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Abstract: The aim of this paper is to introduce an operator v, a function from
N-BO(U) — P(U) in nano topological space (U,7z(X)). Here we have also charac-
terised various properties based on the operation v. Moreover we have made an
attempt to develop some new spaces through N+, open sets in nano topological
space and finally we have also examined the relationship among them.
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1. Introduction

Lellis Thivagar et al initiated nano topological space with respect to a subset
X of an universe which is defined in terms of lower and upper approximations of
X. The elements of a nano topological space are called the nano-open sets. But
certain nano terms are satisfied simply to mean “very small”. It originates from the
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Greek word 'Nanos’ which means ’dwarf’” in its modern scientific sense, an order to
magnititude - one billionth of something. Nano car is an example. The topology
recommended here is named so because of its size, since it has atmost five elements
in it. Ogata defined the notion v-open set in a topological space. Here we use this
new operator 7 to define the notion of new form of nano open sets namely N~,-
open sets and some of its characterisations were studied. Further we have defined
N-bCl, and N+;-g-closed in nano topological space (U,7z(X)) and also studied its
properties. Finally we have developed some new spaces via N+, open sets in nano
topological space and also examined the relationship among them.

2. Preliminaries
In this section we recall some preliminary definition which are required in the
sequel of our work.

Definition 2.1. [9] Let U be a nonempty finite set of objects called the universe and
R be an equivalence relation on U named as the indiscernibility relation. Elements
belonging to the same equivalence class are said to be indiscernible with one another.
The pair (U,R) is said to be the approximation space. Let X C U.

(i) The lower approximation of X with respect to R is the set of all objects,
which can be for certain classified as X with respect to R and its is denoted

by Lr(X). That is, Lr(X) = U,cp{R(x) : R(x) C X}.

(ii) The upper approzimation of X with respect to R is the set of all objects, which
can be possibly classified as X with respect to R and its is denoted by Ur(X).
That is, Up(X) = Uzev{R(z) : R(x) N X # ¢}.

(iii) The boundary region of X with respect to R is the set of all objects, which can
be classified neither as X nor as not X with respect to R and it is denoted by
Bgr(X). That is, BR(X)=Ug(X) — Lr(X).

Definition 2.2. [9] Let U be the universe, R be an eqivalence relation on U and
Tr(X) ={ ¢, U, Lr(X), Ur(X), Br(X)} where X C U.
Then,tr(X) satisfies the following azioms:

(i) Uand ¢ € tp(X).

(ii) The union of the elements of any subcollection of Tr(X) is in Tr(X).

(iii) The intersection of the elements of any finite subcollection of Tr(X) is in

TR(X).
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That is, TrR(X) is a topology on U called the Nano topology on U with respect to
X. We call (Ur(X)) as the Nano topological space. The elements of Tr(X) are
called as Nano open sets. A subset E of U is Nano closed if its complement is Nano
open.

Definition 2.3. [3] A subset A of a nano topological space (U, r(X)) is said to be
Ny-open if A C N-CI( N-Int(A)) U N-Int( N-CI(A)).
The collection of Ny-open is denoted by N-BO(U).

Definition 2.4. [3] Let (X,7) be a topological space. An operation -y on the topology
7 is a function from BO(X) into power set P(X) such that V. C V7 for each V € T,
Where V7 denote the value of v at V and BO(X) denote the collection of b-open
sets. It is denoted by v : BO(X) — P(X).

Definition 2.5. [5] A subset A of a topological space (X,T) is called b-y-open set if,
for each x € A, there exists an b-open set V such that z € V and VY C A. yBO(X)
denotes the set of all b-y-open sets in (X,7). The complement of a b-y-open set is
called ~y-b-closed.

Definition 2.6. [5] Let A be subset of a topological space (X,7) and v : BO(X,T)
— P(X) an operation on BO(X,7). Then the T,-b-closure of A is defined as the
intersection of all b-y-closed sets containing A. That is, 7,-bCl(A) =N {F : F is
b-vy-closed and A C F}.

Definition 2.7. [3] A topological space (X,1) is said to be b-y-reqular, where 7 is
an operation on BO(X,T), if for each x € X and for each b-open neighborhood V
of x, there exists an b-open neighborhood H of x such that H" contained in V.

Definition 2.8. [3] An operation v on T is said to be regular, if for any open
netghborhoods U, V of x € X, there exists an open neighborhood W of x such that
W Ccunv.

Theorem 2.9. [3] If A is a b-y-open sets in (X,7), then it is b-open set.

Remark 2.10. [3] vBO(X) is not topological space.
That is, finite intersection need not be open.

Theorem 2.11. [3] If A and B are two b-y-open subsets and v is a reqular operator,
then A N B is b-y-open.

Definition 2.12. [3] Let A be subset of a topological space (X,7) and v : BO(X)
— P(X) an operation on BO(X). A point x € X is in the bCL, -closure of a set A if
U'N A = ¢ for each b-open set U containing x. The bCl, -closure of A is denoted
by bCL, (A).
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Definition 2.13. [5] A topological space (X,7) is said to be

(i) b-y-To if for any two distinct points x , y € X there exists b-open set U such
that either z € U and y ¢ UY ory e Uand x ¢ U".

(ii) b-y-Ty if for any two distinct points z , y € X there exist two b-open sets U
and 'V containing x and y respectively such that y ¢ U7 and
z ¢ V.

(iii) b-y-Ty if for any two distinct points x , y € X there exist two b-open sets U
and V containing x and y respectively such that U" NV7 = ¢.

Definition 2.14. [5] Let A be a subset of a topological space (X, T ) with an operation
v on 7.The b-y-kernel of A, denoted by vyker,(A) is defined to be the set yker,(A)
=N{V €~-BO(X): AC V}
3. Nv,-Open Sets

In this section we introduce a new operator v to define the notion of new form

of nano open sets namely N~v,-open sets and some of its characterisations were
studied.

Definition 3.1. Let (U,mr(X)) be a nano topological space. An operation vy is a
function from N-BO(U) — P(U) such that VC V7 for each V- € N-BO(U), Where
V7 denote the value of v at V and N-BO(U) denote the collection of Ny-open sets.

Definition 3.2. A subset A of a nano topological space (Urr(X)) is called Nvy-
open set if, for each x € A, there exists an Ny-open set V such that z € V and V7 C
A. Ny-BO(U) denotes the set of all Nvyy-open sets in (U,tr(X)). The complement
of a Nvyy-open set is called Nvy,-closed.

Example 3.3. Let U = {ab,c} be a universe and U / R = { {a}, {b,c}} be a
equivalence relation. Let X = {a,b} C U, 7g(X) = { ¢, U, {a}, {b,c}}.

N-BO(U) = { ¢, U, {a}, {b}, {c}, {a,b}, {b.c}, {c,a}}.
Then the operation v : N-BO(U) — P(U) defined by

A ifacA
"4 = {Nb-Cl(A) ifagA

for A € N-BO(U). Then N4-BO(U) = { 6, U, {a}, {b}, {c}, {ab}, {be}, {ca}},
where Ny-BO(U) denote the collection of Nv,-open sets.

Theorem 3.4. Let vy : N-BO(U) — P(U) be any operation on N-BO(U). Then
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(i) Every Nyy-open set of (Urg (X)) is Ny-open in (U, g (X)).
(i1) An arbitrary union of Nvy,-open sets is Nvy,-open set.

Proof. (i). Suppose that A € Nv-BO(U). Let « € A. Then, there exists a Ny-open
set U(x) containing x such that U(z)” C A. Then,
U{U(x):xe A} CU{U(x)": z€ A} C A andso

A=U{U(z): 2 e A} € N-BO(U). Hence A is Ny-open set.

(ii). Let x € U{ A; : i € J}, where J is any index set, then = € A; for some i € J.
Since A; is Nv,-open set, there exists a Ny-open set U containing = such that U”
Hence U {A; : i € J} is a Ny,-open set.

Remark 3.5. The following example shows that converse of the above
Theorem (i), does not be hold.

Example 3.6. Let U = { a, b, ¢, d} be a universe and U / R={ {a}, {b}, {c},
{d}} be a equivalence relation. Let X = {a,b} C U,

r(X) = { ¢, U, {ab}}.

N-BO(U) = { ¢, U, {a}, {b}, {ab}, {bic}, {c,a}, {a,d}, {b,d}, {a,b,c}, {b,c,d},
{c,d,a}, {d,a,b}}.

Then the operation v : N-BO(U) — P(U) defined by, v(A) = A U {a}, for A €
N-BO(U).

N~+-BO(U) = { ¢, U, {a}, {a,b}, {a,b,c}, {a,c}, {a,d}, {c,d,a}, {d,a,b}}.

Then {b,d} is Ny-open set but not Nv,-open set.

Remark 3.7. The following Example Shows that, the intersection of Nvy,-open sets
need not be Nvy,-open set.

Example 3.8. Let U = {a,b,c,d} be an universe and U / R = { {a}, {b,c}, {d}}
be a partition of U and X = {a,b}. Then 75(X) = { ¢, U, {a}, {b,c}, {a,b,c}}
and N-BO(U) = { ¢, U, {a}, {b}, {c}, {a,b}, {b,c}, {c,a}, {a,d}, {a,b,c}, {b,c,d},
{c,d,a}, {d,a,b}}.

Define v : N-BO(U) — P(U) by v(A) = A for A € N-BO(U).

Ny-BO(U) = { ¢, U, {a}, {b}, {c}, {ab}, {b,c}, {ca}, {a,d}, {a,b,c}, {b,c,d},
{c,d,a}, {d,a,b}}.

Let A = {a,d} and B = {b,c,d} where A and B are Ny,-open sets

but A N B = {d} is not N,-open set.

Definition 3.9. A nano topological space (Ur(X)) is said to be Ny,-regular,
where v is an operation on BO(U), if for each x € U and for each Ny-open neigh-
borhood V of z, there exists an Ny-open neighborhood H of x such that HY contained
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m V.
Theorem 3.10. Let (U, (X)) be a nano topological space and

v : N-BO(U) — P(U) an operation on N-BO(U). Then the following statements
are equivalent:

(i) N-BO(U) = Ny-BO(U).
(i1) (Urgr) is a Nyy-regular space.

(i1i) For every x € U and for every Ny-open set V of (Urg(X)) containing x,
there ezists a Nryy-open set W of (U, tg(X)) such that x € W and W C V.

Proof. (i) = (ii) Let # € U and V be a Ny-open set containing z. By assumption,
V is a Ny,-open set.This implies that there exists a Ny-open set W containing x
such that W7 C V. Hence (U,7z(X)) is Ny,-regular.

(ii) = (iii) Let 2 € U and V be a Nj-open set containing x. Then by (ii), there is
a Ny-open set W containing z and W C W7 C V. By using (ii), it is shown that
W is Nyp-open. Hence W is a Nvy,-open set containing = such that W C V.

(iii) = (i) We Know that “Nv-BO(U) C N-BO(U)”. Since W is Ny,-open, then
there exist a Ny-open S such that S7 C W C V.Then V is a Nv,-open set. Therefore,
N-BO(U) € N4-BO(U).

Definition 3.11. An operation v : N-BO(U) — P(U) is called Ny-reqular if for
each point x € U and for every pair of Ny-open sets say, W and V containing x €
U, there exists a Ny-open set S such that x € S and S7 C WY N V7.

Example 3.12. The operation v defined in Example 3.3. is Ny-regular.
Theorem 3.13. Let v : N-BO(U) — P(U) be a Ny-regular operation. If A and B
are Ny,-open sets in (U, tr(X)), then A N B is also Nyy-open in (U,r(X)).
Proof. Let x € A N B. Since A and B are Nv,-open sets, there exist Ny-open sets
W, Vsuch that z € W,z € Vand W C A and V C B. By Ny-regularity of -, there

exists a Ny-open set S containing x such that S7 C WY N VY C A N B. Therefore,
A N B is a Ny,-open set

Remark 3.14. By Theorem 3.4., (ii) and 3.13, Ny-BO(U) is topological space but
not nano topological space.

4. N-bCl,-closure
In this section we have defined the N+,-closure and some of its properties were
studied.

Definition 4.1. Let A be subset of a nano topological space (U,tgr(X)) and ~y :
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N-BO(U) — P(U) an operation on N-BO(U). Then the Nv,-closure of A is defined
as the intersection of all Nv,-closed sets containing A. That is, Nv,-Cl(A) =N {F
: Fis Nyy-closed and A C F}.

Example 4.2. In Example 3.6. Let A = {b,c,d}, then N,-Cl(A) = A.

Definition 4.3. Let A be subset of a nano topological space (U,r(X)) and ~ : N-
BO(U) — P(U) an operation on N-BO(U). A point x € U is in the N-bCl,-closure
of a set A if V¥ N A # ¢ for each Ny-open set V containing x. The N-bCL,-closure
of A is denoted by N-bCL,(A).

Example 4.4. In Example 3.3., A = {a,b}.Then N-bCL,(A) = {a,b}.
Example 4.5. In Example 3.6., A = {a,b,c}. Then N-bCl,(A) = U.

Theorem 4.6. For a point x € U, x € Nv,-Cl(A) if and only if for all Nvy,-open
set V of U containing x, VN A # ¢.

Proof. Let F be the set of all y € U such that VN A # ¢ for every

V € Nv-BO(U) and y € V. To prove that F = Nv,-CI(A). Let 2 € N~,-CI(A). Let
us assume x ¢ F, then there exists a Nvy,-open set W of = such that W N A = ¢.
This implies A C W¢. Therefore x ¢ N~,-CI(A) Which is a contradiction. Hence
N~,-C1(A) C F. Conversely, let ¢ N~,-CI(A). Then there exists a Ny,-closed set
E such that A C E and x ¢ E. Then we have that x € U / E, U / E € N7-BO(U)
and (U / E) N A = ¢. This implies that ¢ F. Hence F C N~,-CI(A). Therefore,
we have that F = N~,-CI(A).

Theorem 4.7. For a nano topological space (U, g (X)), Np-Cl(A) C N-bCL, (A).
Proof. Let a € Ny-Cl(A).Then by above theorem, for all Ny-open set W of U
containing a, W N A # ¢. We know that W C W7, Then W7 N A # ¢. Therefore,
a € N-bCL,(A).

Corollary 4.8. If (Utr(X)) is Ny,-reqular, then Nv,-CIl(A) C N-bCL,(A).
Proof. We Know that “If (U,7g) is a N-y,-regular space, then

N-BO(U) = N~-BO(U) ”. Then N~,-Cl(A) = Np-CI(A).

By above theorem, Nv,-CI(A) C N-bCL,(A).

Theorem 4.9. Let A and B be subsets of a nano topological space (Utg(X))
and vy : N-BO(U) — P(U) an operation on N-BO(U). Then we have the following
properties:

(i) The set N-bCl,(A) is a Ny-closed set of (Ur(X)) and A C N-bCL,(A).

(i1) A is Ny-closed if and only if N-bCL,(A) = A.
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(iii) If A C B, then N-bClL,(A) C N-bCL (B).
(iv) N-bCL(A) U N-bCL (B) C N-bCL (A U B).

(v) If v : N-BO(U) — P(U) is Ny-regular, then N-bCL,(A U B) =
N-bCL (A) U N-bCL,(B) holds.

Proof. (i). For each point z € U / N-bCl,(A), then x ¢ N-bCL,(A). Then, there
exists a Ny-open set V(z) containing x such that V(z)? N A = ¢. Let w = U
{V(z) : V(z) € N-BO(U), € U / N-bCL,(A)}. Then it is shown that W = U
/ N-bCL,(A) holds. For a point y € W , there exists V(z) € N-BO(U) such that
y € V(z) and V(z)” N A = ¢. This shows that y ¢ N-bCl,(A) and so W C U /
N-bClL,(A). Conversely, let y € U / N-bCl,(A), then y ¢ N-bCly(A). Then there
exists V(y) € N-BO(U) such that y € V(y) and V(y)"N A = ¢ and so y € V(y)
C W . Thus, we conclude that U / N-bCl,(A) € W ; It follows that W = U /
N-bCl, (A). since W € N-BO(U), N-bCl,(A) is Ny-closed in (U,75(X)) . Clearly, we
have A C N-bClL,(A).

(ii). Suppose that A is Nj-closed. Then U / A is Ny-open in (U,7z(X)). We claim
that N-bCL,(A) C A. Let © ¢ A. There exists a Nj-open set V containing x such
that V7 C U / A, that is, V7 N A = ¢. Hence we have that + ¢ N-bCl,(A) and
so N-bCl,(A) C A. By (i), N-bCl,(A) = A. Conversely, suppose that N-bCl,(A) =
A. Let z € U / A. Since x ¢ N-bCL,(A), there exists a Ny-open set W containing
x such that W7 N A = ¢, that is

W7 C U / A. Therefore, A is Ny-closed.

(iii). By (i), A € N-bCl,(A). Since A C B, N-bCl,(A) C B.

Then N-bCl,(A) € N-bCL, (B).

(iv). By (i), A € N-bCL,(A). Since A € A U B, N-bCL,(A) € N-bCL (A U B).
Since B € A U B, N-bCl,(A) U N-bCl,(B) € N-bCl,(A U B).

(v). Let ¢ N-bCL,(A) U N-bCL,(B), then there exist two Nj-open sets W and V
containing x such that W7 N A = ¢ and V' N B = ¢.

Since «v is a Nj,-regular operator, there exists a Ny-open set S containing x such
that 7Y C WY N V7. Thus, we have SN (ANB) C (W"N V)N (AUB)C
(WrnVHYUA)N(Wrn V) nB)C(W'NA)U (VYN B) = ¢, that is, W7
N (A UB) = ¢. Hence, ¢ N-bCl, (A U B).

This shows that N-bCl,(A) U N-bCl,(B) € N-bCl,(A U B).

Theorem 4.10. Let A and B be any two subsets of a topological space (U, ) and
v : BO(U) — P(U) an operation on BO(U). Then bCL,(A N B) = bCL,(A) N
bCl,(B) is true for discrete topological space with y(A) = A for A € BO(X).

Remark 4.11. If A and B are any two subsets of a nano topological space, then
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N-bCl,(A N B) = N-bCl,(A) N N-bCL,(B), when 7r(X) = {¢, U, Lr(X), Br(X)}
where Ug (X) = U, withy(A) = A for A € N-BO(U) and equality does not holds for
other types of nano topological space which can be shown by the following example.

Example 4.12. In Example 3.6., A = {a} and B = {b,c} and A N B = ¢. Then
N-bCL,(A) = U and N-bCL(B) = B = N-bCL (A) N N-bCL (B) = B but N-
bCL,(A N'B) = ¢. Therefore, N-bCL,( A N B ) # N-bCL (A) N N-bCL, (B).

Theorem 4.13. Let A and B be subsets of a nano topological space (Urg(X))
and vy : N-BO(U) — P(U) an operation on N-BO(U). Then we have the following
properties:

(i) The set Nvy,-Cl(A) is a Nvy,-closed set of (Ur(X)) and A C Ny,-CI(A).
(ii) A is Ny,-closed if and only if Ny,-Cl(A) = A.
(iii) If A C B, Ny,-Cl(A) C Ny,-Cl(B).
(iv) Ny,-Cl(A) U Nv,-Cl(B) C Ny,,-Cl(A U B).

(v) If v : N-BO(U) — P(U) is Ny-regular, then Nvy,-Cl(A U B) =
Nvy-Cl(A) U Nv,-Cl(B) holds.

(vi) Nvp-Cl(A N B) C Ny,-CIl(A) N Nv,-Cl(B).

Proof. It follows that the above theorem.

Theorem 4.14. For a subset A of a nano topological space (U,r(X)) and any
operation v : N-BO(U) — P(U), then N-bCl,(A) C Nv,-CI(A).

Proof. We Know that “A C Nv,-CI(A)”. Then N-bCl,(A) € N-bCL,( Nv,-Cl(A)).
But A C N-bCL,(A), then N-bCL, (A) C Nv,-Cl(A).

Theorem 4.15. Let A be a subset of a nano topological space (U,tr(X)) and
(U,tr(X)) is Nyp-regular and v : N-BO(U) — P(U) an operation on N-BO(U).
The following properties are equivalent:

(1) A subset A is a Ny,-open in (Utr(X)).
(it) N-bClL(U/A)=U/A
Proof. (i) = (ii) Let A be a Ny,-open. We Know that “Every N~,-open set of

(U,7r(X)) is Ny-open in (U,75(X))”. Then U / A is Ny,-closed. Therefore, N-bCl, (
U/A)=U/A.
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(i) = (i) Since N-bCl,( U / A) =U / A, U / A is Ny-closed. Then A is Ny-open.
Therefore, A is Nv,-open.
5. Nv,-g-closed

In this section we have defined N+,-ker and also a new form of nano closed set

namely N~,-g-closed set and some of its properties were anlaysed with respect to
its N,-ClL.

Definition 5.1. Let A be a subset of a nano topological space (U,mg (X)) with an
operation v on N-BO(U).The Nyy-kernel of A, denoted by Nvyy-ker(A) is defined to
be the set Nvyp-ker(A) =N {V € Ny-BO(Ur(X)) : A C V}.

Example 5.2. Let V = {a,b,c} be a universe and V / R = { {a}, {b,c}} be a
equivalence relation.Y = {a,b} C V, 7r(Y) = { ¢, V, {a}, {b,c}}.

N-BO(U) = { ¢, U, {a}, {b}, {c}, {a,b}, {b,c}, {c,a}}. Then the operation = :
N-BO(U) — P(V) defined by v(A) = A, for every A € N-BO(U). Nv-BO(U) =
{ ¢, U, {a}, {b}, {c}, {a,b}, {b,c}, {c,a}}. Let A = {a,b}. Then N~,-ker(A) =
{a,b} = A.

Remark 5.3. For any subset A of a nano topological space (U,tr(X)),
A C Nyy-ker(A).

Theorem 5.4. If A is Ny,-open set in (U, tr(X)), then A = Nryy-ker(A).
Proof. We know that A C N~,-ker(A).

It suffices to prove that Nvy,-ker(A) C A.

Let © € Ny,-ker(A). Then x € V for each z and V is N,-open set.

But A itself Nvy,-open set, x € A.

oA = Nyy-ker(A).

Remark 5.5. The converse of the above theorem need not be true.

Example 5.6. In Example 3.8, A = {c,d}
Then Nyy-ker(A) = {d,b,c} N {b,c,d} = {c,d} = A.
But not N~,-open set.

Remark 5.7. If A C B, then Nv,-ker(A) C Nyy-ker(B).

Proof.We Know that A C Ny,-ker(A).

But A C B, Ny,-ker(A) C B.

.. Nyp-ker(A) € Nry,-ker(B).

Theorem 5.8. Let (U,mr(X)) be a nano topological space with an operation vy on
N-BO(U) and x € U.Theny € Ny,-ker({z}) if and only if

v € Ny-Cl{y}).
Proof. Suppose that y ¢ Ny,-ker({z}).
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Then there exists a Nv,-open set V containing x such that y ¢ V.
. we have z ¢ Nv,-Cl({y}).
The converse proof follows from the reverse.

Lemma 5.9. Let (Ur(X)) be a nano topological space and A be a subset of U.
Then, Nyy-ker(A) = { x €U : Ny-Cl({z}) N A # ¢}.

Proof. Let # € Ny,-ker(A) and suppose that Ny,-Cl({z}) N A = ¢.

Hence x ¢ U / Nv,-Cl({x}) which is a N-y,-open set containing A.

This is impossible, since © € Nry,-ker(A).

5o Ny-Cl({z}) N A # ¢.

Conversely, let x € U such that Nv,-Cl({z}) N A # ¢ and suppose that

x ¢ Nyy-ker(A).

Then, there exists a Nvy,-open set V containing A and = ¢ V.

Let y € Nv-Cl({z}) N A.

Hence, V is a N~,-neighborhood of y which does not contain x.

By this contradiction, we have x € Ny,-ker(A).

o Nyp-ker(A) = { © € U : Nv-Cl({z}) N A # ¢}.

Definition 5.10. A subset A of a nano topological space (U,tr(X)) is said to
be Nvyy-generalized closed (namely, Nvyy-g-closed) in (U, tr(X)) if N-bCL,(A) C V
whenever A C V and V is a Ny,-open set of (U,tgr(X)). The complement of a Nv,-
g-closed set s called a Nv,-g-open set.

Example 5.11. In Example 5.2, N-BO(U) = Ny-BO(U) = { ¢, U, {a}, {b}, {c},
{a,b}, {b,c}, {c,a}}. Therefore, {a} is Nv;-g-closed set.
Theorem 5.12. Let v : N-BO(U) — P(U) be an operation on N-BO(U) and A

a subset of a nano topological space (U,r(X)). Then the following statements are
equivalent:

(1) A subset A is Nry,-g-closed in (U,tr(X)).
(1) Nyp-Cl({z}) N A # ¢ for every z € N-bCL, (A).

(1it) N-bCLl,(A) C Nvyy,-ker(A) holds for any subset A of a nano topological space
(Urr(X)).

Proof. (i) = (ii) Let A be a N~,-g-closed set of (U,7z(X)). Suppose that there
exists a point € N-bCl, (A) such that Nv,-Cl({z}) N A = ¢. By Theorem 4.13.(i),
Nv-Cl({z}) is a Ny,-closed. Put V.= U / Nv,-Cl({z}). Then, we have that A
C V,z € Vand V is a Ny-open set of (U,7z(X)). Since A is a Nvy,-g-closed set,
N-bCl,(A) € V. Thus, we have x ¢ N-bCL,(A). This is a contradiction.
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(ii) = (iii) Let x € N-bCL,(A). By (ii), Nv-Cl(z) N A # ¢.

Lemma 5.9, x € Nyy-ker(A).

(iii) = (i) Let V be any N~,-open set such that A C V. Let  be a point such that
x € N-bCL,(A). By (iii), # € Ny,-ker(A).Since U is Ny,-open set, then z € U.

Theorem 5.13. Let A be a subset of a nano topological space (Urg(X)). If A
is Nyy-g-closed in (U, (X)), then N-bCL,(A) / A does not contain any nonempty
Nvy-closed set.

Proof. Suppose that there exists a N,-g-closed set F such that F C N-bClL,(A)
/ A. Then, we have that A C U / F and U / F is Ny,-open. It follows from
assumption that N-bCl,(A) C U / F and so

F C (N-bCL,(A) / A ) n (U /N-bCL,(A)). Therefore, we have that F = ¢.

6. Operator approach Separation Axioms

In this section we have made an attempt to develop some new spaces via N~
open sets in nano topological space and finally we have also examined the relation-
ship among them.

Definition 6.1. A nano topological space (U,mr(X)) is said to be a Nvy,-T4 /9 space
if every Nv,-g-closed set of (Ut (X)) is Nyy-closed.

Example 6.2. In Example 5.2, (U,7z(X)) is Ny,-T /2 space.

Theorem 6.3. Let A be a subset of a nano topological space (Urg(X)) and v :
N-BO(U) — P(U) be an operation on N-BO(U), then for each point

x € U, {x} is Nyy-closed or {x} is Nyy-g-open set of (Utr(X)).

Proof. Suppose that {z} is not N-,-closed set. Then {z} is not Nv,-open set.
Let V be any Ny,-open set such that U / {z} Then V = U and so we have that
N-bCL,(U / {z})C V. Therefore, U / {z} is a Ny,-g-closed set in (U,7(X).

Theorem 6.4. A nano topological space (U,Tr(X)) is said to be a Nvy,-Ty/o space
if and only if for each point x € U, {x} is Ny,-open or Ny,-closed in (U,tg(X)).
Then for each point x € U, {x} is Ny-open or Ny-closed in (U tr(X)).

Proof. Suppose that {z} is not Ny,-closed set, by Theorem 6.3, U / {z} is a
N~,-g-closed. Since (U,7z(X)) is a Nv,-Ty /2 space, U / {x} is Ny,-closed. Hence
{z} is a Ny,-open set. Conversely, let F' be a Nv,-g-closed set in (U,7z(X)). We
shall prove that N-bCL, (F) = F. It is sufficient to show that N-bCL,(F)C F. Assume
that there exists a point x such that € N-bCl,(F) / F. Then by assumption, {x}
is Nv,-closed or N-~,-open.

Case (i): {z} is Ny,-closed set. For this case, we have a Ny,-closed set {z} such
that {x} C N-bCl,(F) / F. This is a contradiction to Theorem 5.13. Case (ii):
{z} is Ny,-open set. Then we have z € N-bCl,(F). Since {z} is Ny,-open, {z} N
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F = ¢. This is a contradiction. Thus, we have that, N-bCl,(F) = F and so F is
N~,-closed set.

Definition 6.5. A nano topological space (U,mr(X)) is said to be

(i) Nryy-To if for any two distinct points x,y € U there exists Ny-open set W such
that either t € Wandy ¢ WY ory e Wand x ¢ W7,

(11) Nvp-Th if for any two distinct points x,y € U there exist two Ny-open sets W
and V containing = and y respectively such that y ¢ W7 and
z¢ V7.

(11i) Nvp-Ts if for any two distinct points x,y € U there exist two Ny-open sets W
and V containing x and y respectively such that WY NV = ¢.

Example 6.6. In Example 5.2.; (U,75(X)) is N,-T;, i=0,1,2.

Theorem 6.7. A nano topological space (U,r(X)) with an operation ~v on N-
BO(U) is Nvy,- Ty if and only if for each pair of distinct points x,y € U, N-bCl, ({z})
# N-bCL ({y}).

Proof. Suppose that (U,7g(X)) is Nv,-Ty. Let 2,y € U and = # y.

Then there exists a Ny-open set V in U containing z such that y ¢ U” or a Ny-open
set W in U containing y such that x ¢ W7 respectively.

Hence x ¢ N-bCL,({y}) or y ¢ N-bCl,({z}).

- N-bCL ({}) # N-bCL, ({y}).

Conversely, Suppose that N-bCL,({z}) # N-bCl,({y}).

Suppose that © # y for any =,y € U. Then we have that, N-bCl,({z})) # N-
bCL,({y}). Thus, we assume that there exists z € N-bCl, ({z}) but

z ¢ N-bCl,({y}). If z € N-bCL,({y}), then we get N-bCL,({z}) € N-bCL,({y}).
This implies that z € N-bCl,({y}). This contradiction shows that = € N-bCl, ({y}).
Then there exists a Ny-open set W such that z € W and W7 N {y} = ¢. Thus, we
have that x € W and y ¢ W7, Hence, (U,7(X)) is a Nv,-Ty space.

Theorem 6.8. A space (U,mr(X)) is Nyy-T if and only if every singleton set of
U is Nvyp-closed.

Proof.Let (U,7z(X)) be Nv,-T; and x be any point of U.

Suppose y € U/{z}, then z # y and so there exists a Ny,-open set V such that
y € Vbutz ¢ V7. Sincey € V C U/{z},

ie, UMz} = U {V:y € U/{x}} which is Nvy,-open set. Therefore {z} is N~,-
closed set. Since x is arbitrary, {x} is Nv,-closed set.

Conversely, Suppose {p} is Nv,-closed set for every p € U.

Let x,y € U with = # v.
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Now z # y implies y € U/{x}.

Hence U/{z} is a Nvy,-open set contains y but not x.

By definition, there exist a Ny-open set W such that y € W but z ¢ W?. Similarly
U/{y} is a Nyp-open set contains x but not y and we have S is Ny-open, « € S but
y ¢S

o (U,rr(X)) is a Np,-Ty space.

Remark 6.9. It is clear that Nvy,-Ty = Ny,-Ty = Ny-Tijp =

Nvy-Ty. But the reverse does not hold which is shown in the following figure.

1EE’Jr+ﬂgf’
I &

Example 6.10. Let U = {a,b,c,d} be a universe and U / R = { {a}, {b,c}, {d}}
be a equivalence relation. Let X = {a,b} C U, 7x(X) = {¢, U, {a}, {b,c},{a,b,c}}.
N-BO(U) = { ¢, U, {a}, {b}, {c}, {ab}, {brc}, {ca}, {da}, {ab.c}, {bcd},
{c,d,a}, {d,a,b}}.

Then the operation v : N-BO(U) — P(U) defined by

A ifhe A
Wm_{NCm®1M¢A

for A € N-BO(U). Then No-BO(U) = { 6, U, {b}, {ab}, {be}, {ea}, {abe}.
{b,c,d}, {c,d,a}}, where Nv-BO(U) denoted the collection of Ny,-open sets. Clearly,
(U,7r(X)) is N93-To but not Ny,-T} /5.

Example 6.11. Let U = {a,b,c} be a universe and U / R = {{a}, {b,c}} be a
equivalence relation. Let X = {a,b} C U, 7g(X) = { ¢, U, {a}, {b,c}}.

N-BO(U) = { ¢, U, {a}, {b}, {c}, {a,b}, {b.c}, {c,a}}.
Then the operation v : N-BO(U) — P(U) defined by

(A) = AuU{b,c} if A= {a}or{a,ctor{c}
7 A it A+ {a},{a,c}, {c}

for A € N-BO(U). Nv-BO(U) = {¢, U, {b}, {a,b}, {b,c}}.
Clearly, (U,7r(X)) is Nv,-T4 /2 but not Nv,-T}.



New Operator via Strong form of Nano Open Sets 239

Example 6.12. Let U = {a,b,c} be a universe and U / R = {{a}, {b,c}} be a
equivalence relation. Let X = {a,b} C U, 75(X) = { ¢, U, {a}, {b,c}}.

N-BO(U) = { ¢, U, {a}, {b}, {c}, {a,b}, {b,c}, {c,a}}.
Then the operation v : N-BO(U) — P(U) defined by

AU{c} if A= {a}or{b}
Y(A) =< AUu{a} if A={c}
A iEA£{a) ) )

for A € N-BO(U). Nv-BO(U) = {9, U, {a,b}, {b,c}, {c,a}}.
Clearly, (U,7r(X)) is Nv,-T; but not N~,-Ts.

7. Conclusion

In this paper we have introduced N~,-open sets in terms of an operator v and
studied some of its properties. Further it can also be extended in neutrosophic
nano topological space and its various properties may be characterised.
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