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1. Introduction
In 1972, Reich [34] proved that any Reich type contraction on a complete metric

space X has a unique fixed point. After this, more works on Reich type contractions
appeared ([1], [7], [19], [25], [33]). On the other hand, in 1987, Geo and Laksh-
mikantham [17] introduced coupled fixed points of nonlinear operators. Later,
Bhaskar and Lakshmikantham [16] developed coupled fixed point theory for mixed
monotone operators in partially ordered metric spaces. For more works on coupled
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fixed points, we refer [2], [9], [13], [20], [23], [39]. In 2003, Kirk, Srinivasan and
Veeramani [21] introduced cyclic contractions in metric spaces and proved the exis-
tence and uniqueness of cyclic contractions in complete metric spaces. Afterwards,
various types of cyclic contractions ([4], [15], [22], [27], [29], [30], [31], [32], [35],
[40], [41]) were introduced in proving fixed point results. In 2012, Samet, Vetro,
Vetro [36] introduced α-admissible maps and studied the existence of fixed points of
contraction mappings that are dependent on α-admissible maps in complete metric
spaces. Subsequently, existence of coupled fixed points using α-admissible maps
were developed ([2], [8], [10], [11], [24], [26], [28]).

In 2012, Sedghi, Shobe and Aliouche [37] introduced S-metric spaces and stud-
ied some properties of these spaces. Later, many authors developed coupled fixed
point theorems and cyclic contractions on S-metric spaces. Some of them we in-
clude [3], [6], [12], [13], [18], [39].

Theorem 1.1. [34] Let (X, d) be a complete metric space. Let T : X → X be a
self-map on X such that
d(Tx, Ty) ≤ αd(x, Tx) + βd(y, Ty) + µd(x, y)
where α, β, µ ≥ 0 and α + β + µ < 1, then T has a unique fixed point.

Definition 1.2. [16] Let X be a nonempty set. Let F : X×X → X be a mapping.
An element (x, y) ∈ X ×X is said to be a coupled fixed point of F if F (x, y) = x
and F (y, x) = y.

Definition 1.3. [9] Let X be a nonempty set. Let F : X × X → X be a map-
ping. An element (x, x) ∈ X ×X is said to be a strong coupled fixed point of F if
F (x, x) = x.

Choudhury, Maity and Konar [9] extended the notion of cyclic mapping to the
case of mappings defined on X ×X as follows.

Definition 1.4. [9] Let A and B be two nonempty subsets of X. A mapping
F : X ×X → X is said to be cyclic with respect to A and B if F (A,B) ⊆ B and
F (B,A) ⊆ A.

Definition 1.5. [9] Let A and B be two nonempty subsets of a metric space (X, d).
A mapping F : X×X → X is called a cyclic coupled Kannan type contraction with
respect to A and B if F is cyclic with respect to A and B and satisfy the following:
for some k ∈ (0, 1

2
),

d(F (x, y), F (u, v)) ≤ k(d(x, F (x, y)) + d(u, F (u, v))), (1.1)

where x, v ∈ A and y, u ∈ B.

Theorem 1.6. [9] Let A and B be two nonempty closed subsets of a complete met-
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ric space (X, d). Let F : X ×X → X be a cyclic coupled Kannan type contraction
with respect to A and B and A ∩ B 6= ∅. Then F has a strong coupled fixed point
in A ∩B.

Definition 1.7. ([2], [36]) Let (X, d) be a metric space. Let F : X ×X → X and
α : X2 ×X2 → [0,+∞). We say that F is α-admissible if
α((x, y), (u, v)) ≥ 1 implies α((F (x, y), F (y, x)), (F (u, v), F (v, u))) ≥ 1
for all (x, y), (u, v) ∈ X ×X.

Definition 1.8. [37] Let X be a nonempty set. An S-metric on X is a function
S : X3 → [0,+∞) that satisfies the following conditions: for each x, y, z, a ∈ X

(S1) S(x, y, z) ≥ 0,

(S2) S(x, y, z) = 0 if and only if x = y = z and

(S3) S(x, y, z) ≤ S(x, x, a) + S(y, y, a) + S(z, z, a).

The pair (X,S) is called an S-metric space.
Throughout this paper, we denote the set of all reals by R, the set of all natural

numbers by N, and R+ = [0,+∞).

Example 1.9. [37] Let (X, d) be a metric space. We define S : X3 → R+ by
S(x, y, z) = d(x, y) + d(x, z) + d(y, z) for all x, y, z ∈ X. Then S is an S-metric on
X and S is called the S-metric induced by the metric d.

Example 1.10. [14] Let X = R and let S(x, y, z) = |y + z − 2x| + |y − z| for all
x, y, z ∈ X. Then (X,S) is an S-metric space.

Example 1.11. [38] Let R be the real line. Then S(x, y, z) = |x− z|+ |y − z| for
all x, y, z ∈ R is an S-metric on R. This S-metric is called the usual S-metric on
R.

Example 1.12. [3] Let X = R, and let S(x, y, z) = max{|x − z|, |y − z|} for all
x, y, z ∈ R. Then (X,S) is an S-metric space.

Example 1.13. Let X = R+ and

S(x, y, z) =

{
0 if x = y = z
max{x, y, z} otherwise

for all x, y, z ∈ R+. Then S is an S-metric on X.

Lemma 1.14. [37] In an S-metric space, we have S(x, x, y) = S(y, y, x).

Lemma 1.15. [14] Let (X,S) be an S-metric space. Then
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S(x, x, z) ≤ 2S(x, x, y) + S(y, y, z).

Definition 1.16. [37] Let (X,S) be an S-metric space.

(i) A sequence {xn} ⊆ X is said to converge to a point x ∈ X if S(xn, xn, x)→ 0
as n → +∞. That is, for each ε > 0, there exists n0 ∈ N such that for all
n ≥ n0, S(xn, xn, x) < ε and we denote it by lim

n→+∞
xn = x.

(ii) A sequence {xn} ⊆ X is called Cauchy sequence if for each ε > 0, there exists
n0 ∈ N such that S(xn, xn, xm) < ε for all n,m ≥ n0.

(iii) An S-metric space (X,S) is said to be complete if each Cauchy sequence in
X is convergent.

Lemma 1.17. [37] Let (X,S) be an S-metric space. If the sequence {xn} in X
converges to x, then x is unique.

Lemma 1.18. [37] Let (X,S) be an S-metric space. If there exist sequences {xn}
and {yn} in X such that lim

n→+∞
xn = x and lim

n→+∞
yn = y, then lim

n→+∞
S(xn, xn, yn) =

S(x, x, y).

Lemma 1.19. [5] Let (X,S) be an S-metric space. Let {xn}, {yn} be two sequences
in X and {xn} converges to x in X. Then lim

n→+∞
S(xn, xn, yn) = lim

n→+∞
S(x, x, yn).

Motivated by Theorem 1.6, the work of Choudhury, Maity and Konar [9], we
introduce α-admissible Reich type cyclic coupled mapping, α-admissible Reich type
coupled mapping in S-metric spaces and prove the existence and uniqueness of
strong coupled fixed points of such mappings in complete S-metric spaces. In
Section 3, we draw some corollaries and give examples to check the validity of our
results.

2. α-admissible Reich type cyclic coupled mapping
In the following we define α-admissible mappings to the case of S-metric spaces.

Definition 2.1. [6] Let (X,S) be an S-metric space. Let T : X → X and α :
X × X × X → R+. We say that T is α-admissible, if x, y, z ∈ X, α(x, y, z) ≥ 1
implies α(Tx, Ty, Tz) ≥ 1.

Definition 2.2. Let (X,S) be an S-metric space. An α-admissible map T on X
is said to be triangular α-admissible if
α(x, x, z) ≥ 1 and α(z, z, y) ≥ 1 implies α(x, x, y) ≥ 1.

We now extend Definition 1.7 to the case of S-metric spaces.

Definition 2.3. Let (X,S) be an S-metric space. Let F : X × X → X and
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α : X2 ×X2 ×X2 → R+. We say that F is α-admissible if
α((x, y), (u, v), (w, z)) ≥ 1 implies
α((F (x, y), F (y, x)), (F (u, v), F (v, u)), (F (w, z), F (z, w))) ≥ 1
for all (x, y), (u, v), (w, z) ∈ X ×X.

Example 2.4. Let X = R+ and (X,S) be an S-metric space defined as in Example
1.12. We define F : X ×X → X by F (x, y) = 2x+ y and α : X2×X2×X2 → R+

by α((x, y), (u, v), (w, z)) = e(x+u+w)−(y+v+z).
Let α((x, y), (u, v), (w, z)) ≥ 1. That is e(x+u+w)−(y+v+z) ≥ 1.
We now consider
α((F (x, y), F (y, x)), (F (u, v), F (v, u)), (F (w, z), F (z, w)))

= α((2x+ y, 2y + x), (2u+ v, 2v + u), (2w + z, 2z + w))
= e(2x+y+2u+v+2w+z)−(2y+x+2v+u+2z+w)

= e(x+u+w)−(y+v+z) ≥ 1.
Therefore F is α-admissible.

Definition 2.5. Let (X,S) be an S-metric space. A mapping F : X ×X → X is
said to be triangular α-admissible if

(i) F is α-admissible and

(ii) α((x, y), (x, y), (u, v)) ≥ 1 and α((u, v), (u, v), (w, z)) ≥ 1 implies α((x, y),
(x, y), (w, z)) ≥ 1 for all (x, y), (u, v), (w, z) ∈ X ×X.

Example 2.6. Let X = R+ and (X,S) be an S-metric space defined as in Example
1.12. We define F : X ×X → X by F (x, y) = x+ y and α : X2 ×X2 ×X2 → R+

by α((x, y), (u, v), (w, z)) = e(2x+2y)−(u+v+w+z).
Let α((x, y), (u, v), (w, z)) ≥ 1.
That is e(2x+2y)−(u+v+w+z) ≥ 1 if and only if 2x+ 2y ≥ u+ v + w + z. Hence
α((F (x, y), F (y, x)), (F (u, v), F (v, u)), (F (w, z), F (z, w)))

= α((x+ y, y + x), (u+ v, v + u), (w + z, z + w))
= e4(x+y)−2(u+v+w+z) ≥ 1.

Therefore F is α-admissible.
Now, suppose that α((x, y), (x, y), (u, v)) ≥ 1 and α((u, v), (u, v), (w, z)) ≥ 1
i.e., e(2x+2y)−(x+y+u+v) ≥ 1 and e(2u+2v)−(u+v+w+z) ≥ 1
i.e., e(x+y)−(u+v) ≥ 1 and e(u+v)−(w+z) ≥ 1
if and only if x+ y ≥ u+ v and u+ v ≥ w + z which implies that x+ y ≥ w + z.
Then we have e(x+y)−(w+z) ≥ 1 or e(2x+2y)−(x+y+w+z) ≥ 1.
Thus α((x, y), (x, y), (w, z)) ≥ 1. Therefore F is triangular α-admissible.

In the following, we define α-admissible Reich type cyclic coupled mapping.
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Definition 2.7. Let (X,S) be an S-metric space. Let A and B be two nonempty
subsets of X. Suppose that α : X2 ×X2 ×X2 → R+, F : X ×X → X and F is
α-admissible. We say that F is an α-admissible Reich type cyclic coupled mapping
on X if F is cyclic with respect to A and B satisfying the following inequality:
there exist a, b, c, d ≥ 0 with a+ b+ c+ d < 1 such that

α((x, y), (u, v), (w, z))S(F (x, y), F (u, v), F (w, z))

≤ a

2
[S(x, u, w) + S(y, v, z)]

+
b

2
[S(x, x, F (x, y)) + S(y, y, F (y, x))]

+
c

2
[S(u, u, F (u, v)) + S(v, v, F (v, u))]

+
d

2
[S(w,w, F (w, z)) + S(z, z, F (z, w))]

(2.1)

where x, u, z ∈ A and y, v, w ∈ B.

Remark 2.8. If A = B = X in Definition 2.7 then we say that F is an α-
admissible Reich type coupled mapping on X.

Proposition 2.9. Let (X,S) be an S-metric space. Let A and B be two nonempty
subsets of X. Let F : X × X → X be triangular α-admissible mapping on X.
Suppose that there exist x0, y0 ∈ X such that

(a) α((x0, y0), (x0, y0), (F (x0, y0), F (y0, x0))) ≥ 1

(b) α((y0, x0), (y0, x0), (F (y0, x0), F (x0, y0))) ≥ 1

(c) α((F (y0, x0), F (x0, y0)), (F (y0, x0), F (x0, y0)), (x0, y0)) ≥ 1

(d) α((F (x0, y0), F (y0, x0)), (F (x0, y0), F (y0, x0)), (y0, x0)) ≥ 1.

Then there exist sequences {xn} in A and {yn} in B such that

(i) α((xn, yn), (xn, yn), (yn, xn)) ≥ 1 for n = 0, 1, 2, ... ;

(ii) α((xn+1, yn+1), (xn+1, yn+1), (yn, xn)) ≥ 1 for n = 0, 1, 2, ... ;

(iii) α((xn, yn), (xn, yn), (yn+1, xn+1)) ≥ 1 for n = 0, 1, 2, 3, ... .

Proof. Let x0 ∈ A and y0 ∈ B be arbitrary. We define sequences {xn} and {yn}
by

xn+1 = F (yn, xn), yn+1 = F (xn, yn), n = 0, 1, 2, ... . (2.2)
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Since F is cyclic, we have xn ∈ A and yn ∈ B for n = 0, 1, 2, ....
From (a), (b), (c) and (d), we have

α((x0, y0), (x0, y0), (y1, x1)) ≥ 1; (2.3)

α((y0, x0), (y0, x0), (x1, y1)) ≥ 1; (2.4)

α((x1, y1), (x1, y1), (x0, y0)) ≥ 1; (2.5)

α((y1, x1), (y1, x1), (y0, x0)) ≥ 1. (2.6)

Since F is α-admissible, from (2.3), (2.4), (2.5) and (2.6), we have the following:
α((F (x0, y0), F (y0, x0)), (F (x0, y0), F (y0, x0)), (F (y1, x1), F (x1, y1))) ≥ 1
that is

α((y1, x1), (y1, x1), (x2, y2)) ≥ 1; (2.7)

α((F (y0, x0), F (x0, y0)), (F (y0, x0), F (x0, y0)), (F (x1, y1), F (y1, x1))) ≥ 1
that is

α((x1, y1), (x1, y1), (y2, x2)) ≥ 1; (2.8)

α((F (x1, y1), F (y1, x1)), (F (x1, y1), F (y1, x1)), (F (x0, y0), F (y0, x0)) ≥ 1
that is

α((y2, x2), (y2, x2), (y1, x1)) ≥ 1; (2.9)

and α((F (y1, x1), F (x1, y1)), (F (y1, x1), F (x1, y1)), (F (y0, x0), F (x0, y0)) ≥ 1
that is

α((x2, y2), (x2, y2), (x1, y1)) ≥ 1. (2.10)

By using the inequalities (2.5) and (2.3), and since F is triangular α-admissible,
we get
α((x1, y1), (x1, y1), (y1, x1)) ≥ 1.
Since F is α-admissible and proceeding as above, we get
α((y2, x2), (y2, x2), (x2, y2)) ≥ 1.
Again, since F is α-admissible, we have α((x3, y3), (x3, y3), (y3, x3)) ≥ 1.
On continuing this process, we get

α((x2n+1, y2n+1), (x2n+1, y2n+1), (y2n+1, x2n+1)) ≥ 1 (2.11)

for n = 0, 1, 2, ... . Now, from the inequalities (2.3) and (2.6), and since F is
triangular α-admissible, we get



154 South East Asian J. of Mathematics and Mathematical Sciences

α((x0, y0), (x0, y0), (y0, x0)) ≥ 1. Since F is α-admissible, we get
α((y1, x1), (y1, x1), (x1, y1)) ≥ 1 which gives that
α((x2, y2), (x2, y2), (y2, x2)) ≥ 1 and proceeding as above, we get

α((x2n, y2n), (x2n, y2n), (y2n, x2n)) ≥ 1 for n = 0, 1, 2, ... . (2.12)

From the inequalities (2.11) and (2.12), we get
α((xn, yn), (xn, yn), (yn, xn)) ≥ 1 for n = 0, 1, 2, ... .

Therefore (i) holds.
From (i), we have α((x1, y1), (x1, y1), (y1, x1)) ≥ 1 and
from the inequality (2.6), we have α((y1, x1), (y1, x1), (y0, x0)) ≥ 1, and since F
is triangular α-admissible, we get α((x1, y1), (x1, y1), (y0, x0)) ≥ 1. Since F is α-
admissible,
α((y2, x2), (y2, x2), (x1, y1)) ≥ 1. Again, since F is α-admissible,
α((x3, y3), (x3, y3), (y2, x2)) ≥ 1. On continuing this process, we get

α((x2n+1, y2n+1), (x2n+1, y2n+1), (y2n, x2n)) ≥ 1 for n = 0, 1, 2, ... . (2.13)

From the inequality (2.6), α((y1, x1), (y1, x1), (y0, x0)) ≥ 1.
Since F is α-admissible, we get α((x2, y2), (x2, y2), (x1, y1)) ≥ 1 and from (i) we
have α((x1, y1), (x1, y1), (y1, x1)) ≥ 1. Since F is triangular α-admissible, we have
α((x2, y2), (x2, y2), (y1, x1)) ≥ 1 which gives that
α((y3, x3), (y3, x3), (x2, y2)) ≥ 1. Again, since F is α-admissible,
α((x4, y4), (x4, y4), (y3, x3)) ≥ 1. On continuing this process, we get

α((x2n, y2n), (x2n, y2n), (y2n−1, x2n−1)) ≥ 1 for n = 1, 2, ... . (2.14)

From the inequalities (2.13) and (2.14), we get
α((xn+1, yn+1), (xn+1, yn+1), (yn, xn)) ≥ 1 for n = 0, 1, 2, ... . Thus (ii) holds.
Now, from the inequality (2.3), we have α((x0, y0), (x0, y0), (y1, x1)) ≥ 1. Since
F is α-admissible, we get α((y1, x1), (y1, x1), (x2, y2)) ≥ 1. Again, since F is α-
admissible, we have α((x2, y2), (x2, y2), (y3, x3)) ≥ 1 and proceeding as above, we
get

α((x2n, y2n), (x2n, y2n), (y2n+1, x2n+1)) ≥ 1 for n = 0, 1, 2, ... . (2.15)

Now, from the inequality (2.4), we have α((y0, x0), (y0, x0), (x1, y1)) ≥ 1; Since F
is α-admissible, we get that α((x1, y1), (x1, y1), (y2, x2)) ≥ 1
which gives α((y2, x2), (y2, x2), (x3, y3)) ≥ 1. Again, since F is α-admissible,
α((x3, y3), (x3, y3), (y4, x4)) ≥ 1 and proceeding as above, we get

α((x2n+1, y2n+1), (x2n+1, y2n+1), (y2n+2, x2n+2)) ≥ 1 (2.16)
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for n = 0, 1, 2, ... .
From the inequalities (2.15) and (2.16), we have
α((xn, yn), (xn, yn), (yn+1, xn+1)) ≥ 1 for n = 0, 1, 2, ... . Therefore (iii) holds.

Theorem 2.10. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty subsets of X. Let F : X ×X → X be an α-admissible Reich type cyclic
coupled mapping on X and F is a triangular α-admissible mapping. Suppose that
there exist x0, y0 ∈ X such that (a), (b), (c), (d) of Proposition 2.9 hold. Suppose
that either

(i) F is continuous, or

(ii) when ever {xn} is a sequence in A and {yn} is a sequence in B such that
xn → x in A and yn → y in B, we have
α((xn, yn), (xn, yn), (x, y)) ≥ 1 for all n ∈ N ∪ {0}.

Then A ∩B 6= ∅ and F has a strong coupled fixed point in A ∩B.
Proof. Let x0 ∈ A and y0 ∈ B be arbitrary. We define sequences {xn} and {yn}
as in (2.2). Since F is cyclic, we have xn ∈ A and yn ∈ B for n = 0, 1, 2, ... .
We now prove that

S(xn, xn, yn+1) + S(yn, yn, xn+1) ≤ tn[S(x0, x0, y1) + S(y0, y0, x1)] (2.17)

for n ∈ N by using induction on n, where t =
a+ b

2
+ c

2
+ d

2

1−[ b
2
+ c

2
+ d

2
]
.

From (ii) of Proposition 2.9 we have α((x1, y1), (x1, y1), (y0, x0)) ≥ 1.
By using (2.1) we get that
S(x1, x1, y2) = S(y2, y2, x1)

= S(F (x1, y1), F (x1, y1), F (y0, x0))
≤ α((x1, y1), (x1, y1), (y0, x0))S(F (x1, y1), F (x1, y1), F (y0, x0))
≤ a

2
[S(x1, x1, y0) + S(y1, y1, x0)]

+ b
2
[S(x1, x1, F (x1, y1)) + S(y1, y1, F (y1, x1))]

+ c
2
[S(x1, x1, F (x1, y1)) + S(y1, y1, F (y1, x1))]

+ d
2
[S(y0, y0, F (y0, x0)) + S(x0, x0, F (x0, y0))]

= [a
2

+ d
2
][S(x1, x1, y0) + S(y1, y1, x0)]

+ [ b
2

+ c
2
][S(x1, x1, y2) + S(y1, y1, x2)].

That is

S(x1, x1, y2) ≤ [
a

2
+
d

2
][S(x1, x1, y0) + S(y1, y1, x0)]

+[
b

2
+
c

2
][S(x1, x1, y2) + S(y1, y1, x2)].

(2.18)
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From (iii) of Proposition 2.9 we have α((x0, y0), (x0, y0), (y1, x1)) ≥ 1 and by using
(2.1) we get that
S(y1, y1, x2) = S(F (x0, y0), F (x0, y0), F (y1, x1))

≤ α((x0, y0), (x0, y0), (y1, x1))S(F (x0, y0), F (x0, y0), F (y1, x1))
≤ a

2
[S(x0, x0, y1) + S(y0, y0, x1)]

+ b
2
[S(x0, x0, F (x0, y0)) + S(y0, y0, F (y0, x0))]

+ c
2
[S(x0, x0, F (x0, y0)) + S(y0, y0, F (y0, x0))]

+ d
2
[S(y1, y1, F (y1, x1)) + S(x1, x1, F (x1, y1))]

= [a
2

+ b
2

+ c
2
][S(x0, x0, y1) + S(y0, y0, x1)]

+ d
2
[S(y1, y1, x2) + S(x1, x1, y2)].

That is

S(y1, y1, x2) ≤ [
a

2
+
b

2
+
c

2
][S(x0, x0, y1) + S(y0, y0, x1)]

+
d

2
[S(y1, y1, x2) + S(x1, x1, y2)].

(2.19)

Now, from the inequalities (2.18) and (2.19), we have

S(x1, x1, y2) + S(y1, y1, x2) ≤ t[S(x0, x0, y1) + S(y0, y0, x1)] (2.20)

where

t =
a+ b

2
+ c

2
+ d

2

1− [ b
2

+ c
2

+ d
2
]
. (2.21)

Then 0 ≤ t < 1. From (ii) of Proposition 2.9, we have α((x2, y2), (x2, y2), (y1, x1)) ≥
1. By using (2.1), We have
S(x2, x2, y3) = S(y3, y3, x2)

= S(F (x2, y2), F (x2, y2), F (y1, x1))
≤ α((x2, y2), (x2, y2), (y1, x1))S(F (x2, y2), F (x2, y2), F (y1, x1))

which gives that

S(x2, x2, y3) ≤ [
a

2
+
d

2
][S(y1, y1, x2) + S(x1, x1, y2)] + [

b

2
+
c

2
][S(x2, x2, y3)

+S(y2, y2, x3)].
(2.22)

From (iii) of Proposition 2.9, we have α((x1, y1), (x1, y1), (y2, x2)) ≥ 1.
We now consider
S(y2, y2, x3) = S(F (x1, y1), F (x1, y1), F (y2, x2))

≤ α((x1, y1), (x1, y1), (y2, x2))S(F (x1, y1), F (x1, y1), F (y2, x2))
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which on using (2.1) gives that

S(y2, y2, x3) ≤ [
a

2
+
b

2
+
c

2
][S(x1, x1, y2) + S(y1, y1, x2)]

+
d

2
[S(x2, x2, y3) + S(y2, y2, x3)].

(2.23)

By using the inequalities (2.22) and (2.23), we have
S(x2, x2, y3) + S(y2, y2, x3) ≤ t[S(x1, x1, y2) + S(y1, y1, x2)]

≤ t2[S(x0, x0, y1) + S(y0, y0, x1)], (by using (2.20)).
We now assume that (2.17) is true for n. We now prove that it holds for n+ 1.
From (ii) of Proposition 2.9 we have
α((xn+1, yn+1), (xn+1, yn+1), (yn, xn)) ≥ 1 and from (iii) of Proposition 2.9 we have
α((xn, yn), (xn, yn), (yn+1, xn+1)) ≥ 1. We now consider
S(xn+1, xn+1, yn+2) + S(yn+1, yn+1, xn+2)

= S(yn+2, yn+2, xn+1) + S(yn+1, yn+1, xn+2)
= S(F (xn+1, yn+1), F (xn+1, yn+1), F (yn, xn))

+ S(F (xn, yn), F (xn, yn), F (yn+1, xn+1))
≤ α((xn+1, yn+1), (xn+1, yn+1), (yn, xn))

S(F (xn+1, yn+1), F (xn+1, yn+1), F (yn, xn))
+ α((xn, yn), (xn, yn), (yn+1, xn+1))

S(F (xn, yn), F (xn, yn), F (yn+1, xn+1))
≤ [a+ b

2
+ c

2
+ d

2
][S(xn, xn, yn+1) + S(yn, yn, xn+1)]

+ [ b
2

+ c
2

+ d
2
][S(xn+1, xn+1, yn+2) + S(yn+1, yn+1, xn+2)]

which implies that

S(xn+1, xn+1, yn+2) + S(yn+1, yn+1, xn+2) ≤
a+ b

2
+ c

2
+ d

2

1−[ b
2
+ c

2
+ d

2
]
[S(xn, xn, yn+1)

+ S(yn, yn, xn+1)]
= t[S(xn, xn, yn+1) + S(yn, yn, xn+1)]
≤ tn+1[S(x0, x0, y1) + S(y0, y0, x1)]

(by our assumption on (2.17)).
Therefore by mathematical induction, the inequality (2.17) is true for all n ∈ N.

From (i) of Proposition 2.9, we have α((xn, yn), (xn, yn), (yn, xn)) ≥ 1.
We consider
S(xn+1, xn+1, yn+1) = S(yn+1, yn+1, xn+1)

= S(F (xn, yn), F (xn, yn), F (yn, xn))
≤ α((xn, yn), (xn, yn), (yn, xn))

S(F (xn, yn), F (xn, yn), F (yn, xn))
≤ aS(xn, xn, yn)

+ [ b
2

+ c
2

+ d
2
][S(xn, xn, F (xn, yn)) + S(yn, yn, F (yn, xn))]
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≤ a[2S(xn, xn, yn+1) + 2S(yn, yn, xn+1) + S(xn+1, xn+1, yn+1)]
+ [ b

2
+ c

2
+ d

2
][S(xn, xn, yn+1) + S(yn, yn, xn+1)]

= [2a+ b
2

+ c
2

+ d
2
][S(xn, xn, yn+1) + S(yn, yn, xn+1)]

+ aS(xn+1, xn+1, yn+1)
which on using the inequality (2.17) gives that

S(xn+1, xn+1, yn+1) ≤ ptn[S(x0, x0, y1) + S(y0, y0, x1)] (2.24)

where p =
2a+ b

2
+ c

2
+ d

2

1−a . We now consider
S(xn, xn, xn+1) + S(yn, yn, yn+1) ≤ 2S(xn, xn, yn) + S(yn, yn, xn+1)

+ 2S(yn, yn, xn) + S(xn, xn, yn+1)
= 4S(xn, xn, yn) + S(yn, yn, xn+1)

+ S(xn, xn, yn+1)
≤ 4tn−1p[S(x0, x0, y1) + S(y0, y0, x1)]

+ tn[S(x0, x0, y1) + S(y0, y0, x1)]
(by (2.24) and (2.17))

= tn[S(x0, x0, y1) + S(y0, y0, x1)][
4p
t

+ 1]
= tnK

where K = [S(x0, x0, y1) + S(y0, y0, x1)][
4p
t

+ 1].
Let m,n be positive integers with m > n. We consider
S(xn, xn, xm) + S(yn, yn, ym) ≤ 2S(xn, xn, xn+1) + S(xn+1, xn+1, xm)

+ 2S(yn, yn, yn+1) + S(yn+1, yn+1, ym)
≤ 2S(xn, xn, xn+1) + 2S(xn+1, xn+1, xn+2) + ...

+ S(xm−1, xm−1, xm)
+ 2S(yn, yn, yn+1) + 2S(yn+1, yn+1, yn+2) +

...+ S(ym−1, ym−1, ym)
≤ 2tnK + 2tn+1K + ...+ tm−1K
≤ 2tnK + 2tn+1K + ...+ 2tm−1K
= 2K[tn + tn+1 + ...+ tm−1]
≤ 2K tn

1−t .
On taking limits as n→ +∞, since 0 < t < 1, we have

lim
n,m→+∞

(S(xn, xn, xm) + S(yn, yn, ym)) = 0. Therefore {xn} and {yn} are Cauchy

sequences and hence convergent. Since A and B are closed subsets of X and
{xn} ⊂ A, {yn} ⊂ B, there exist x ∈ A and y ∈ B such that

xn → x, yn → y as n→ +∞. (2.25)

We now prove F (x, x) = x.
By using the inequality (2.24), we get lim

n→+∞
S(xn, xn, yn) = 0. Now, by Lemma

1.18, we have S(x, x, y) = 0 and hence x = y so that A ∩B 6= ∅ and x ∈ A ∩B.
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Now suppose that (i) holds. That is F is continuous. Then we have
x = lim

n→+∞
xn+1 = lim

n→+∞
F (yn, xn) = F (y, x) = F (x, x).

Now suppose that (ii) holds. Since xn → x in A and yn → y inB, by our assumption
we have α((xn, yn), (xn, yn), (x, y)) ≥ 1. Now, by (2.1) and (2.2), we have
S(x, x, F (x, x)) ≤ 2S(x, x, yn+1) + S(yn+1, yn+1, F (x, x))

= 2S(x, x, yn+1) + S(F (xn, yn), F (xn, yn), F (x, x))
≤ 2S(x, x, yn+1)

+ α((xn, yn), (xn, yn), (x, x))S(F (xn, yn), F (xn, yn), F (x, x))
≤ 2S(x, x, yn+1) + a

2
[S(xn, xn, x) + S(yn, yn, x)]

+ b
2
[S(xn, xn, F (xn, yn)) + S(yn, yn, F (yn, xn))]

+ c
2
[S(xn, xn, F (xn, yn)) + S(yn, yn, F (yn, xn))]

+ d
2
[S(x, x, F (x, x)) + S(x, x, F (x, x))]

= 2S(x, x, yn+1) + a
2
[S(xn, xn, x) + S(yn, yn, x)]

+ [ b
2

+ c
2
][S(xn, xn, yn+1) + S(yn, yn, xn+1)]

+ d
2
[S(x, x, F (x, x)) + S(x, x, F (x, x))].

On taking limits as n→ +∞, we get
S(x, x, F (x, x)) ≤ 2S(x, x, y) + a

2
[S(x, x, x) + S(y, y, x)]

+ [ b+c
2

][S(x, x, y) + S(y, y, x)] + dS(x, x, F (x, x))
which implies that (1− d)S(x, x, F (x, x)) ≤ 0.
Thus S(x, x, F (x, x)) = 0 so that x = F (x, x).
Therefore (x, x) is a strong coupled fixed point of F .

In order to get the uniqueness of coupled fixed point in Theorem 2.10, we
consider the following hypothesis:
Condition (U): For any (x, y), (u, v) ∈ A×B, there exists (z, t) ∈ A×B such that
the following hold:

(u1) α((z, t), (z, t), (x, y)) ≥ 1; (u2) α((t, z), (t, z), (y, x)) ≥ 1;

(u3) α((x, y), (x, y), (z, t)) ≥ 1; (u4) α((y, x), (y, x), (t, z)) ≥ 1;

(u5) α((z, t), (z, t), (u, v)) ≥ 1; (u6) α((t, z), (t, z), (v, u)) ≥ 1;

(u7) α((u, v), (u, v), (z, t)) ≥ 1; (u8) α((v, u), (v, u), (t, z)) ≥ 1.

Theorem 2.11. Under the hypotheses of Theorem 2.10, and 2a+3b+3c+3d < 2,
and Condition (U), F has a unique strong coupled fixed point.
Proof. Suppose (x, x) and (y, y) are two strong coupled fixed points of F . We de-
fine the sequences {zn} ⊆ A and {tn} ⊆ B as zn+1 = F (tn, zn) and tn+1 = F (zn, tn).
From (u4), we have α((x, x), (x, x), (t0, z0)) ≥ 1. Since F is α-admissible, we get
that α((x, x), (x, x), (z1, t1)) ≥ 1.
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Again, since F is α-admissible, we get that α((x, x), (x, x), (t2, z2)) ≥ 1.
On continuing this process, we get α((x, x), (x, x), (t2n, z2n)) ≥ 1 for n = 0, 1, 2, ... .
From (u3), we have α((x, x), (x, x), (z0, t0)) ≥ 1. Since F is α-admissible, we get
that α((x, x), (x, x), (t1, z1)) ≥ 1.
Again, since F is α-admissible, we get that α((x, x), (x, x), (z2, t2)) ≥ 1.
On continuing this process, we get α((x, x), (x, x), (t2n+1, z2n+1)) ≥ 1 for n =
0, 1, 2, ... .
Therefore we have α((x, x), (x, x), (tn, zn)) ≥ 1 for n = 0, 1, 2, ... .
Now, by using (u1) and (u2) and on proceeding as the similar lines as above, we
obtain that α((zn, tn), (zn, tn), (x, x)) ≥ 1 for n = 0, 1, 2, ... .
Since α((x, x), (x, x), (tn, zn)) ≥ 1 and by using (2.1), We have
S(zn+1, zn+1, x) = S(x, x, zn+1) = S(F (x, x), F (x, x), F (tn, zn))

≤ α((x, x), (x, x), (tn, zn))S(F (x, x), F (x, x), F (tn, zn))
≤ a

2
[S(x, x, tn) + S(x, x, zn)] + [b+ c][S(x, x, F (x, x))]

+ d
2
[S(tn, tn, (tn, zn)) + S(zn, zn, F (zn, tn))]

= a
2
[S(x, x, tn) + S(x, x, zn)] +

+ d
2
[S(tn, tn, zn+1) + S(zn, zn, tn+1)].

Now, since α((zn, tn), (zn, tn), (x, x)) ≥ 1 and by using (2.1), we have
S(tn+1, tn+1, x) = S(F (zn, tn), F (zn, tn), F (x, x))

≤ α(F (zn, tn), F (zn, tn), F (x, x))S(F (zn, tn), F (zn, tn), F (x, x))
≤ a

2
[S(zn, zn, x) + S(tn, tn, x)]

+ [b+c]
2

[S(zn, zn, F (zn, tn)) + S(tn, tn, (tn, zn))]
= a

2
[S(x, x, zn) + S(x, x, tn)]

+ [b+c]
2

[S(zn, zn, tn+1) + S(tn, tn, zn+1)].
We consider
S(zn+1, zn+1, x) + S(tn+1, zn+1, x) ≤ a[S(x, x, tn) + S(x, x, zn)]

+ [ b
2

+ c
2

+ d
2
][S(zn, zn, tn+1) + S(tn, tn, zn+1)]

≤ a[S(x, x, tn) + S(x, x, zn)]
+ [ b

2
+ c

2
+ d

2
][2S(zn, zn, x) + S(x, x, tn+1)

+ 2S(tn, tn, x) + S(x, x, zn+1)]
= [a+ b+ c+ d](S(x, x, tn) + S(x, x, zn)]

+ [ b
2

+ c
2

+ d
2
][S(x, x, tn+1) + S(x, x, zn+1)]

which implies that
S(zn+1, zn+1, x) + S(tn+1, tn+1, x) ≤ a+b+c+d

1−[ b
2
+ c

2
+ d

2
]
[S(x, x, tn) + S(x, x, zn)]

≤ p1[S(x, x, tn) + S(x, x, zn)]
≤ pn1 [S(x, x, t0) + S(x, x, z0)]

where 0 ≤ p1 = a+b+c+d
1−[ b

2
+ c

2
+ d

2
]
< 1.
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On taking the limits as n→ +∞, we have
lim

n→+∞
[S(zn+1, zn+1, x) + S(tn+1, tn+1, x)] ≤ 0

which implies that
lim

n→+∞
S(zn+1, zn+1, x) = 0 and lim

n→+∞
S(tn+1, tn+1, x) = 0 so that

lim
n→+∞

zn+1 = x = lim
n→+∞

tn+1.

Similarly, we can prove that
lim

n→+∞
[S(zn+1, zn+1, y) + S(tn+1, tn+1, y)] ≤ 0 so that

lim
n→+∞

zn+1 = y = lim
n→+∞

tn+1.

Therefore x = y. Thus (x, x) is a unique strong coupled fixed point of F .

Proposition 2.12. Let (X,S) be an S-metric space. Let F : X × X → X be
α-admissible mapping on X. Suppose that there exist x0, y0 ∈ X such that

(a) α((x0, y0), (x0, y0), (F (x0, y0), F (y0, x0))) ≥ 1

(b) α((y0, x0), (y0, x0), (F (y0, x0), F (x0, y0))) ≥ 1

(c) α((x0, y0), (x0, y0), (y0, x0)) ≥ 1.

Then there exist sequences {xn} and {yn} in X such that

(i) α((xn, yn), (xn, yn), (yn, xn)) ≥ 1 for n = 0, 1, 2, ... ;

(ii) α((xn, yn), (xn, yn), (xn+1, yn+1)) ≥ 1 for n = 0, 1, 2, 3, ... ;

(iii) α((yn, xn), (yn, xn), (yn+1, xn+1)) ≥ 1 for n = 0, 1, 2, ... .

Proof. Let x0, y0 ∈ X be arbitrary. We define sequences {xn} and {yn} by

xn+1 = F (xn, yn), yn+1 = F (yn, xn), n = 0, 1, 2, ... . (2.26)

From (a), we have α((x0, y0), (x0, y0), (x1, y1)) ≥ 1. Since F is α-admissible, we
have
α((F (x0, y0), F (y0, x0)), (F (x0, y0), F (y0, x0)), (F (x1, y1), F (y1, x1))) ≥ 1.
That is α((x1, y1), (x1, y1), (x2, y2)) ≥ 1. Again, since F is α-admissible, we have
α((x2, y2), (x2, y2), (x3, y3)) ≥ 1. On continuing this process, we get
α((xn, yn), (xn, yn), (xn+1, yn+1)) ≥ 1 for n = 0, 1, 2, ... .

Therefore (ii) holds.
Similarly, from (b) we prove (iii) and from (c) we prove (i).

Theorem 2.13. Let (X,S) be a complete S-metric space. Let F : X × X → X
be an α-admissible Reich type coupled mapping on X. Suppose that there exist
x0, y0 ∈ X such that (a), (b), (c) of Proposition 2.12 hold. Suppose that either
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(i) F is continuous, or

(ii) when ever xn → x and yn → y for all x, y ∈ X, we have
α((xn, yn), (xn, yn), (x, y)) ≥ 1 for all n ∈ N ∪ {0}.

Then F has a strong coupled fixed point in X.
Proof. Let x0, y0 ∈ X be arbitrary. By Proposition 2.12 there exist sequences
{xn} and {yn} in X such that xn+1 = F (xn, yn), yn+1 = F (yn, xn),
n = 0, 1, 2, ... and (i), (ii), (iii) of Proposition 2.12 hold. Now proceeding on
the similar lines as in the proof of Theorem 2.10, we obtain the conclusion of the
theorem.
For the uniqueness of strong coupled fixed point in Theorem 2.13, we consider the
following hypothesis:
Condition (U1): For each (x, y), (u, v) ∈ X ×X there exists a point (z, t) ∈ X ×X
such that the following hold:

(u1) α((x, y), (x, y), (z, t)) ≥ 1

(u2) α((y, x), (y, x), (t, z)) ≥ 1

(u3) α((u, v), (u, v), (z, t)) ≥ 1

(u4) α((v, u), (v, u), (t, z)) ≥ 1.

Theorem 2.14. Under the hypotheses of Theorem 2.13, if a+3d < 1 and Condition
(U1) holds then F has a unique strong coupled fixed point.
Proof. Suppose (x, x) and (y, y) be two strong coupled fixed points of F . Hence
x, y ∈ X. Let z0 = z and t0 = t be arbitrary in X. We define sequences {zn}, {tn}
as zn+1 = F (zn, tn) and tn+1 = F (tn.zn) then zn, tn ∈ X.
From (u1), we have α((x, x), (x, x), (z0, t0)) ≥ 1. Since F is α-admissible, we get
that α((x, x), (x, x), (zn, tn)) ≥ 1. We consider
S(x, x, zn+1) = S(F (x, x), F (x, x), F (zn, tn))

≤ α((x, x), (x, x), (zn, tn))S(F (x, x), F (x, x), F (zn, tn))
≤ a

2
[S(x, x, zn) + S(x, x, tn) + [b+ c][S(x, x, F (x, x))]

+ d
2
[S(zn, zn, zn+1) + S(tn, tn, tn+1)]

From (u2), we have α((x, x), (x, x), (t0, z0)) ≥ 1. Since F is α-admissible, we get
that α((x, x), (x, x), (tn, zn)) ≥ 1. We consider
S(x, x, tn+1) = S(F (x, x), F (x, x), F (tn, zn))

≤ α((x, x), (x, x), (tn, zn))S(F (x, x), F (x, x), F (tn, zn))
≤ a

2
[S(x, x, tn) + S(x, x, zn)] + [b+ c][S(x, x, F (x, x))]

+ d
2
[S(tn, tn, tn+1) + S(zn, zn, zn+1)].
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Now, we have
S(x, x, zn+1) + S(x, x, tn+1) ≤ a[S(x, x, zn) + S(x, x, tn)]

+ d[S(zn, zn, zn+1) + S(tn, tn, tn+1)]
≤ a[S(x, x, zn) + S(x, x, tn)]

+ d[2S(zn, zn, x) + S(x, x, zn+1)
+ 2S(tn, tn, x) + S(x, x, tn+1)]

which implies that
S(x, x, zn+1) + S(x, x, tn+1) ≤ a+2d

1−d [S(x, x, zn) + S(x, x, tn)]
≤ P n+1[S(x, x, z0) + S(x, x, t0)]

(similar as in the proof of (2.3))
where 0 ≤ P = a+2d

1−d < 1.
On taking the limits as n→ +∞, we have
lim

n→+∞
[S(x, x, zn+1) + S(x, x, tn+1)] ≤ 0

which implies that lim
n→+∞

S(x, x, zn+1) = 0 and lim
n→+∞

S(x, x, tn+1) = 0 so that

lim
n→+∞

zn+1 = x = lim
n→+∞

tn+1. Similarly, we prove that

lim
n→+∞

[S(y, y, zn+1) + S(y, y, tn+1)] ≤ 0 so that lim
n→+∞

zn+1 = y = lim
n→+∞

tn+1.

Therefore x = y. Thus (x, x) is a unique strong coupled fixed point of F .

3. Corollaries and Examples
If we choose α ≡ 1, b = c = d = 0, in the inequality (2.1), then we have the

following corollary from Theorem 2.11.

Corollary 3.1. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F : X × X → X be a cyclic mapping with
respect to A and B satisfying the following inequality: there exists
0 ≤ a < 1 such that

S(F (x, y), F (u, v), F (w, z)) ≤ a

2
(S(x, u, w) + S(y, v, z)),

where x, u, z ∈ A and y, v, w ∈ B. Then F has a unique strong coupled fixed point
in A ∩B.

By choosing α ≡ 1 and A = B = X in Theorem 2.11, we have the following
corollary from Theorem 2.11.

Corollary 3.2. Let (X,S) be a complete S-metric space. Let F : X ×X → X be
a mapping satisfying the following inequality:
there exist a, b, c, d ≥ 0 with a+ b+ c+ d < 1 such that
S(F (x, y), F (u, v), F (w, z)) ≤ a

2
(S(x, u, w) + S(y, v, z))

+ b
2
(S(x, x, F (x, y)) + S(y, y, F (y, x)))
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+ c
2
(S(u, u, F (u, v)) + S(v, v, F (v, u)))

+ d
2
(S(w,w, F (w, z)) + S(z, z, F (z, w))),

where x, u, z, y, v, w ∈ X. Then F has a unique strong coupled fixed point in X.
In the following, we give examples in support of our results.

Example 3.3. Let X = [0, 1]. We define S : X3 → [0,+∞) by

S(x, y, z) =

{
0 if x = y = z
max{x, y, z} otherwise.

Then (X,S) is a complete S-metric space.
Let A = B = X. We define F : X ×X → X by F (x, y) = x+y

20
so that

F is cyclic with respect to A and B.
We define α : X2 ×X2 ×X2 → [0,+∞) by

α((x, y), (u, v), (w, z)) =


1 if (x, y) 6= (u, v) or (u, v) 6= (w, z)

or (x, y) 6= (w, z)
0 otherwise.

Here F is α-admissible. For, assume that α((x, y), (u, v), (w, z)) ≥ 1. Then we
have (x, y) 6= (u, v) or (u, v) 6= (w, z) or (x, y) 6= (w, z).
If (x, y) 6= (u, v) then x+y

20
6= u+v

20
and y+x

20
6= v+u

20
.

If (u, v) 6= (w, z) then u+v
20
6= w+z

20
and v+u

20
6= z+w

20
.

If (x, y) 6= (w, z) then x+y
20
6= w+z

20
and y+x

20
6= z+w

20
.

Then we have α((x+y
20
, y+x

20
), (u+v

20
, v+u

20
), (w+z

20
, z+w

20
)) ≥ 1.

That is α((F (x, y), F (y, x)), (F (u, v), F (v, u)), (F (w, z), F (z, w))) ≥ 1.
Clearly, F is triangular α-admissible. For, assume that
α((x, y), (x, y), (u, v)) ≥ 1 and α((u, v), (u, v), (w, z)) ≥ 1.
Then (x, y) 6= (u, v) and (u, v) 6= (w, z) so that (x, y) 6= (w, z).

Therefore α((x, y), (x, y), (w, z)) ≥ 1. Also, conditions (a), (b), (c), (d) of
Proposition 2.9 are satisfied for x0 = 0 and y0 = 1. Here F (0, 1) = 1

20
and

F (1, 0) = 1
20

.
(a) α((x0, y0), (x0, y0), (F (x0, y0), F (y0, x0))) = α((0, 1), (0, 1), ( 1

20
, 1
20

)) = 1
(b) α((y0, x0), (y0, x0), (F (y0, x0), F (x0, y0))) = α((1, 0), (1, 0), ( 1

20
, 1
20

)) = 1
(c) α((F (y0, x0), F (x0, y0)), (F (y0, x0), F (x0, y0)), (x0, y0))

= α(( 1
20
, 1
20

), ( 1
20
, 1
20

), (0, 1)) = 1
(d) α((F (x0, y0), F (y0, x0)), (F (x0, y0), F (y0, x0)), (y0, x0))

= α(( 1
20
, 1
20

), ( 1
20
, 1
20

), (0, 1)) = 1.
We now verify the inequality (2.1). Let x, u, z, y, v, w ∈ [0, 1].
If (x, y) 6= (u, v) or (u, v) 6= (w, z) or (x, y) 6= (w, z) then we have
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α((x, y), (u, v), (w, z))S(F (x, y), F (u, v), F (w, z))
= S(F (x, y), F (u, v), F (w, z))
= max{x+y

20
, u+v

20
, w+z

20
}

≤ 1
20

[x+ y + u+ v + w + z]
≤ 3

20
[max{x, u, w}+ max{y, v, z}]

≤ a
2
[S(x, u, w) + S(y, v, z)] + b

2
[S(x, x, F (x, y)) + S(y, y, F (y, x))]

+ c
2
[S(u, u, F (u, v)) + S(v, v, F (v, u))]

+ d
2
[S(w,w, F (w, z)) + S(z, z, F (z, w))]

for a = 3
10

and b, c, d ≥ 0 with a+ b+ c+ d < 1.
In all the remaining cases, the inequality (2.1) holds trivially.
Now for any (x, y), (u, v) ∈ A×B, we choose (z, t) ∈ A×B such that (z, t) 6= (x, y)
and (z, t) 6= (u, v) so that condition (U) holds, by the definition of α.

Therefore F satisfies all the hypotheses of Theorem 2.11 and (0, 0) is a unique
strong coupled fixed point of F .

The following is an example in support of Theorem 2.10 for which (ii) of Theo-
rem 2.10 holds and this example illustrates the significance of α-admissible function
in Theorem 2.10.

Example 3.4. Let X = [0, 2]. We define S : X3 → [0,+∞) by

S(x, y, z) =

{
0 if x = y = z
max{x, y, z} otherwise.

Then (X,S) is a complete S-metric space.
Let A = [0, 1] and B = [1, 2]. We define F : X ×X → X by

F (x, y) =

{
2+y−x

2
if x ∈ A and y ∈ B

0 otherwise.

Then F (A,B) = [1, 2] ⊂ B and F (B,A) = {0} so that is cyclic with respect to A
and B. We define α : X2 ×X2 ×X2 → [0,+∞) by

α((x, y), (u, v), (w, z)) =


1 if x ≤ y, u ≤ v and w ≤ z

or x ≥ y, u ≥ v and w ≥ z
1
12

otherwise.

Here F is α-admissible. For, assume that α((x, y), (u, v), (w, z)) ≥ 1. Then we
have either x ≤ y, u ≤ v and w ≤ z or x ≥ y, u ≥ v and w ≥ z.
If x ≤ y, u ≤ v, and w ≤ z then 2+y−x

2
≥ 2+x−y

2
, 2+v−u

2
≥ 2+u−v

2
and 2+z−w

2
≥ 2+w−z

2
.

If x ≥ y, u ≥ v, and w ≥ z then 2+y−x
2
≤ 2+x−y

2
, 2+v−u

2
≤ 2+u−v

2
and 2+z−w

2
≤ 2+w−z

2
.
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Then we have α((2+y−x
2

, 2+x−y
2

), (2+v−u
2

, 2+u−v
2

), (2+z−w
2

, 2+w−z
2

)) = 1.
That is α((F (x, y), F (y, x)), (F (u, v), F (v, u)), (F (w, z), F (z, w))) = 1.
Clearly, F is triangular α-admissible. For, assume that
α((x, y), (x, y), (u, v)) ≥ 1 and α((u, v), (u, v), (w, z)) ≥ 1.
Then x ≤ y, u ≤ v or x > y, u > v; and u ≤ v, w ≤ z or u > v, w > z.
If x ≤ y;u ≤ v and u ≤ v;w ≤ z then we have x ≤ y;w ≤ z
so that α((x, y), (x, y), (w, z)) = 1.
If x ≤ y; u ≤ v and u > v; w > z. This case will not arise.
If x > y, u > v and u ≤ v, w ≤ z. Also, this case will not arise.
If x > y, u > v and u > v, w > z then we have x > y, w > z
so that α((x, y), (x, y), (w, z)) = 1.
Also, conditions (a), (b), (c), (d) Proposition 2.9 are satisfied for x0 = 1 and y0 = 1.
We now verify (ii) of Theorem 2.10.

Suppose that {xn} ⊂ A and {yn} ⊂ B such that xn → x ∈ A and yn → y ∈ B.
We now prove α((xn, yn), (xn, yn), (x, y)) ≥ 1 for all n ∈ N ∪ {0}.
Here we have xn ≤ yn for all n and on taking the limits as n→ +∞, we get x ≤ y
which implies that α((xn, yn), (xn, yn), (x, y)) ≥ 1.

We now verify the inequality (2.1). Let x, u, z ∈ A and y, v, w ∈ B so that
x ≤ y, u ≤ v, and z ≤ w. Then we have
α((x, y), (u, v), (w, z))S(F (x, y), F (u, v), F (w, z))

= 1
12

max{2+y−x
2

, 2+u−v
2

, 2+z−w
2
}

≤ 1
12

[S(x, x, F (x, y)) + S(u, u, F (u, v)) + S(w,w, F (w, z))]
≤ 1

12
[S(x, x, F (x, y)) + S(y, y, F (y, x))]
+ 1

12
[S(u, u, F (u, v)) + S(v, v, F (v, u))]

+ 1
12

[S(w,w, F (w, z)) + S(z, z, F (z, w))]
= a

2
[S(x, u, w) + S(y, v, z)]

+ b
2
[S(x, x, F (x, y)) + S(y, y, F (y, x))]

+ c
2
[S(u, u, F (u, v)) + S(v, v, F (v, u))]

+ d
2
[S(w,w, F (w, z)) + S(z, z, F (z, w))],

where a = 0, b = 1
6
, c = 1

6
and d = 1

6
with a+ b+ c+ d < 1.

Therefore the inequality (2.1) holds.
If x = y = u = v = w = z = 1 then we have S(F (x, y), F (u, v), F (w, z)) = 0. In
this case also, the inequality (2.1) holds trivially.
Further, it is easy to see that Condition (U) holds.

Therefore F satisfies all the hypotheses of Theorem 2.11 and (1, 1) is a unique
strong coupled fixed point of F .

Here we observe that if we relax α from the inequality 2.1 then F may not
satisfy the inequality 2.1.
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For, by choosing x = 0, y = 2, u = 0, v = 2, w = 0, z = 2, we have
S(F (x, y), F (u, v), F (w, z)) = 2

� 2(a+ b+ c+ d)
= a

2
[S(0, 0, 2) + S(2, 2, 0)]

+ b
2
[S(0, 0, 2) + S(2, 2, 0)]

+ c
2
[S(0, 0, 2) + S(2, 2, 0)]

+ d
2
[S(2, 2, 0) + S(0, 0, 2)]

= a
2
[S(x, u, w) + S(y, v, z)]

+ b
2
[S(x, x, F (x, y)) + S(y, y, F (y, x))]

+ c
2
[S(u, u, F (u, v)) + S(v, v, F (v, u))]

+ d
2
[S(w,w, F (w, z)) + S(z, z, F (z, w))]

for any a, b, c, d ≥ 0 with a+ b+ c+ d < 1.
Hence the inequality 2.1 fails to hold when α ≡ 1.

The following is an example in support of Theorem 2.13.

Example 3.5. Let X = [0, 1]. We define S : X3 → [0,∞) by

S(x, y, z) =

{
0 if x = y = z
max{x, y, z} otherwise.

Then (X,S) is a complete S-metric space. We define F : X×X → X by F (x, y) =
xy. We define α : X2 ×X2 ×X2 → [0,∞) by

α((x, y), (u, v), (w, z)) =

{
1 if x = y = u = v = w = z
1
8

otherwise.

Here F is α-admissible. For, assume that α((x, y), (u, v), (w, z)) ≥ 1. Then we
have x = y = u = v = w = z. We have
α((F (x, y), F (y, x)), (F (u, v), F (v, u)), (F (w, z), F (z, w)))

= α((xy, yx), (uv, vu), (wz, zw)
= 1(since xy = yx = uv = vu = wz = zw).

We now verify conditions (a), (b), (c) of Proposition 2.12 for x0 = 1 and y0 = 1.
Here F (1, 1) = 1. We have
(a) α((x0, y0), (x0, y0), (F (x0, y0), F (y0, x0))) = α((1, 1), (1, 1), (1, 1)) = 1
(b) α((y0, x0), (y0, x0), (F (y0, x0), F (x0, y0))) = α((1, 1), (1, 1), (1, 1)) = 1
(c) α((x0, y0), (x0, y0), (y0, x0)) = α((1, 1), (1, 1), (1, 1)) = 1.
Thus conditions (a), (b), (c) of Proposition 2.12 are satisfied.
We now verify the inequality (2.1). Let x, u, z, y, v, w ∈ X.
Case (i): If x = y = u = v = w = z then we have xy = uv = wz. We consider
α((x, y), (u, v), (w, z))S(F (x, y), F (u, v), F (w, z)) = 1(S(xy, uv, wz)) = 0.
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Therefore the inequality (2.1) holds trivially.
Case (ii): If atleast two of x, y, u, v, w, z are not equal, in this case we consider
α((x, y), (u, v), (w, z))S(F (x, y), F (u, v), F (w, z))

= 1
8
S(F (x, y), F (u, v), F (w, z)) = 1

8
S(xy, uv, wz) = 1

8
[max{xy, uv, wz}]

≤ 1
8
[xy + uv + wz] ≤ 1

8
x+ 1

8
u+ 1

8
w

≤ 1
8
[S(x, u, w)] + 1

8
[S(u, u, F (u, v))] + 1

8
[S(w,w, F (w, z))]

≤ a
2
[S(x, u, w) + S(y, v, z)] + + b

2
[S(x, x, F (x, y)) + S(y, y, F (y, x))]

+ c
2
[S(u, u, F (u, v))+S(v, v, F (v, u))]+d

2
[S(w,w, F (w, z))+S(z, z, F (z, w))]

with a = 1
4
, b = 0, c = 1

4
, d = 1

4
.

Therefore the inequality (2.1) holds for a = 1
4
, b = 0, c = 1

4
, d = 1

4
.

Here we observe that Condition (U1) fails to hold for any (x, y), (u, v) ∈ X ×X
with x 6= u and y 6= v. Also, we observe that a + 3d ≮ 1 and F has two strong
coupled fixed points (0, 0) and (1, 1).

The following is an example in support of Theorem 2.14.

Example 3.6. Let X = [0, 1
2
]. We define S : X3 → [0,+∞) by

S(x, y, z) =

{
0 if x = y = z
max{x, y, z} otherwise.

Then (X,S) is a complete S-metric space. We define F : X×X → X by F (x, y) =
x

6(1+y)
. We define α : X2 ×X2 ×X2 → [0,+∞) by

α((x, y), (u, v), (w, z)) =

{
1 if x = y = u = v and 0 ≤ w, z ≤ 1

2

0 otherwise.

Here F is α-admissible. For, assume that α((x, y), (u, v), (w, z)) ≥ 1. Then we
have x = y = u = v and 0 ≤ w, z ≤ 1

2
. Now we have

α((F (x, y), F (y, x)), (F (u, v), F (v, u)), (F (w, z), F (z, w)))
= α(( x

6(1+y)
, y
6(1+x)

), ( u
6(1+v)

, v
6(1+u)

), ( w
6(1+z)

, z
6(1+w)

)

= 1(since x
6(1+y)

= y
6(1+x)

= u
6(1+v)

= v
6(1+u)

and 0 ≤ w
6(1+z)

, z
6(1+w)

≤ 1
2
).

We now verify conditions (a), (b), (c) of Proposition 2.12 for x0 = 0 and y0 = 0.
Here F (0, 0) = 0. We have
(a) α((x0, y0), (x0, y0), (F (x0, y0), F (y0, x0))) = α((0, 0), (0, 0), (0, 0)) = 1
(b) α((y0, x0), (y0, x0), (F (y0, x0), F (x0, y0))) = α((0, 0), (0, 0), (0, 0)) = 1
(c) α((x0, y0), (x0, y0), (y0, x0)) = α((0, 0), (0, 0), (0, 0)) = 1.
Thus conditions (a), (b), (c) of Proposition 2.12 are satisfied. We now verify the
inequality (2.1). Let x, u, z, y, v, w ∈ X. If x = y = u = v and 0 ≤ w, z ≤ 1

2
then

we have
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S(F (x, y), F (u, v), F (w, z)) = max{ x
6(1+y)

, u
6(1+v)

, w
6(1+z)

} = max{ x
6(1+y)

, w
6(1+z)

}
Case (i): Suppose that S(F (x, y), F (u, v), F (w, z)) = w

6(1+z)
. In this, case we con-

sider
α((x, y), (u, v), (w, z))S(F (x, y), F (u, v), F (w, z))

= w
6(1+z)

≤ a
2
[w + z] ≤ a

2
[S(x, u, w) + S(y, v, z)] with a = 1

3
.

Case (ii): Suppose that S(F (x, y), F (u, v), F (w, z)) = x
6(1+y)

. Then we have

α((x, y), (u, v), (w, z))S(F (x, y), F (u, v), F (w, z))
= x

6(1+y)
≤ 1

6
max{x, u, w}

≤ a
2
[S(x, u, w) + S(y, v, z)] with a = 1

3
.

Therefore the inequality (2.1) holds with a = 1
3
, b = c = d = 0.

Now, for (x, y), (u, v) ∈ X ×X, (u1), (u2), (u3) and (u4) of Condition (U1) hold for
any (z, t) ∈ [0, 1

2
]. Also, a+ 3d < 1 and F has a unique strong coupled fixed point

(0, 0).

Acknowledgement
The authors are very thankful to the referees for their valuable comments and

suggestions.

References

[1] Ali Zafer A., and Ali L., Generalization of Reich’s fixed point theorem, Int.
Journal of Math. Analysis, 3 (25) (2009), 1239-1243.
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