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1. Introduction

In 1972, Reich [34] proved that any Reich type contraction on a complete metric
space X has a unique fixed point. After this, more works on Reich type contractions
appeared ([1], [7], [19], [25], [33]). On the other hand, in 1987, Geo and Laksh-
mikantham [17] introduced coupled fixed points of nonlinear operators. Later,
Bhaskar and Lakshmikantham [16] developed coupled fixed point theory for mixed
monotone operators in partially ordered metric spaces. For more works on coupled
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fixed points, we refer [2], [9], [13], [20], [23], [39]. In 2003, Kirk, Srinivasan and
Veeramani [21] introduced cyclic contractions in metric spaces and proved the exis-
tence and uniqueness of cyclic contractions in complete metric spaces. Afterwards,
various types of cyclic contractions ([4], [15], [22], [27], [29], [30], [31], [32], [35],
[40], [41]) were introduced in proving fixed point results. In 2012, Samet, Vetro,
Vetro [36] introduced a-admissible maps and studied the existence of fixed points of
contraction mappings that are dependent on a-admissible maps in complete metric
spaces. Subsequently, existence of coupled fixed points using a-admissible maps
were developed ([2], [8], [10], [11], [24], [26], [28]).

In 2012, Sedghi, Shobe and Aliouche [37] introduced S-metric spaces and stud-
ied some properties of these spaces. Later, many authors developed coupled fixed
point theorems and cyclic contractions on S-metric spaces. Some of them we in-

clude [3], 6], [12], [13], [18], [39].

Theorem 1.1. [34] Let (X, d) be a complete metric space. Let T : X — X be a
self-map on X such that

d(Tx,Ty) < ad(x,Tz) + Bd(y, Ty) + pd(z,y)

where o, B, >0 and o+ B+ p < 1, then T has a unique fized point.

Definition 1.2. [16] Let X be a nonempty set. Let F: X x X — X be a mapping.
An element (z,y) € X x X is said to be a coupled fized point of F if F(x,y) =z
and F(y,z) = y.

Definition 1.3. [9] Let X be a nonempty set. Let F' : X x X — X be a map-
ping. An element (z,z) € X x X is said to be a strong coupled fixed point of F if
F(z,z) = x.

Choudhury, Maity and Konar [9] extended the notion of cyclic mapping to the
case of mappings defined on X x X as follows.

Definition 1.4. [9] Let A and B be two nonempty subsets of X. A mapping
F: X xX — X is said to be cyclic with respect to A and B if F(A,B) C B and
F(B,A) C A.

Definition 1.5. [9] Let A and B be two nonempty subsets of a metric space (X, d).
A mapping F : X x X — X is called a cyclic coupled Kannan type contraction with
respect to A and B if F' is cyclic with respect to A and B and satisfy the following:
for some k € (0,3),

d(F(z,y), F(u,v)) < k(d(z, F(z,y)) + d(u, F(u,v))), (1.1)
where x,v € A and y,u € B.

Theorem 1.6. [9] Let A and B be two nonempty closed subsets of a complete met-
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ric space (X,d). Let F': X x X — X be a cyclic coupled Kannan type contraction
with respect to A and B and AN B # 0. Then F has a strong coupled fized point
m AN B.

Definition 1.7. ([2], [36]) Let (X,d) be a metric space. Let F': X x X — X and
a: X?x X2 —[0,+00). We say that F is a-admissible if

a((z,y), (u,v)) = 1 implies a((F(z,y), F(y, ), (F(u,v), F(v,u))) > 1

for all (x,y), (u,v) € X x X.

Definition 1.8. [37] Let X be a nonempty set. An S-metric on X is a function
S X3 — [0, +00) that satisfies the following conditions: for each x,y,z,a € X
(51)  S(z,y,z) >0,

(S2)  S(z,y,z) =0 if and only if t =y = z and

(S3) S(z,y,2) < S(x,z,a)+ S(y,y,a) + S(z,z,a).

The pair (X, S) is called an S-metric space.
Throughout this paper, we denote the set of all reals by R, the set of all natural
numbers by N, and Rt = [0, +00).

Example 1.9. [37] Let (X,d) be a metric space. We define S : X* — R* by
S(x,y,2) =d(z,y) +d(x,z) +d(y, z) for all z,y,z € X. Then S is an S-metric on
X and S is called the S-metric induced by the metric d.

Example 1.10. [14] Let X = R and let S(z,y,2) = |y + z — 2z| + |y — z| for all
x,y,z € X. Then (X,S) is an S-metric space.

Example 1.11. [38] Let R be the real line. Then S(z,y,2) = |z — z| + |y — z| for
all x,y,z € R is an S-metric on R. This S-metric is called the usual S-metric on
R.

Example 1.12. [3] Let X = R, and let S(x,y,2) = max{|z — z|, |y — 2|} for all
x,y,z € R. Then (X, 5) is an S-metric space.

Example 1.13. Let X = R" and

0 if er=y=2z2
max{z,y, 2} otherwise

S(a2) = {

for all z,y,z € RT. Then S is an S-metric on X.
Lemma 1.14. [37] In an S-metric space, we have S(z,z,y) = S(y,y,x).
Lemma 1.15. [14] Let (X, S) be an S-metric space. Then
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S(x,x,2) < 28(x,z,y) + S(y,y, 2).
Definition 1.16. [37] Let (X, S) be an S-metric space.

(i) A sequence {x,} C X is said to converge to a point x € X if S(xp, zp,x) — 0
as n — 4o00. That is, for each € > 0, there exists ng € N such that for all
n>ng, S(Tn, T, x) < e and we denote it by liIE Ty, = T.

n—-+0oo

(i1) A sequence {x,} C X is called Cauchy sequence if for each € > 0, there ezists

ng € N such that S(z,, T,, Tm) < € for all n,m > ny.

(iii) An S-metric space (X, S) is said to be complete if each Cauchy sequence in
X s convergent.

Lemma 1.17. [37] Let (X,S) be an S-metric space. If the sequence {z,} in X
converges to x, then x is unique.

Lemma 1.18. [37] Let (X, S) be an S-metric space. If there exist sequences {x,}
and {y,} in X such that lim x, =x and lim vy, =y, then liT S(Tp, Ty Yn) =
n—-+0oo

n——+0o n—-+00
S(x,2,y).

Lemma 1.19. [5] Let (X, S) be an S-metric space. Let {x,}, {yn} be two sequences

in X and {x,} converges to x in X. Then lilil S(Tp, Ty Yn) = lil}rl S(z,x,yn)-
n——+o00 n—+00

Motivated by Theorem 1.6, the work of Choudhury, Maity and Konar [9], we
introduce a-admissible Reich type cyclic coupled mapping, a-admissible Reich type
coupled mapping in S-metric spaces and prove the existence and uniqueness of
strong coupled fixed points of such mappings in complete S-metric spaces. In
Section 3, we draw some corollaries and give examples to check the validity of our
results.

2. a-admissible Reich type cyclic coupled mapping
In the following we define a-admissible mappings to the case of S-metric spaces.

Definition 2.1. [6] Let (X,S) be an S-metric space. Let T : X — X and « :
X x X x X — R*. We say that T is a-admissible, if x,y,z € X, a(z,y,z) > 1
implies a(Tx, Ty, Tz) > 1.
Definition 2.2. Let (X,S) be an S-metric space. An a-admissible map T on X
15 said to be triangular a-admissible if
a(z,x,z) > 1 and oz, z,y) > 1 implies a(z, z,y) > 1.

We now extend Definition 1.7 to the case of S-metric spaces.

Definition 2.3. Let (X,S) be an S-metric space. Let F : X x X — X and
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a:X?x X?x X2 = R*Y. We say that F is a-admissible if
o(2,9), (u,v), (w, 2)) > 1 implies

a((F(z,y), Fly,2)), (F(u,v), F(v,u)), (F(w, 2), F(z,w))) > 1
for all (z,y), (u,v), (w,2) € X x X.

Example 2.4. Let X = R" and (X, S) be an S-metric space defined as in Example
1.12. We define F : X x X — X by F(z,y) =2z +y and a : X?x X? x X? - R
by a((z,y), (u,v), (w, 2)) = elrFurw)=lurves),

Let a((z,y), (u,v), (w,2)) > 1. That is e@Turw)=(+v) > 1,

We now consider

o((F (2, ), Fly, 7)), (F(u,v), F(v,u)), (Fw, ), F(z,w)))

= o2z +y,2y + z), Qu+v,2v + u), (2w + 2,2z + w))
— e(2$+y+2u+v+2w+z)—(2y+:c+2v+u+22+w)

e(x+u+w)—(y+v+z) Z 1.

Therefore F' is a-admissible.

Definition 2.5. Let (X, S) be an S-metric space. A mapping F: X x X — X is
said to be triangular c-admissible if

(i) F is a-admissible and

(i) a((z,y), (z,y), (u,v)) > 1 and a((u,v), (u,v), (w,2)) > 1 implies a((z,y),
(,y), (w,2)) > 1 for all (z,y), (u,v), (w,z) € X x X.

Example 2.6. Let X = R" and (X, S) be an S-metric space defined as in Example
1.12. We define F': X x X - X by F(z,y) =v+yand a: X? x X? x X? - R"
by a((x, y)’ (u’ U), (w7 Z)) — 6(21+2y)—(u+v+w+z).
Let a((z,y), (u,v), (w,2)) > 1.
That is e#t2v)—(utvtw+2) > 1 4f and only if 22 4+ 2y > u + v+ w + 2. Hence
a((F(z,y), F(y, z)), (F(u,v), F(v,u)), (F(w, 2), F(z,w)))
=a((z+y,y+x),(ut+v,v+u),(w+z2z+w))
— 64(:p+y)72(u+v+w+z) > 1.
Therefore F' is a-admissible.

Now, suppose that a((z,y), (z,v), (u,v)) > 1 and a((u,v), (u,v), (w,2)) > 1
i.c., e@rt2)—(etytute) > ] gpd eut2o)—(utvtwtz) > ]

ie., e@t) =) > 1 and elutv)-(w+z) >
if and only if x +y > u + v and u + v > w + z which implies that x +y > w + 2.
Then we have e t¥)=(w+2) > 1 o (2e+2y)—(ztytwtz) > 1
Thus o((z,v), (z,y), (w, z)) > 1. Therefore F is triangular a-admissible.
In the following, we define a-admissible Reich type cyclic coupled mapping.
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Definition 2.7. Let (X, S) be an S-metric space. Let A and B be two nonempty
subsets of X. Suppose that o : X?> x X2 x X? = R*, F: X x X = X and F is
a-admissible. We say that F' is an a-admissible Reich type cyclic coupled mapping
on X if I is cyclic with respect to A and B satisfying the following inequality:
there exist a, b, ¢, d > 0 with a4+ b+ c+d < 1 such that

a((z,y), (u,v), (w,2))S(F(z,y), F(u,v), F(w, 2))

[S(z,u,w) + S(y,v, 2)]

IN

[S(z, z, F(z,y)) + Sy y, Fy, z))] (2.1)

[S(u,u, F(u,v)) + S(v,v, F(v,u))]

+ +
NN SN2

+C§i[8(w,w, F(w, 2)) + 5(z, 2, F(z,w))]

where x,u,z € A and y,v,w € B.

Remark 2.8. If A = B = X in Definition 2.7 then we say that F is an a-
admissible Reich type coupled mapping on X.

Proposition 2.9. Let (X, S) be an S-metric space. Let A and B be two nonempty
subsets of X. Let F': X x X — X be triangular a-admissible mapping on X.
Suppose that there exist xo,yo € X such that

(a) a((zo, yo), (zo, yo), (F(x0, y0), F'(yo, 0))) = 1
Yo, %o), (Yo, To), (F (Yo, %o), F'(z0,y0))) = 1
(Y0, o), F'(20, Y0)), (F (Y0, o), F'(xo, Y0)), (x0, %0)) = 1
(d) a((F(zo,y0), F (Yo, %0)), (F (20, %0), F (Yo, %0)), (4o, %0)) = 1.
Then there ezist sequences {z,} in A and {y,} in B such that
(i) a((@n,Yn), (Tn,Yn), (Yn, 2n)) 2 1 forn=10,1,2,... ;
(it) a((Tni1,Yn+1), (Tnt1, Ynt1), (Un, Tn)) 2 1 forn=0,1,2, .. ;
(1) (s 5 )s (T ) (st Tsn)) > 1 form = 0,1,2,3, .

Proof. Let zp € A and yo € B be arbitrary. We define sequences {x,} and {y,}
by

(
(
af(F
(

Tor1 = F(Yn, Tn)y  Yni1 = F(Tn,yn), n=0,1,2,... . (2.2)
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Since F'is cyclic, we have z,, € A and y, € B forn=0,1,2,....
From (a), (b), (¢) and (d), we have

a((zo, yo): (w0, 40), (y1, 1)) = 15 (2.3)
a((Yo, 7o) (Yo, 7o), (T1,91)) > 1; (2.4)
a((@1,y1), (1,91), (2o, %0)) > 1; (2.5)
a((y1, 1), (Y1, 21), (Yo, %0)) = 1. (2.6)

Since F' is a-admissible, from (2.3), (2.4), (2.5) and (2.6), we have the following:

Q}E(F(xo,yo)a F(yo,ﬁo))a (£ (w0, o), F(y0, o)), (F(y1, 21), F(z1,51))) > 1
that is

a((?ﬂaml),(y17$1)7($27y2)) > 1; (27)

a}f(F(yo,ﬂUo)aF(ﬂfo,yo)% (F(yo,fﬁo)>F(iUo,yo))7 (F(xlayl)vF(ylaxl))) >1
that is

a((z1,41), (X1, 91), (Y2, 02)) > 15 (2.8)

a}f(F(x17y1),F(y1,x1)), (F(z1,01), F(y1, 1)), (F (20, yo), F'(yo, w0)) = 1
that is

a((y2: ¥2), (Y2, 22), (y1,21)) > 15 (2.9)

aflld a((F(y1, 1), F(w1,91)), (F(y1, 21), F(z1,91)), (F (Y0, 20), F(20,40)) > 1
that is

a((w2,y2), (T2, Y2), (z1,51)) > 1. (2.10)

By using the inequalities (2.5) and (2.3), and since F' is triangular a-admissible,
we get

Oé((l’l, y1)7 (wlvyl)u (yhxl)) > 1.

Since F'is a-admissible and proceeding as above, we get

a((yQ; .ZL'Q), (92; '1:2)7 <$2, 92)) Z 1.

Again, since F' is a-admissible, we have a((z3,y3), (3, y3), (ys3, z3)) > 1.

On continuing this process, we get

Oé(($2n+1; y2n+1), ($2n+17 y2n+1), (y2n+1, 332n+1)) >1 (2-11)

for n = 0,1,2,... . Now, from the inequalities (2.3) and (2.6), and since F is
triangular a-admissible, we get



154 South FEast Asian J. of Mathematics and Mathematical Sciences

a((zo, yo), (o, Yo), (Yo, o)) > 1. Since F is a-admissible, we get

a((y1, 1), (y1, 1), (x1,91)) > 1 which gives that

a((x2,y2), (T2, y2), (Y2, x2)) > 1 and proceeding as above, we get
( )

( Lon, Y2n ), ($2n7 y2n)a (y2n7 xQn)) 2 1 fOI‘ n = Oa 17 27 . (212)

From the inequalities (2.11) and (2.12), we get
a((Zn, Yn), (T, Yn)s Yn, xn)) > 1 for n=10,1,2,... .
Therefore (i) holds.
From (i), we have a((x1,v1), (z1,v1), (y1,21)) > 1 and
from the inequality (2.6), we have a((y1,x1), (y1,21), (Yo, o)) > 1, and since F'
is triangular a-admissible, we get a((z1,v1), (x1,41), (Yo, 20)) > 1. Since F is a-
admissible,
a((y2, 2), (Y2, x2), (z1,91)) > 1. Again, since F' is a-admissible,
a((zs,y3), (x3,3), (y2,22)) > 1. On continuing this process, we get

Oé((ff2n+1, y2n+1), ($2n+1792n+1), (ygn, $2n)) >1 for n=0,1,2,.... (2-13)

From the inequality (2.6), a((y1, 1), (y1, 1), (Y0, Z0)) > 1.
Since F' is a-admissible, we get a((z2,v2), (z2,92), (x1,71)) > 1 and from (i) we
have a((z1,y1), (z1,91), (y1,21)) > 1. Since F' is triangular c-admissible, we have
a((x2,y2), (T2, y2), (Y1,21)) > 1 which gives that
a((ys, z3), (y3, 3), (z2,y2)) > 1. Again, since F' is a-admissible,
a((x4,Ys), (T4,y4), (Y3, 23)) > 1. On continuing this process, we get
)

a((zan, Y2n)s (Tans Yon ), (Yon—1, Ton—1)) > 1 for n=1,2, ... (2.14)

From the inequalities (2.13) and (2.14), we get

a((Tns1, Yns1)s (Tns1, Yns1)s WYn, xn)) > 1 for n =0,1,2,... . Thus (ii) holds.

Now, from the inequality (2.3), we have a((zo,%0), (Z0,%0), (y1,21)) > 1. Since
F is a-admissible, we get a((y1,21), (y1,21), (x2,52)) > 1. Again, since F' is a-
admissible, we have a((z2,y2), (x2,v2), (y3,23)) > 1 and proceeding as above, we
get

Of((.fl?gn, y2n)7 (x2n> an)a (y2n+1a x2n+l)) 2 1 for n= 07 17 2a cee o (215>

Now, from the inequality (2.4), we have a((yo,Z0), (Yo, Zo), (x1,¥1)) > 1; Since F
is a-admissible, we get that a((z1,v1), (x1,11), (Y2, 22)) > 1

which gives a((yz, 22), (Y2, x2), (£3,93)) > 1. Again, since F' is a-admissible,
a((z3,vs3), (3,Y3), (Y4, 4)) > 1 and proceeding as above, we get

a((Tont1, Yont1), (Tont1, Yont1)s (Yont2, Tonta)) > 1 (2.16)



Strong Coupled Fized Points of a-admissible Reich type Coupled Mappings ... 155

forn=20,1,2,... .
From the inequalities (2.15) and (2.16), we have
a((Tn, Yn), (Tns Yn)s (Yna1, Tns1)) > 1 for n=0,1,2, ... . Therefore (iii) holds.

Theorem 2.10. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty subsets of X. Let F': X x X — X be an a-admissible Reich type cyclic
coupled mapping on X and F is a triangular a-admissible mapping. Suppose that
there exist xo,yo € X such that (a), (b), (c), (d) of Proposition 2.9 hold. Suppose
that either

(i) F is continuous, or

(ii) when ever {x,} is a sequence in A and {y,} is a sequence in B such that
Tpn — x in A and y, — y in B, we have
a((n, Yn), (0, yn), (2, ) 2 1 for all n € NU{0}.

Then AN B # () and F has a strong coupled fized point in AN B.

Proof. Let o € A and yy € B be arbitrary. We define sequences {x,} and {y,}
as in (2.2). Since F is cyclic, we have z,, € A and y,, € B forn =0,1,2, ... .

We now prove that

STy, Tns Ynt1) + S Yn, Yns Tng1) < t"[S (20, 2o, Y1) + S (Yo, Yo, T1)] (2.17)

ato+5+4
1-[5+£+4]"
From (ii) of Proposition 2.9 we have a((z1,v1), (z1,%1), (Y0, o)) > 1.
By using (2.1) we get that
S(w1,m1,92) = S(Y2, Y2, 1)
(F(x1,91), F(z1,91), F(yo, 20))
(1, 91), (T1,91), (Yo, 0))S(F (21, 91), (21, 41), F (90, T0))
(z1,71,90) + S(y1, 91, 70)]
Sy, @1, F(z1,y1)) + Sy, y1, F(yr, 1))
(z1, 21, F(21,91)) + S(y1, 91, F'(y1, 71))]
(Y0, Yo, F (Yo, x0)) + S(x0, xo, F(x0,Y0))]
[S(w1, 21, 90) + S(y1, Y1, To)]
+ 51[S(z1, 1, y2) + S(y1, y1, 22)]-

for n € N by using induction on n, where t =

ININA
/gO)

v + + Fw=
lale le DR

I
My

+ +
— ol
o ——

That is

d
S(I1,$1,y2) S {% + 5][5@171’17?/0) + S<y17y17x0)]
b ¢

5 + SIS (@ w1 y2) + S, w2))

(2.18)
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From (iii) of Proposition 2.9 we have a((xq, yo), (o, Y0), (y1,21)) > 1 and by using
(2.1) we get that
Sy, y1, v2) = S(F (0, y0), F (0, y0), F(y1, 1))
< a((%o,Y0), (20, Y0), (Y1, 71))S(F (20, Y0), (0, y0), F(y1, 1))
[S(z0, 0, y1) + S(Yo, Yo, 71)]
S(wo, 2o, F(z0,90)) + S (Yo, Yo, (Yo, 20))]
(w0, 0, F'(20, 40)) + S0, Yo, F (Yo, 0))]
(Y1, v, F(yr, 1)) + S(x1, 21, F(21,31))]
+ 51[S(z0, w0, y1) + S(Yo, Yo, T1)]
[S<y17 Y1, x2) + S<x17 L1, yQ)]

e
vlarolo oo

My

Gl + + +

+ +
o

That is

a b ¢
S(y1, y1,22) < [z + = + =][S(x0, zo, y1) + S (Yo, Yo, 21)]

2272
y (2.19)

+§[S(ylay1ax2) + S(IlaxlayZ)]'

Now, from the inequalities (2.18) and (2.19), we have
S(x1,w1,92) + S(y1, y1, v2) < S (w0, 2o, Y1) + S (Yo, Yo, 21)] (2.20)
where
_atbried
T-B+5+d)

(2.21)

Then 0 < ¢ < 1. From (ii) of Proposition 2.9, we have a((x2, y2), (22, y2), (v1, 1)) >
1. By using (2.1), We have
S(xg,2,y3) = S(Ya, Y3, T2)
= S(F(x2,y2), F (w2, y2), F(y1, 71))
< a((22,92), (T2, 92), (Y1, 1)) S(F (22, y2), F (22, y2), F(y1,71))
which gives that

d b ¢
S(xg, x2,y3) < [g + 5][5(91,3/1,332) + S(z1, 21, y2)] + [5 + 5][5(35%95273/3)(

+S(y27 Y2, 3:3)] .

2.22)

From (iii) of Proposition 2.9, we have a((x1,y1), (x1,y1), (y2,22)) > 1.
We now consider
S(Y2, Y2, 23) = S(F(z1,91), F(21,91), F(y2, 2))

< a((@1, 1), (@1, 91), (Yo, ©2))S(F(z1, 1), F(w1,91), F(ye, 2))
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which on using (2.1) gives that

b
S(ya. . w3) <[5 + 5 + 518 (@n, w1, ) + Sy, ya, 2)]
g (2.23)
+§[5($2>$27ys) + S(y2, Y2, 3)].

By using the inequalities (2.22) and (2.23), we have
S(w2, 29, y3) + S (Y2, Y2, x3) < t[S (w1, 21, y2) + S(y1, Y1, T2)]
< t*[S(zo, 0, y1) + S(Y0, Yo, z1)], (by using (2.20)).
We now assume that (2.17) is true for n. We now prove that it holds for n + 1.
From (ii) of Proposition 2.9 we have
a((Tns1, Yns1)s (Tnt1, Yni1)s (Yn, x,)) > 1 and from (iii) of Proposition 2.9 we have
a((n, Yn), (Tn, Yn)s (Ynt1, Tnr1)) = 1. We now consider
S(xn—&-lv Tn+1, yn+2) + S(yn+la Yn+1, xn+2>
= S(Yn+2: Yn+2, Tnt1) + S(Ynt1, Ynt1, Tnt2)
= S(F(IN-H’ yn-l—l)v F(l‘n-i-la yn+1)7 F(ynv wn))
+ S(F(xna yn)7 F(xm yn)> F<yn+17 xn-l—l))
< a((@ns15 Ynt1)s (Tnt1, Yns1)s (Yns Tn))
S(F(@nt1, Yns1)s F(@ni1; Yns1), F (Y, T0))
+ O‘«Im yn)a (mna yﬂ)» (yn+17 xn—&-l))
S<F("En7 yn)7 F(xnv yn)v F(yn+17 xn—&—l))
S [a + g + % + g][s(%, L, yn-i—l) + S(yna Yns xn-&-l)]
+ [% + 5+ %][S(:vnﬂ, Trt1, Ynt2) + SYnt1, Ynt1, Tnta))
which implies that
atlicyd
S(@nt1, Tngr, Yntz) + SWnir, Ynars Tnga) < 28 1S (@, Tn, Ynia)
222
+ S(yfw Yns xn—i—l)]
= t[S(Tn, Tn, Yn+1) + S(Yns Yns Tnt1)]
< "8 (o, w0, 1) + S(Yo, Yo, 71)]
(by our assumption on (2.17)).
Therefore by mathematical induction, the inequality (2.17) is true for all n € N.
From (i) of Proposition 2.9, we have a((zn, Yn), (Tn, Yn)s (Yn, ) > 1.
We consider
S(@nt1, Tg1, Ynr1) = S(Unt1, Ynt1, Tng1)
SCE (o), F (2 s F (s 7))
((Zn, Yn)s (Tns Yn)s (Yns Tn))
S(F (s Yn)s F(Tns Yn ), F(Yn, Tn))
< aS(zn, Tn, Yn)
+ (5 + 5+ SIS (@n, Ty F(@0,Yn)) + S(Yns Yns F(Yns Tn))]

<
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< al2S(Tn, Ty Yns1) + 28 Yns Yns Trs1) + S(Tnits oty Ynir))

+ [g + % ][S(xN7xn7yn+1) + S(yn, Yn, I’n_,_l)]

=[2a+2 1S (Tn, oy Yns1) + S Yns Yns Trt1)]
L+ laynJrl)
)

S(‘rn—&-l’ Tn+1, yn—i—l) S ptn [S(I()? Zo, yl) + S(y07 Yo, ‘Tl)] (224>

2a+2+5+ .
where p = ———*. We now consider

d
2
STy Ty Trg1) + SYny Yns Ynv1) < 28T, Tny Yn) + S (Yns Yny Tng1)
+ 2S(yna Yn, xn) + S(xna L, yn+1)
= 4S<£L‘n, L, yn) + S(ym Yn, $n+1)
+ S(Tn; Ty Ynt1)
< 4" 'p[S(xo, 0, y1) + S (Yo, Yo, 71)]
+t"[S(wo, 2o, y1) + S(v0, Yo, 71)]
(by (2.24) and (2.17))
= t"[S (0, w0, Y1) + S(ymyo,xl)”%p + 1]
=t"K
where K = [S(o, 20, y1) + S (Y0, Yo, 71)][ 22 + 1].
Let m,n be positive integers with m > n. We consider
S(Ina L,y zm) + S(yna Yn, ym) S 25($n7 L,y zn—i—l) + S(xn—i—la Tn+1, xm)
+ 2S<yna Yns yn+1) + S(yn+l> Yn+1, ym)
< 25(xp, Ty 1) + 25 (Tpa1, Tpst, Tog2) + -
+ S(xm—lp Lm—1, xm)
+ 25(%7 Yn, yn—i-l) + Qs(yn+17 Yn+1, yn+2) +
-t S(ym—la Ym—1, ym)
<2A"K + 20" K + . 4+ t"K
<2A"K + 20" K + 4+ 24" K
= 2K[t" + " + .t
< 2K
On taking limits as n — —+o00, since 0 < t < 1, we have
lim  (S(xn, Tn, Tm) + SYn, Yn, Ym)) = 0. Therefore {x,} and {y,} are Cauchy

n,m—-+00
sequences and hence convergent. Since A and B are closed subsets of X and

{z,} T A, {yn} C B, there exist z € A and y € B such that
Tp, =T, Yo —Yy as n— +oo. (2.25)

We now prove F(z,z) = x.
By using the inequality (2.24), we get lirf S(xp, Tn,yn) = 0. Now, by Lemma
n—-+0oo

1.18, we have S(x,z,y) = 0 and hence x = y so that AN B # () and z € AN B.
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Now suppose that (i) holds. That is F' is continuous. Then we have
r= lim z,., = hrf F(yn,zn) = F(y,x) = F(z,x).
n—

n—-+o00

Now suppose that (ii) holds. Since x,, — xin A and y,, — y in B, by our assumption
we have a((Zn, Yn), (Tn, Yn), (x,y)) > 1. Now, by (2.1) and (2.2), we have
S(JZ, Z, F(ZL‘, 33)) S QS('Tv Z, yn-i—l) + S(yn+17 Yn+1, F(:U7 33))
=25(z, 2, Yny1) + S(F(Tn, Yn), F (T, yn), F (2, 7))
< QS(m,x,ynH)
+ a((@n, Yn), (Tns Yn), (2, 2))S(F (@0, yn), F (@0, yn), F (2, 7))
<25(x, %, Ynt1) + 3 [S("Enaxna ) + S(Yn, Yn, )]
218, Ts F (s ) + Sns Yo F (s )
+ %[S( > Ty (T, Yn)) + S (Uny Yns F'(Yn, )]
+5[S(x, 2, Fz,2)) + S(x, 2, F(z,2))]
i) + 5[5 (@n, Tn, ) + S(Yn, Yn, )]
S
S

z
b

—

=25(z
+ 2 + ][ (T Ty Yns1) + S(Yns Yns Tt
+ 518z, 2, F(x,x)) + S(z,z, F(z, x))).
On taking limits as n — 400, we get
S(z,x, F(z,r)) <2S(z,r,y) + §[S(x, z,2) + S(y,y, )]
+ [b“][S(ﬂﬁ v.y) + Sy, y.2)] +dS(x, v, Fr,)

which implies that (1 — d)S(z,z, F(x,x)) < 0.
Thus S(x,z, F(z,z)) = 0 so that z = F(z, x).
Therefore (z,z) is a strong coupled fixed point of F.

In order to get the uniqueness of coupled fixed point in Theorem 2.10, we
consider the following hypothesis:
Condition (U): For any (x,y), (u,v) € A x B, there exists (z,t) € A x B such that
the following hold:

T
xZ,
Z,

(u1) a((z,1),(z0), (z,9)) 2 1, (u2) a((t,2), (£,2), (y,2)) = L;
(us) a((z,y), (z,y), (z,1)) 2 1;  (ws) a((y, ), (y,2), (£,2)) = 1;
(us) al(z,1),(2,1), (u,0)) 2 15 (ug) a((t,2), (£, 2), (v,u) = L;
(ur) a((w,v), (u,v),(2,1)) 2 1;  (us) a((v,u), (v,u), (£,2)) = 1.

Theorem 2.11. Under the hypotheses of Theorem 2.10, and 2a+ 3b+3c+3d < 2,
and Condition (U), F has a unique strong coupled fized point.

Proof. Suppose (z,x) and (y,y) are two strong coupled fixed points of F.. We de-
fine the sequences {z,} C Aand {t,} C Bas z,11 = F(t,, 2z,) and t, 11 = F(z,,t,).
From (uy), we have a((z,z), (x,x), (to,20)) > 1. Since F is a-admissible, we get
that a((z, x), (z,x), (21,t1)) > 1.
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Again, since F' is a-admissible, we get that o((z, x), (x, x), (t2, 22)) > 1.

On continuing this process, we get a((z, x), (x, z), (ton, 22,)) > 1 forn =0,1,2, ... .
From (u3), we have a((x,z), (z,z), (20,%0)) > 1. Since F' is a-admissible, we get
that a((z, z), (z,x), (t1,21)) > 1.

Again, since F' is a-admissible, we get that o((z, x), (x, x), (22, t2))
On continuing this process, we get a((z,z), (z,2), (t2nt1s 22n+1))
0,1,2,.

Therefore we have a((z, z), (z,x), (t,, 2,)) > 1 forn=0,1,2, ... .
Now, by using (u;) and (uz) and on proceeding as the similar lines as above, we
obtain that a((z,,ts), (zn,tn), (x,2)) > 1 for n =0,1,2, ... .

Since a((z, z), (z,z), (tn, z,)) > 1 and by using (2.1), We have

1.

>
> 1 for n =

S(Zn+17zn+17 ) (x Ty Zn+1 ) ( (I l‘) F(x’x)7F<thn))
< a((z, ), (z,2), (tn, 20))S(F (2, 2), F(2,2), F(tn, 2,))
< §[S(z, 2.t ) S(x,z,z,)] + [b—l—c][S(:v,.:c,F(x,:U))]
+ 4[5ty by, (tn, 20)) —|—S(zn,zn, F(2n,t0))]
= §[S(x, x,tn) + S(w, 2, 2,)] +
+ 2[S(tn, tn, 2ns1) + S(2n, 2n, tni1)]-

- N
St

n)s (Zn,tn), (x,2)) > 1 and by using (2.1), we have
F(Zn’ tn)? F(Zn7 tn)? F(x’ 'T:))

nytn)y F(2n, tn), F(2,2))S(F (20, tn), F(2n, tn), F (2, 2))
(Zm Zn, l’) + S(tm tm JI)]

S (20, 25 (20, 1)) + S(tns tus (ts 20)]

[S(z,x,z,) + S(z, 2, t,)]

[bJQFC] [S<Zm “n; tn—i-l) + S(tm tn, Zn—l-l)]‘

~—

Now, since o
S(tn—i-la tn—i—l

Zn

INIA &
I
N
N~

)
9 'y

_|_

[JIS]

+

We consider

) + S(, 2, 2,)]

Zns Zns tn+1) + S(tm tn? zn+1)]
< alS(z,z,t,) + S(x,x, zn)]

b+c d(S(a: x,t )+S(a: T, zn)]
x,T th) + S(@, 7, zn41)]

E_

which implies that
S(Z’fl—i-h “n4-1s l’) + S(tn-Fl? tn+17 I) S %[S<I7 x, tn) + S(SL’, x, ZTL)]
< p[S(z,x,t,) + S(x,x, z,)]
S p?[S(I7 €, tO) + S(ZE, xz, ZO)]
a+b+ct+d <1

where 0 < p; = 1—[2+5+9]
222
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On taking the limits as n — +o00, we have
lim [S(Zn+17 Zn41; I) + S(tn-i-la tn-l—la ZL‘)] S 0

n—-+o0o

which implies that

lim S(zp41,2n41,2) =0and lim S(t,41, 041, 2) = 0 so that
n—-400 n—-+4oo

lim z,.1 =2= lim %,,.
n—-4o0o n—-4o00

Similarly, we can prove that
lim [S(zn11, 2na1,Y) + S(tatt, tri1,y)] < 0 so that

n—-+o0o

lim z,,y =y= lim ¢,.,.
n—-4oo n—-4o00

Therefore z = y. Thus (z,x) is a unique strong coupled fixed point of F.

Proposition 2.12. Let (X,S) be an S-metric space. Let F : X x X — X be
a-admissible mapping on X . Suppose that there exist xg,yo € X such that

(a) a((xo, Yo), (o, Yo), (F (w0, %0), F'(yo, x0))) > 1
() a((yo: o), (Yo, o), (F'(Yo, To), F'(0, 40))) > 1

(¢) a((zo,¥o), (o, o), (Yo, o)) = 1.
Then there exist sequences {x,} and {y,} in X such that

(1) a((Tn,Yn)s (TnsYn)s Yn,2n)) =1 forn=0,1,2,... ;
(11) (T, Yn)s (Tns Yn)s (Tnt1, Ynyr)) =1 form=0,1,2,3,... ;

(iiz') a((yn, xn)v (ym xn)a (yn-i-la xn—&-l)) >1forn=0,1,2,..
Proof. Let zg,yo € X be arbitrary. We define sequences {x,} and {y,} by

Tpy1 = F(mm yn>7 Ynt+1 = F(ymxn)7 n=0,1,2,... . (226)

From (a), we have a((zo,v0), (%0, %0), (z1,91)) > 1. Since F' is a-admissible, we
have
Oé((F(l'g, y0)7 F(?JO, .ZU()))7 (F(I'(), y0)7 F(yOa l'[))), (F(xla yl)» F(yla 1’1))) > 1.
That is a((z1,y1), (x1,71), (x2,92)) > 1. Again, since F' is a-admissible, we have
a((x2,y2), (T2, y2), (z3,y3)) > 1. On continuing this process, we get
a((Zn, Yn)s (Tny Yn), (Tnt1, Yng1)) > L for n =0,1,2, ...

Therefore (ii) holds.

Similarly, from (b) we prove (iii) and from (c) we prove (i).

Theorem 2.13. Let (X, S) be a complete S-metric space. Let F: X x X — X
be an a-admissible Reich type coupled mapping on X. Suppose that there exist
xo,Yo € X such that (a), (b), (c¢) of Proposition 2.12 hold. Suppose that either
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(i) F is continuous, or

(i) when ever x, — x and y, — y for all x,y € X, we have
a((Zn; Yn), (Tn,yn), (x,)) = 1 for alln € NU{0}.

Then F has a strong coupled fized point in X .

Proof. Let xg,yp € X be arbitrary. By Proposition 2.12 there exist sequences
{z,} and {y,} in X such that x,.1 = F(Tn,Yn), Ynt1 = F(Yn,Tn),

n =0,1,2,... and (i), (i), (iii) of Proposition 2.12 hold. Now proceeding on
the similar lines as in the proof of Theorem 2.10, we obtain the conclusion of the
theorem.

For the uniqueness of strong coupled fixed point in Theorem 2.13, we consider the
following hypothesis:

Condition (Uy): For each (z,y), (u,v) € X x X there exists a point (z,t) € X x X
such that the following hold:

7,9), (2, 9), (1)) =
(Y, @), (8, 2)) 2
(u, ), (

Y u7v ) Z7t))

Q

Uy

e

((
((y, z)
((u, )
((v, ), (v,u), (£,2)) = 1.

Theorem 2.14. Under the hypotheses of Theorem 2.13, if a+3d < 1 and Condition
(U1 ) holds then F has a unique strong coupled fized point.

Proof. Suppose (z,z) and (y,y) be two strong coupled fixed points of F. Hence
z,y € X. Let zo = z and tg =t be arbitrary in X. We define sequences {z,}, {t,}
as zpy1 = F(zn, t,) and t,11 = F(t,.2,) then z,,t, € X.

From (uy), we have a((x,z), (z,z), (20,%0)) > 1. Since F' is a-admissible, we get
that a((x, ), (z,x), (2n,ts)) > 1. We consider

S(x,z,2p11) = S(F(x,x), F(x,2), F(zn, ty))

af(z, ), (€, 1), (2n, 0n))S(F (2, ), F(x,2), F (20, 1))

SIS(x, z, 2n) + S(w, 2, t,) + [b—l—c}[S(x z, F(z,z))]

+ g[S(Zm Zny Zny1) + S(tm tnstnt1)]

From (ug), we have a((x,z), (z,x), (to, 20)) > 1. Since F' is a-admissible, we get
that a((z, z), (z,x), (t,, 2,)) > 1. We consider

S(z,z,thi1) = S(F(x,x), Fx,z), F(th, z,))

< a((x, ), (x,x), (tn, 20)) S (F (2, 2), F (2, 2), F(tn, 2n))

< S[S(x, z,tn) + S, 2, 2,)] + [b + [S(z, x, F(x, ))]

+ %[S(tm tnstnt1) + S(2n; 205 Znt1)]-

(u1)
(u2)
(u3)

)

Q

(ug) «

<
<
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Now, we have
S(x,x, zn41) + S(x, 2, thy1) < a[S(x,x, 2,) + S(x, x,t,,)]
+ d[S(zn, Zny Znt1) + S (tny oy thit)]
<a[S(z,x,2,) + S(z,x,t,)]
+d[2S(zn, 2n, @) + S(x, 2, 2041)
+2S5(ty, tn, ) + S(z, z, thi1)]
which implies that
S(x, @, 2011) + S(@, 3, tnt1) < H2[S(z, 2, 2,) + S(z, 2, 1))
< P S(z, 2, 20) + S(z, 2, t0)]
(similar as in the proof of (2.3))

where 0 < P = 424 < 1
On taking the limits as n — 400, we have
lim [S(z,z,z,41) + S(x,2,t,11)] <0

n—-+0o

which implies that lim S(z,z,2,41) = 0 and lim S(z,2,t,+1) = 0 so that
n—+00 n—+o00

lim z,41 =2 = lim {¢,4;. Similarly, we prove that

n—-+00 n—-+00

lim [S(y,v, zn+1) + S(Y,y, tns1)] < 0sothat lim z,.1 =y = lim ¢,4.
n—+o00 n—+400

n—-+o0o
Therefore z = y. Thus (z,x) is a unique strong coupled fixed point of F.

3. Corollaries and Examples
If we choose @« = 1, b = ¢ = d = 0, in the inequality (2.1), then we have the
following corollary from Theorem 2.11.

Corollary 3.1. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F' : X x X — X be a cyclic mapping with
respect to A and B satisfying the following inequality: there exists

0<a<1 such that

S(F(x,y), Fu,v), F(w, 2)) < S(S(x, u,w) + 5(y, v, 2)),

N

where x,u,z € A and y,v,w € B. Then F has a unique strong coupled fixed point
n ANB.

By choosing @« = 1 and A = B = X in Theorem 2.11, we have the following
corollary from Theorem 2.11.

Corollary 3.2. Let (X, S) be a complete S-metric space. Let F : X x X — X be
a mapping satisfying the following inequality:

there exist a, b, ¢, d > 0 with a +b+ c+d < 1 such that

S(F(x,y), F(u,v), F(w,2)) < 2(S(x,u,w) + S(y,v, 2))

+ %(S(x, x, F(z,y)) + S(y,y, F(y,)))
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+ 5(S(u,u, Fu,v)) + S(v,v, F(v,u)))

+4(S(w,w, F(w, 2)) + S(z,2, F(z,w)),

where x,u, z,y,v,w € X. Then F has a unique strong coupled fixed point in X .
In the following, we give examples in support of our results.

Example 3.3. Let X = [0,1]. We define S : X3 — [0, +00) by

] 0 if t=y=2
S(z,9,2) = { max{z,y,z}  otherwise.
Then (X, S) is a complete S-metric space.
Let A= B = X. We define F: X x X — X by F(z,y) = 5 so that
F is cyclic with respect to A and B.
We define a : X2 x X% x X? — [0, +00) by

1 if (z,y) # (u,v) or (u,v)# (w,z2)
O‘((x7y)v(u7v)7<waz)) = or (x,y) # (wv'z)

0 otherwise.

Here F' is a-admissible. For, assume that o((x,y), (u,v), (w,2)) > 1. Then we
have (z,y) # (u,v) or (u,v) # (w,z) or (z,y) # (w, z).
If (z,y) # (u,v) then S # “£ and y” e
If (u,v) # (w, z) then “+” # L “’+Z and ”+“ =
If (z,y) # (w, z) then "’“"2+0y # w;(r]z and y;r—ox # 2
Then we have a (B2, 558, (M50, o), (552, 2H2)) > 1.
That is a((F(z,y), F(y,x)), (F(u,v), F(v,u)), (F(w, z), F(z,w))) > 1.
Clearly, F' is triangular a-admissible. For, assume that
af(z,y), (2,y), (u,v)) = 1 and a((u,v), (u,v), (w, 2)) = 1.
Then (x,y) # (u,v) and (u,v) # (w, z) so that (x,y) # (w, 2).
Therefore a((z,y), (x,y), (w,z)) > 1. Also, conditions (a), (b),
Proposition 2.9 are satisfied for xyp = 0 and yp = 1. Here F(0,1
F(1,0) =
(a) ((xo,yo) (@0, Y0), (F'(z0,%0), F'(yo, 70))) = a((0,
(b) (%o, %0), (40, Zo), (F (Yo, xo), F (0, 40))) = a((1,
) a(F 0,
20/°

=
~—

(c) a (Y0, o), F'(0, 40)), (F (Y0, o), F'(z0

= o((55, 10 0,1)) =1
(d) a((F(zo0,%0), F(y0, 20)), (F(20, Y0), F (40, T0)), (yoﬂio))
= a((55 20): (55, 35)- (0, 1)) = 1
u,z,y,v w € [0,1].

20
We now verify the inequality (2.1). Let
If (2,) # () or (u,v) £ (w, 2) or (z,y
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a((z,y), (u,v), (w, 2))S(F(z,y), F(u,v), F(w, z))
= S(F(I, y)> F(u7 U)7 F<w’ 2))
wle+y+utv+w+z]
[max{z,u, w} + max{y, v, z}|
[S(2, u,w) + S(y, v, 2)] + 3[S (@, 2, F(2,y)) + S(y,y, Fy, z))]
+ £[S(u, u, F(u,v)) + S(v,v, F(v,u))]
+ é[S(w w, F(w,2)) 4+ S(z, 2z, F(z,w))]
2 s Wy ) ) )
for a =2 and b,c,d > 0 with a +b+c+d < 1.
In all the remaining cases, the inequality (2.1) holds trivially.
Now for any (z,y), (u,v) € Ax B, we choose (z2,t) € Ax B such that (z,t) # (x,y)
and (z,t) # (u,v) so that condition (U) holds, by the definition of a.
Therefore F' satisfies all the hypotheses of Theorem 2.11 and (0, 0) is a unique
strong coupled fixed point of F.
The following is an example in support of Theorem 2.10 for which (ii) of Theo-
rem 2.10 holds and this example illustrates the significance of a-admissible function

in Theorem 2.10.
Example 3.4. Let X = [0,2]. We define S : X3 — [0, +o0) by

ININIA
wlmwlm

/0 if rt=y=2
S(w,y,2) = { max{z,y,z}  otherwise.
Then (X, S) is a complete S-metric space.
Let A=[0,1] and B = [1,2]. We define F': X x X — X by

Zhy—o if re A and ye B
_ 2
Fz,y) { 0 otherwise.

Then F(A,B) = [1,2] C B and F(B, A) = {0} so that is cyclic with respect to A
and B. We define o : X? x X% x X? — [0, +00) by

1 if <y, wu<v and w<z
al(z,y), (u,v), (w, 2)) = or x>y, wu>v and w>z
1—12 otherwise.
Here F' is a-admissible. For, assume that o((z,y), (u,v), (w,z)) > 1. Then we
have either x <y, u <vandw < zorzxz >y,u>vand w > z.
Ifr <y,u<wv, and w < z then 2+g_’” > 2+”2”_y, So—u > U gpd HEw > 2wz

Ifz>yu>wv andw > z then 2= < S50, 2=y < 2=t and 25 < 2=,
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2

That is a((F(z, ), F(y, 2)), (F(u,0), F(v, 1)), (F(w, 2), F(z, w))
Clearly, F'is triangular c-admissible. For, assume that
a((z,y), (z,y), (u,v)) 2 1 and a((u, v), (u,v), (w,2)) = 1.
Then x <y, u<vorx>y,u>v;and u <v,w < zoru>uv, w> 2.
Ifr<y,u<wvandu<v;w< 2z then we have r < y;,w < z
so that a((z,y), (z,y), (w, 2)) = 1.
If x <y; u<wvandu>wv; w>z This case will not arise.
Ifx>y, u>vand u<v, w <z Also, this case will not arise.
If x>y, u>vandu>v, w>zthen we have x >y, w > z
so that a((z,v), (z,y), (w, z)) = 1.
Also, conditions (a), (b), (c), (d) Proposition 2.9 are satisfied for o = 1 and yo = 1.
We now verify (ii) of Theorem 2.10.
Suppose that {z,} C A and {y,} C B such that z,, - x € A and y, — y € B.
We now prove (2, yn), (Tn, Yn), (z,y)) > 1 for all n € NU {0}.
Here we have x,, <y, for all n and on taking the limits as n — 400, we get z <y
which implies that a((2,, Yn), (T, yn), (z,y)) > 1.
We now verify the inequality (2.1). Let z,u,z € A and y,v,w € B so that

r <y, u<w,and z < w. Then we have
a((z,y), (u,v), (w,2))S(F(z,y), Fu,v), F(w, 2))
_max{2+y :E72+u v 24+2z— w}

=[S(z, z, F(x, y)) —i—S(u u, F(u,v)) + S(w,w, F(w, 2))]
(@, x, F(a,y)) + ;y Y Py, x))

Then we have &((2+gfz7 2+§fy>’ (2+121—u’ 2—}-;—1})7 (2+z w7 2—&-1; z)) — 1

I/\ I/\ I

]
+ 112[S(u u, F(u,v)) + S(v,v, F(v,u))]
+1—12[S(w,w,F(w 2)) + S(z, 2z, F(z,w))]
= 5[S(z,u,w) + S(y, v, 2)]
+5[S(x, @, F(x,y)) + S(y,y, F(y, 2))]
+ g[S(u,u,F(u,v)) + S(v,v, F(v,u))]
Ti[S(w,w,F(w,z)) + S(z, 2, F(z,w))],

where a =0, b= g, ¢ %andd:%W1tha+b—|—c+d< 1.

Therefore the inequality (2.1) holds.

Ifx=y=u=v=w=z=1 then we have S(F(z,y), F(u,v), F(w,z)) = 0. In
this case also, the inequality (2.1) holds trivially.

Further, it is easy to see that Condition (U) holds.

Therefore F' satisfies all the hypotheses of Theorem 2.11 and (1, 1) is a unique
strong coupled fixed point of F'.

Here we observe that if we relax a from the inequality 2.1 then F' may not
satisfy the inequality 2.1.
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For, by choosing x =0,y = 2,u =0,v =2, w = 0,z = 2, we have
S(F(z,y), F(u,v), F(w,z)) =2

£

+

b+c+d)
,0,2) +5(2,2,0)]
(0,0,2) + 5(2,2,0)]
(0,0,2) + 5(2,2,0)]
(2,2,0) + 5(0,0,2)]
u,w) + S(y, v, 2)]
(2,2, F(z,y)) + S
S(u, u, F(u,v)) + S(v, v,
+ 5[S(w,w, F(w,2)) + S(z, 2, F(z,w))]

for any a,b,c,d > 0 witha+b+c+d < 1.
Hence the inequality 2.1 fails to hold when a = 1.

The following is an example in support of Theorem 2.13.

Example 3.5. Let X = [0,1]. We define S : X3 — [0, 00) by

st~ {

max{z,y,z}  otherwise.

)

82 »n»n O»n

P
n

avla e Nulawionlie N S
— N e — —

(v, vy, F(y,))]
(v, v, F(v,u))

Then (X, S) is a complete S-metric space. We define F': X x X — X by F(z,y) =
zy. We define o : X2 x X% x X? — [0,00) by

if r=y=u=v=w==z
otherwise.

Oé((x, y)’ (u7 U), (@U, Z)) = {

o= =

Here F' is a-admissible. For, assume that o((x,y), (u,v), (w,2)) > 1. Then we
have r =y =u =v =w = 2. We have
o((F(z,9), Fly, 2)), (F(u,0), F(o, ), (Fw, 2), F(z,w))

= a((zy,yx), (uwv,vu), (wz, zw)

= 1(since zy = yr = uwv = vu = wz = zw).
We now verify conditions (a), (b), (¢) of Proposition 2.12 for g = 1 and yo = 1.
Here F(1,1) = 1. We have
(a) a((z0,Y0), (20, Y0), (£(z0,Y0), F'(y0,20))) = a((1, 1), (1,
(b) (o, o), (y0, Zo), (F(y0, Zo), F(0,90))) = (1,1
(c) a((zo,Y0), (%0, ¥0) (o, o)) = ((1,1),(1,1),(1,1)) = 1.
Thus conditions (a), (b), (c) of Proposition 2.12 are satisfied.
We now verify the inequality (2.1). Let z,u, z,y,v,w € X.
Case (i): If x =y =u = v =w = z then we have 2y = uv = wz. We consider
a((z,y), (u,v), (w, 2))S(F(z,y), F(u,v), F(w, z)) = 1(S(zy, uv,wz)) = 0.
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Therefore the inequality (2.1) holds trivially.
Case (ii): If atleast two of x,y, u, v, w, z are not equal, in this case we consider
ol(2. ), (1,0), (w, 2))S(F(z,y), F(u,v), F(w, 2))
S(F(x,y), F(u,v), F(w z)) = 1S(:Uy,'zw,wz) = t[max{zy, uv, wz}]
[y +uwv + wz] < fx + fu+ zw
[S(z,u, w)] + é[S(u u, F(u U))] + 5[S(w,w, F(w, 2))]
(@, u,w) + S(y,v, 2)] + +2[S(x, 2, Fla,p)) + Sy, y. Fly, 2))]
%[S(u,u,F(u,v))+S(v,v, F(v,u)]+4[S(w,w, F(w, 2))+S(z, 2, F(z,w))]
witha=1,b=0,c=1,d=1
Therefore the 1nequahty (2.1) holds for a = 4, =0,c=17,
Here we observe that Condition (U) fails to hold for any (z,v), (u,v) € X x X
with z # u and y # v. Also, we observe that a + 3d £ 1 and F has two strong
coupled fixed points (0,0) and (1,1).
The following is an example in support of Theorem 2.14.

Example 3.6. Let X = [0,1]. We define S : X* — [0, +00) by

INIAINA

1
8
1
8
lrg
8
arg
2
+

P

S ={ | =l

max{z,y,z}  otherwise.

Then (X, S) is a complete S-metric space. We define F': X x X — X by F(z,y) =
sy We define a @ X2 x X2 x X? — [0, +00) by

1 if z=y=u=v and 0<w,z<}
a((z,y), (u,v), (w,2)) = { 0 otherwise. 2

Here F' is a-admissible. For, assume that o((x,y), (u,v), (w,2)) > 1. Then we
havex =y=u=vand 0 <w,z < 1 . Now we have

a((F(z,y), F(y, x)), (F(u, v), F(v, )(( 2), F(z,w)))

= o((gamy) or)): (6(113-11)’ s ) (5 (1+z) )

u)
)7

= 1(since S = 7 = sy and 0 < <.
(

6(1+y) (1+x) T 6(14v 6(1+ 1+z)7 6(1+w) — 2
We now verify conditions (a), (b), (c) of Proposmon 2.12 for xyp = 0 and yo = 0.

Here F(0,0) = 0. We have
(a) a((zo, v0), (%0, Y0), (F (0, Y0), F (Yo, z0))
(b) a((y()? .To), (y(]? 330)7 (F(QOa 2?0), F(an yO))

(c) a((zo, yo), (o, Yo), (¥0, Z0)) = ((0,0), (0,0),
Thus conditions (a), (b), (c¢) of Proposition 2.12 are satlsﬁed We now verify the

inequality (2.1). Let z,u,z,y,v,w € X. fz =y=u=vand 0 < w,z < ; then
we have

0)) =1
0 1
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S(F(z,y), F(u,v), F(w,2)) = max{ 55" u
Case (i): Suppose that S(F(z,y), F(u ,v),F(w,z)) =
sider
a((x,y), (u, ), (w, 2))S(F(z,y), F(u,v), F(w, 2))

= gty < slw+ 2] < §[S(z u,w) + S(y, v, 2)] with a = 3.
Case (ii): Suppose that S(F'(z,y), F(u,v), F(w,z)) = i Lhen we have
(@), (uw,v), (w, 2))S(F(@, ), F(u, v), F(w, 2))

= 6(1+y) <t max{z,u, w}

< §[S(, u,w) + S(y,v,2)] with a = 3.
Therefore the inequality (2.1) holds with a = 5, b=c=d =0.
Now, for (z,y), (u,v) € X x X, (u1), (uz), (u3) and (u4) of Condition (U;) hold for
any (z,t) € [0,3]. Also, a+3d < 1 and F has a unique strong coupled fixed point

(0,0).
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