,0) is a T} o-space (resp. a-space, Tj-space, TY)9 space) by
Remark 2.6, f(V) is a closed set in (Y,0). As every closed set is a A\j-closed set,
f(v) is a Aj-closed set in (Y,0). Therefore f is a Aj-closed map.

Theorem 4.24. If a map f:(X,7) —(Y,0) is a-irresolute and \-closed then for
every Ng-closed set G of (X,7), f(G) is a \j-closed set in (Y,0).

Proof. Let G be a \j-closed set in (X,7). Let U be an a-open set of (Y,0) such
that f(G) C U then G C f~1(U). As f is an a-irresolute map, f~(U) is a-open
in(X,7). Since G is a Aj-closed set and f7YU) is an a-open set by definition of
Ae-closed set, cl\(G) € f~*(U) which implies f(clx(G)) € U. As f is A-closed,
f(c\(G)) is A-closed. Now cl\(f(G)) C cl\(f(c\(Q))) = f(cl\(G)) € U. There-
fore f(G) is a Ag-closed set in (Vo).

Theorem 4.25. A map f:(X,7) —(Y,0) is Xj-closed if and only if for each sub-
set S of (Y,0) and for each open set U of (X,7) containing f~1(S), there exists a
Ag-open set V of (Y,0) such that SCV and f~*(V) CU.
Proof. (Necessity) Let f be a Aj-closed map. Suppose that S is a subset of
(Y,0) and U is an open set of (X,7) such that f~*(S) C U. Since f is a Ag-closed,
F(X\U) is a Aj-closed set in (Y,0) implies Y\[f(X\U)] is a Aj-open set.
Let V = W\[f(X\U)]. Since f7!(5) C U,[X\ UJC X\f7!(S) = f7H(Y\S) =
FXAU) € (V\S) = § € V\(f(X\U))] = V. Now f(X\U)S (Y\V) = (X\U) C
TNV =X\fHV) = V) C U
Sufficiency: Let S be a closed set of (X,7), then f~1(Y\f(S)) C X\S and X\S
is open. From the assumptlon there exists a Ag- open set Vof (Y,0) such that
Y\A(S)] € V and (V) € [X\S] = § € X\f7(V). Hence Y\V C f(S) C
FX\fH(V)) € Y\V, which implies f(S) = Y'\V. Since Y\V is A%-closed, f(S) is
Ag-closed and thus f is a Aj-closed map.

Theorem 4.26. If a map f(X,7) —(Y,0) is Aj-closed map then \jcl(f(A))C f
(cl(A)) for every subset A of (X,T).

Proof. Let f be Aj-closed map and A C X. As cl(A) is closed in (X,7),
f(cl(A)) is Ag- closed in (Y,0). Since f(cl(A)) is Aj-closed by Proposition 3.5,

Agel (f( l(A))) = f(cl(A)). From the fact that f(A) C f(cl(A)), we have Ay

el (f(A)) € Ag el (f(el(A))) = f(el(A)). Hence AZel(f(A)) € f(cl(A)).
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Remark 4.27. Converse of the Theorem 4.26 need not be true as observed from
the following example.

Example 4.28. Let X=Y={a,b,c,d},7 = {¢,{a,b,c}, X} and 0 = {¢,{a,b},Y}.
Let f:(X,7) —(Y,0) be the identity map. Then for every subset ACX we have
Agcl(f(A))Cf(cl(A)) but fis not a Ag-closed map, since for the closed set {d} in
(X,7), f({d})={d} is not a Aj-closed set in (Y,0).

Theorem 4.29. If f(X,7) —(Y,0) is a Xj-closed map and A is a closed subset
of (X,T) then the restriction f|a :(A,7[a) = (Y,0) is a Xj-closed map.

Proof. Let B C A be a closed set in (A, 7|4), then B = ANV for some closed set V'
of (X, 7). As A'is closed in (X, 7), B is also closed in (X,7). Since f is a A\j-closed
map, f(B) = (f|a)(B) is a A\j-closed set in (Y,0). Hence f|a is a Aj-closed map.

Theorem 4.30. Let G be an a-open and Xj-closed set of (Y, o). If a bijective map
f:(X,7) = (Y,0) is A-closed and A=f"'(G) then the restriction f|a : (A, T|4)
— (Y, 0) is \j-closed.

Proof. Let V' C A be a closed set in (A,7|4), then V = AN H for some closed
set H of (X, 7). Since H is closed in (X, 7), H is also A-closed in (X,7). As fisa
A-closed map, f(H) is A-closed in (Y, o). As G is a-open and f(H) is A-closed, by
Theorem 2.8, f(H) NG is Aj-closed. Using the fact, fl4a(V) = f(V) = f(ANH) =
f(FH(G)NH)=G N f(H) is Xy-closed. Hence fla: (A, 7]4) =(Y,0) is AJ-closed
map.

5. Aj-Open Maps and its Properties

Definition 5.1. A map f:(X,7)—(Y,0) is called a \y-open map if the image of
each open set in (X,7) is Ng-open in (Y,o), ie. if f(V) is Ny-open in (Y,a) for
every open set Vin (X,T).

Example 5.2. Let X =Y = {a,b,c}, 7 = {0, {a}, {b}, {a,b}, X} and 0 =
{¢, {a}, {b}, {a,b}, {a,c}, Y}. Let £:(X,7) —(Y,0) be a map defined by f(a)=Db,
f(b)=c and f(c)=a. Then f is a Aj-open map as the image of every open set in
(X,7) is Ag-open in (Y,0).

Proposition 5.3. Every open map is a Aj-open map.

Proof. Similar to proof of Proposition 4.3.

Proposition 5.4. Every A-open map is a Aj-open map.

Proof. Similar to proof of Proposition 4.5.

Definition 5.5. A map f:(X,7) — (Y,0) is called a gA-open map if the image of
each open set in (X,1) is gh-open in (Y,o), i.e. if f(V) is gh-open in (Y,0) for
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every open set Vin (X,7).

Proposition 5.6. Every Aj-open map is a gA-open map.
Proof. Similar to proof of Proposition 4.8.

Theorem 5.7. A bijection f:(X,7)—(Y,0) is a Xj-closed map if and only if fis a
Ay -open map.

Proof. Let f: (X,7) — (Y, 0) be a \j-closed map and A be an open set in (X, 7).
Then A€ is closed in (X, 7). As f is a bijection map, f(A°) = (f(A))¢, which is a
Ag-closed set in (Y,0). Hence f(A) is a AJ-open set in (Y, o). Thus f is a A\j-open
map.

Conversely, let f : (X,7) — (Y,0) be a A\J-open map and A be a closed set
in (X,7). Then A is open in (X,7). As fis a bijection map, f(A°) = (f(A4))°,
which is a A\j-open set in (Y,0). Hence f(A) is a A\j-closed set in (Y, o). Thus f is
a Aj-closed map.

Theorem 5.8. A map f:(X,7) — (Y,0) is a A\j-open, then for every subset A of
(X,7), J(int(A))CAGint(f(A)).

Proof. Let f be a AJ-open map and A be any subset of (X, 7) such that A C X.
Since int(A) is open in (X, 7), f(int(A)) is AJ-open in (Y, o). Since f(int(A)) is
Ag-open by Proposition 3.19, Agint(f(int(A))) = f(int(A)). From the fact that
fint(A)) C f(A), we have f(int(A)) = Agint(f(int(A))) € Ayint(f(A)). Hence
f(int(A)) € Agint(f(A)).

6. Composition of \j-Closed Maps and \;-Open Maps

Proposition 6.1. If a map f:(X,7)—(Y,0) is a g-closed (resp. a-closed, ag-closed,
g -closed) map, (Y,0) is a T1a-space (resp. a-space, oTy-space, Tl*/Q—space) and g:
(Y,0)=(Z, n) is a Xj-closed map then gof:(X,7 )= (Zn) is a \y-closed map.
Proof. Let V be a closed set in (X,7). Since f is a g-closed (resp. a-closed, ag-
closed, g*-closed) map, f(V) is a g-closed (resp. a-closed, ag-closed, g*-closed) set
in (Y,0). As (Y, 0) is a T 2-space (resp.a-space, «Ty-space, T} /2—Space) by Remark
2.6, we have f(V) is closed in (Y, 0).

Since g : (Y,0) — (Z,n) is a closed map, g(f(V)) = (go f)(V) is a closed set in
(Z,n). As every closed set is a Ag-closed set, (go f)(V) is a Aj-closed set in (Z,7).
Thus g o f is a Aj-closed map.

Proposition 6.2. If a map f:(X,7)—(Y,0) is g-closed (resp. a-closed, ag-closed,
g -closed) map, (Y,0) is a Tij-space (resp. a-space, oTy-space, Tf‘/2—3pace) and
9:(Y,0)=(Zn) is a Xy -closed map then gof:(X,7)—(Zn) is a N -closed map.
Proof. Similar to the proof of Proposition 6.1.
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Proposition 6.3. Composition of closed (resp. open) maps is a Xj-closed (resp.
Ay -open) map.

Proof. Follows from the fact that every closed (resp. open) set is a Aj-closed
(resp. Ag-open) set.

Remark 6.4. Composition of \j-closed (resp. \g-open) maps is not a Xj-closed
(resp. )\g‘—open) map as observed from the following example.

Example 6.5. Let X=Y=Z={a,b,c}, 7 = {¢,{a},X},0 = {¢,{a,b},Y} and n =
{#,{a},{a,b},Z}. Let f:(X,7) — (Y,0) be a map defined by f(a)=b, f(b)=a and
f(c)=c and g:(Y,0)—(Z,n) be the identity map. Then the maps f and g are both
Ag-closed, but their composition gof:(X,7)—(Z,n) is not a Aj-closed map, since for
the closed set {b,c} in (X,7), (gof)({b, c})={a,c} is not a Aj-closed set in (Z,n).

Also the maps f and g are both A\3-open, but their composition gof:(X,7)—(Z,n)
is not a Ag-open map, since for an open set {a} in (X,7), (gof)({a})={b} is not a
Ag-open set in (Z,n).

Remark 6.6. If f:(X,7 )= (Y,0) is a Xj-closed map and g:(Y,0 )= (Zn) is a closed
map then their composition gof:(X,7)—(Z,n) need not be a \-closed map as ob-
served from the following example.

Example 6.7. Consider (X,7), (Y,0), (Z,7) and the maps f, g as in Example
6.5. Here f is a Aj-closed map and g is a closed map, but their composition
gof:(X,7)—=(Z,n) is not a Aj-closed map since for a closed set ({b,c}) in (X,7),
(gof)({b, c})={a,c} is not a A\j-closed set in (Z,n).

Proposition 6.8. If f:(X,7)—(Y,0) is a closed map and g:(Y,0)—(Z,n) is a \; -
closed map then their composition gof:(X,7)—(Zn) is a X-closed map.

Proof. Let V be a closed set in (X, 7). As f is a closed map, f(V) is closed in
(Y,0). Since g : (Y,0) = (Z,n) is a Aj-closed map, g(f(V)) = (go f)(V) is a
Ag-closed set in (Z,n). Therefore g o f is a A\j-closed map.

Proposition 6.9. If f:(X,7)—(Y,0) is a closed map and g:(Y,0)—(Zn) is a \-
closed map then their composition go f:(X,7)—(Zmn) is a Ay -closed map.

Proof. Let f be a closed map and V be a closed set in (X, 7). Then f(V) is a
closed set in (Y, o). As every closed set is A-closed, f(v) is a A-closed set in (Y, o).
Since g is A-closed, the (g o f)(V) = g(f(V)) is a A closed set in (Z,n). From
Lemma 2.7, g(f(V)) is a Aj-closed set in (Z, 7). Hence g o f is a A\j-closed map.

7. Conclusion

Initially, in this article we have defined and studied the properties related to
Ag-closure and Ag-interior. In addition, we have given all the standard properties



274 South FEast Asian J. of Mathematics and Mathematical Sciences

and theorems related to Aj-closed map and Aj-open map utilizing the definitions
of Aj-closed sets and Aj-open sets in topological spaces. By the definitions of the
proposed Ag-closed maps and Aj-open maps, the research can be extended to Ay-
homeomorphisms, special maps of AJ-continuity, Aj-quotient maps in topological
spaces and their corresponding properties might have some interesting real time
applications in the near future.

The proposed definitions can be applied and extended to various topologies like
ideal topology, in which the topological ideals are connected with general topology
for finding many application-oriented properties and also these definitions can be
used as a tool in digital topology, in which the image arrays are studied by using
the topological properties.
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