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Abstract: In this article, we prove existence and uniqueness of some new fixed
points in rectangular metric spaces and confirm them with appropriate example.
Also we give an analogue of Ehran et al. [9] fixed point result on rectangular metric
spaces, which will generalize Muhammad Arshad et al. [5] fixed point results on
rectangular metric spaces.
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1. Introduction

Fixed point theory has been one of the fastest growing fields in analysis over
the past few decades. In this view fixed point theorems are the most important
objects. The Banach Contraction Principle is a famous and useful theory that is
frequently identified in the literature.

In a large number of subjects the old concept of metric space is designed for
different researchers by changing the metric part. Among these generalizations,
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in 2000, Branciari [8] introduced the notion of a rectangular metric spaces by
substituting triangle inequality in to rectangular inequality. He involved four points
instead of three points.

In this sequel Azam and Arshad [6] presented sufficient conditions for the exis-
tence and uniqueness of a distinct point of the Kannan-type map in the framework
of rectangular metric spaces. Azam et al. proved the analogue of the Banach
Contraction Principle in rectangular metric spaces. Since then many fixed point
theorems for various contractions on rectangular metric space and extended rect-
angular metric space appeared such as ([1-4, 7, 9-13]).

In this article we present an analogue of Ehran et al. [9] fixed point result
on rectangular metric spaces. Also we generalize Muhammad Arshad et al. [5]
fixed point results on rectangular metric spaces. We give an example to verify new
obtained result.

Preliminaries

Definition 2.1. [7] Let X be a non empty set and s > 1 be a fized real number. If
a function d : X x X — R satisfies the following conditions:
(bmy) d(u,v) =0 iff u =v for all u,v € X.
(bmg) d(u,v) = d(v,u) for all u,v € X.
(bms) d(u,v) < s[d(u, w) + d(w,v)] for all distinct points u,v,w € X.
Then a pair (X,d) is called a b-metric space.
Definition 2.2. [8] Let X be a non empty set . If a function d : X x X — R*
satisfies the following conditions:
(rmy) d(u,v) =0 iff u=wv for all u,v € X.
(rme) d(u,v) = d(v,u) for all u,v € X.
(rmg3) d(u,v) < d(u,w) + d(w,p) + d(p,v) for all distinct points u,v,w,p € X.
Then a pair (X,d) is called a rectangular metric space or generalized metric
space.

Example 2.3. Let X = N,defined: X x X — R* by

0, ifu=v
d(u,v)= < ¢\, if (u,v) € {4,5} and u # v

A, if w and v do not belong to {4,5} and u # v.
where A > 0 and ¢ < 3.
Hence (X, d) is a rectangular metric space as,

d(4,5) = cA < 3\ = d(4,3) + d(3,2) + d(2,5).
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Example 2.4. Let X = AU B, where A = {%,n € N} and B is the set of

all positive integers. Define d : X x X — R" such that d(z,y) = d(y,z) for all
x,y € X and
0, if z=uy;
) 2B, if z,y € A
A.9) =9 38 if 2 e Aandy € B;
[, otherwise,

where 3 > 0 is a constant. Then (X, d) is a rectangular metric space.

Definition 2.5. [5] Let X be a non empty set. Let f and g be two self maps.

(i) A point x € X is called a common fized point of f and g if v = fx = gz.

(ii) A point © € X is said to be a point of coincidence of f and g if fr = gz
and if u = fx = gz, then u is said to be a point of coincidence of f and g.

(7ii) The mapping f,g : X — X are said to be weakly compatible if they commute
at their point of coincidence that is, fgx = gfx whenever gr = fx.

Definition 2.6. [5] Let U denote the set of all functions ¢ : [0,4+00] — [0, +00)
such that

(i) & is continuous.

(ii) ¢(t) = 0 if and only if t = 0.

Before we present our main result we write a following lemmall].

Lemma 2.7. [5] Let X be a non empty set. Suppose that the self mapping f and g
have a unique point of coincidence u in X. If f and g are weakly compatible, then
f and g have a unique common fized point.

3. Main Results
In this section we present our main results.

Theorem 3.1. Let (X,d) be a Hausdorff rectangular metric space and let f,g
be two self maps define onto itself such that fX C gX and (9X,d) is a complete
rectangular metric space. Suppose that the following condition holds:

Y(d(fz, fy)) < (Mg, gy)) — ¢(M(gz, gy)) + ¥(m(gz, gy)) — ¢(m(gz, gy()) |
3.1

for all z,y € X and ¢,¢ € U, where ¥ is increasing and

Mgz, gy) = mazx{d(gz, gy), d(gz, fx),d(gy, fy)}
m(gz, gy) = min{d(gz, fy),d(gy, fy), d(gz, fz),d(gy, fx)}

Then f and g have a unique point of coincidence in X. Moreover, if f and g are
weakly compatible, then f and g have a unique common fized point.



244 South FEast Asian J. of Mathematics and Mathematical Sciences

Proof. Firstly we show uniqueness of the point of coincidence of f and g.
Suppose that u and v be two points of coincidence of f and g. Thus there exists
x,y € X such that u = for = gr and v = fy = gy.

Then by (3.1), we find

Y(d(u,v)) =v(d(fz, fy) < V(M(gz,gy)) — ¢(M(gz, gy))
—¢

+(m(gz, gy)) — d(m(gz, gy))
where
Mgz, gy) = max{d(gz, gy), d(gz, fx),d(gy, fy)}
= maz{d(gz, gy),d(fz, fz),d(fy, fy)}
= d(gz, gy) = d(u,v)
and

m(gz, gy) = min{d(gz, fy),d(gy, fy), d(gx, fz),d(gy, fx)}
= mm{d(fx, fy)7 d(fy7 fy)7 d(ffL‘, fx)a d(fy, fﬁL’)}
= 0.

Then by (3.1)

Therefore we get u = v. Since f and g are weakly compatible and wu is the unique
point of coincidence of f and g, then by lemma 2.7 the point u is the unique
common fixed point of f and g.

Let xp be an arbitrary point in X. Since fX C gX, we define two sequence
{z,,} and {y,} in X as follows y,, = fx, = gx,+1 for n > 0.

If yn = ynr1 and take n = 2k, then we have

Yok = GT2k41 = [Tok = GTokt2 = [Topt1 = Yokt1-

frori1 = 9To+1-

Therefore f and g have a point of coincidence xo; 1 in X.
If yn # Yns1 then d(yn, yni1) > 0 and take n = 2k.
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Now from (3.1), we have

U(d(Yor, Yor+1)) = Y(d(fror, frors1))
< YP(M(gzok, 9Tor+1) — G(M(gTok, 9Tok11))
+ p(m(grar, 9Tar41)) — S(Mm(gzok, gT2141)) (3.2)

where

M (gxar, grars1) = max{d(grak, gTar+1), d(9Tak, fTor), d(gTai1, frari1)}
= m&x{d(g:v%, 9332k+1)a d(gw%, 9$2k+1)a d(g$2k+la 9$2k+2)}
= max{d(yar—1, Y2r), A(Yor—1, Y2r), A(Y2r> Y2r+1}
= maz{d(yzx—1, Y2k ), A(Y2k, Yor+1}

and

m(gTak, 9Tok+1)
= min{d(gza, fTors1), A(gTart1, fTon41), d(gTor, fror), d(gTors1, frar)}
= mm{d(gl’zk, g$2k+2)> d(g$2k+1> 9$2k+2)7 d(9332k7 9$2k+1), d(9$2k+1, 9$2k+1)}
= min{d(gzok, 9Tok+2), A(gTok41, 9Tak+2), A(gTok, §Tok+1), 0}
= 0.
Case (i): If M(gxak, gropr1) = d(Yok, Yor+1) therefore from(3.2)

Y(d(Yors Yor+1)) < Y(d(Yar, Yors1)) — O(d(Yar, Yor+1)) + 1(0) — ¢(0)
this implies
(d(Yar, Yart1)) = 0.
d(y2k, Yars1) = 0.

Yok = Y2k+1-

which is a contradiction.
Case (ii): If M(gzok, gxor+1) = d(yak—1, yor) therefore from(3.2)

Y(d(Yor, Yort1)) < V(d(yar—1,Yor)) — P(d(Yor—1, y2x)) + ¥ (0) — $(0)
< Y(d(yar—1,y2x)) — O(d(y2r-1, Y2r))
< Y(d(Yor—1, Y2r))-

Since v is non decreasing, therefore

d(Yor, Yor+1) < d(Yok—1, Yok )-
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Thus the sequence {d(yax, Yor+1)} is decreasing and bounded below.
Hence, it converges to a positive number, say r > 0.
Taking the limit as limg_, ., we get

(r) < (r) —o(r).

Which leads to ¢(r) = 0, and hence r = 0.

Thus, limy, 10 d(yor, You+1) = 0
Now from (3.1), we have

w(d(y%, y2k+2)) = w(d(fiUZk, f$2k+2))
< (M (gzak, gror+2)) — ¢(M(9T2k, gTok+2)) + Y (M(gTak, gTar12))
— ¢(m(gwar, grari2)) (3.3)

where

M(giﬂmm 9$2k+2) = max{d(gx%, 9$2k+2), d(9$2k, fiEQk), d(9$2k+27 f$2k+2)}
= max{d(ga:%, 9$2k+2), d(gx%, g$2k+1), d(9$2k+2, g$2k+3)}
= max{d(y%fl? y2k+1>7 d(y%fl; ka)a d(y2k+1> y2k+2)}

and
m(g@k, 9$2k+2)
= mm{d(gl‘%a fx2k+2)7 d(9$2k+27 fl'2k+2)a d(gl‘%a fl‘2k), d(g$2k+2; f$2k)}
)

= mm{d(ga:%, 9T2k+3), d(gx2k+27 9$2k+3)> d(gx%, 9$2k+1)7 d(9332k+2, 9372k+1)}

= min{d(fUQk—la y2k+2)7 d(y2k+17 y2k+2)7 d(y%—h ka)v d(y2k+1a y%)}
=0(on lim ).
k—+oc0

Case (iii): If M(grok, grokr2) = d(Yok+1, Yor+2) Then from (3.3)

Y(d(Yar, Yort2)) < V(A Yort1, Yort2)) — P(d(Yors1, Yort2)) + ¥ (0) — ¢(0)
< Y(d(yor+1, Yor+2)) — O(d(Yor+1, Yor+2))

Taking limg_., o, we have
limp—s 00t (d(Yar, Yort2)) = 0.
Since v is continuous, hence

limn—)—&-ood(kaa y2k+2) = 0.
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Case (iv): If M(gxor, grort2) = d(y2k—1, Yor) Then from (3.3)

Y(d(Yor, Yort2)) < V(d(Yar—1,Yor)) — P(d(Yor—1, y2x)) + ¥ (0) — $(0)
< Y(d(Yar—1, Y2r)) — O(d(Yar—1,Y2r))-

Taking limy_,,, we have

limy—s 400 (d(Yok, Yor+2)) = 0.

Since v is continuous, hence

limi— 100d(Yor, Yort2) = 0.

Case (v): If M(gzok, gTogr2) = d(yok—1, y2r+1) then from (3.3)

Y(d(Yor, Yort2)) < V(d(Yor—1,Yor+1)) — P(d(Yor—1, Y2r+1)) + ¥ (0) — ¢(0)
< Y(d(Yar—1, Yort1)) — (A(Yor—1, Y2rt1))
< Y(d(Yak—1, Yor+1))-

Hence {d(yak, Yor+2)} is decreasing and bounded below.
Therefore, the sequence{d(yax, Yor+2)} converges to a number, s > 0.
Taking limg_,,, we get

0 < 9(s) <9P(s) — o(s).
Which implies that ¢(s) = 0 and hence s = 0. Thus,

limn%Jrood(kaa 3/2k+2) = 0.

Suppose that y,, # y,, for all n # m.

Now we prove that {y,}is a rectangular Cauchy sequence.

On contrary, let {y,} be not a rectangular Cauchy sequence.

Then there exists € > 0 for which, we can find sub sequences {y,,} and {y,,} of
{yn} with n; > m; > i such that

d(yn” ymb) Z 67

where n; is the smallest integer satisfying above inequality, that is

d(ymw yni—l) <€
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Now by rectangular inequality, we have

< d(Ymi Ynis) + AYni_gs Ynioy) + AYni_y Yny)
S € + d(yni727 ynifl> + d(yni,1 ) ynz) (34)

Taking limit as ¢ — 400 we get,

lim d(Ym,, Yn,) = 0.

i—+o00
Again, using the rectangular inequality, we obtain
A(Yn; > Ymiy) < AWYni_ys Yn:) + AYnis Ymi) + AYmis Ymi )

Taking limit as ¢ — +00 we get,

hm d(yniilyymifl) — 0

1——+00

Now, we substitute z = x,,, and y = x,,, in (3.1). Then we get

V(A Yni» Ym,)) = V(A f2n,, fTm,))

where

m(gxni, gxmi) = min{d(gxni, frm,), d(gxmi, fxmz% d(gacni, fxm)a d(gxmi, fxm)}
= min{d(yni,17 yml)ﬂ d(yml;l ) ym,)a d<yn¢,1 ) y’l%)? d(ymFl b yn,)}

Thus, on taking lim; ., we have

and

M(anla gxml) = max{d(gxnm gxmz)> d(gxnﬂ fxnl)a d(gxﬂ’bﬂ fxmz)}
= max{d(yni—1 I ymi—l)’ d(yni—1 ) ym)a d(ymi—l I ymz)}

Thus, on taking lim; ., we have

M(gxn,, gTm,) — maz{e, 0,0} = e.
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Now letting lim;_, . in (3.5). We have

0 < 9(e) < (e) — o(e).

This implies that ¢(e) = 0, hence ¢ = 0, which contradicts the fact that e > 0.
Thus, {y,} is a rectangular Cauchy sequence.

Since (¢X,d) is a complete rectangular metric space , there exists u € gX such
that {y,} — v as n — 4+o00. Let y € X such that gy = u.

Applying the inequality (3.1), with = x,, we obtain

Y(d(frn, fy) < V(M (grn, gy)) — (M (g0, gy)) + L(m(gzn, gy)) — d(m(gzn, gy))

where

m(gzn, gy) = min{d(gxn, fy), d(gy, fy), d(g2n, gTni1), d(gy, frn)}-

Note that m(gx,,gy) — 0 as n — +o0

M (gzn, gy) = maz{d(9x,, gy), d(gxy, fx,),d(gy, fy)}
- ma‘x{d(gxm gy)7 d(g'rm gxn+1)7 d(gy7 fy>}

Now if M(gn, gy) = d(gn, gy). or M(gxn, gy) = d(92n, §Tni1).
Then we have

d(fxn, fy) < d(gzn, gy).

or
d(fxn7 fy) S d(.gl‘na g$n+1)7

since 1) is increasing.

In either case, taking n — 400, we get gr,.1 = fr, — fy.
Since X is a Hausdorff, we deduce that gy = fy.

If, on the other hand

M(gzn, gy) = d(gy, fy)-
Then taking n — 400 in

Y(d(fan, fy) < U(d(gy, fy) — o(d(gy, fy)).

We get ¢(d(gy, fy)) = 0. Hence d(gy, fy) = 0, so that gy = fy.
Thus v = gy = fy. Then wu is a point of coincidence of f and g.

Finally when f and g are weakly compatible, then by lemma 2.7, a well known
result implies that f and ¢ have a unique common fixed point.
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Let A be the set of function f : [0,400) — [0, +00) such that
(i) fis Lebesgue integral on each compact subset of [0, +00),
(i) fy f(t)dt > 0 for every e > 0.

For this class of functions, we can state the following result.

Theorem 3.2. Let (X, d) be a Hausdorff rectangular metric space and let f and
g be two self maps define onto itself such that fX C gX and (¢9X,d) is a complete
rectangular metric space. Suppose that the following condition holds:

d(fx.fy) M (gz,9y) M (gz,9y)
/ f(r)dr §/ f(r)dr —/ h(r)dr
0 0 0
m(gz,9y) m(gz,9y)
+/ f(?")dr—/ h(r)dr
0 0

forall z,y € X and f,h € A, where
Mgz, gy) = max{d(gz, gy),d(gz, fz),d(gy, fy)}
m(gz, gy) = min{d(gz, fy),d(gy, fy),d(gz, fr),d(gy, fr)}
Then f and g have a um’que common fized poz’nt
Proof. Let ¢(r) = [ f(u)du and ¢(r) = [; f(u)du. Then ¢ and ¢ are function

in ¥. By theorem 3.1, we get fand g have a unique common fixed point.

Example 3.3. Let X = AU B, where A = {
d: X x X —[0,+00) such that d(z,y) = d(y,

(

381 } and B = [1,4]. Define

1
23
x); for all x,y € X and

d(4,%) =d(3,%) =03
dl3,5) =d(3,2)=02
d(1,2) =d(L,2) =06
La33) =d(t) =d(3.3) =a(37) =0

and d(z,y) = |z —y|ifz,ye Borz € A,yc Borz € B,y € A.
It is clear that d does not hold the triangle inequality on A. Indeed,

15 13 35
0.6 — d( , ) > d(—, —) d(—,—) —03402=0.5
2°6/ — \274 * 4°6 *

Remark that d holds the rectangular inequality. Hence d is a rectangular metric.

Notice that (X|p,d) is usual metric space and hence it is Hausdorff. On the
other hand, each singleton is closed and open in (X|4,d) and hence (X, d) is Haus-
dorff rectangular metric space.
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Let f,g: X — X be defined as

L ifze(l,4]
fr=

[« [

9 1f27 < [%7%7%7%]7

;

3 ifxell,4]

ot

cifx e ,%]

N[

gr =

0|~

cifx e

]

0o

: 7
\%, lfiCE [g] .

Define ¥ (t) = t and ¢(t) = t/3. Then f and g satisfy the condition of theorem
(3.1) and have a unique common fixed point = = % of X.

4. Conclusion
In this article we proposed some new fixed point result of (1, ¢) contraction in
rectangular metric spaces and proved with suitable example.
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