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Abstract: The aim of this paper is to present new, simple and sufficiently sharp
bounds for arcsine and arctangent functions. Some of the bounds are computa-

tionally efficient while others are efficient to approximate the integrals f; &;mdx

b . . .
and fa m%dx. As a matter of interest, several other sharp and generalized in-
equalities for #<E and mt% are also established which are efficient to give some
known and other trigonometric inequalities.
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1. Introduction

The inequalities

arcsin x 1
<

; m; x € (0,1), (1.1)
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and

1 arctan x
< x>0 1.2

are easy consequences of Mean Value Theorem(MVT) [8]. These inequalities can
be found in many textbooks of undergraduate course. They are also often taken
as an application of ”Meaning of sign of derivative”. For example, the above
inequalities follow since the derivatives of the functions —+/1 — 22 arcsin z and (1+
x?) arctan x —x are clearly positive. The inequality (1.1) is sharp towards the origin,
whereas inequality (1.2) is sharp as  — 0 and = — oo. The importance of these
inequalities lies in their simplicity. i.e., they contain less number of arithmetic/non-

arithmetic operations. In the literature there are also other bounds for 2B and
arclans They are cited as below.
The Shafer-Fink’s inequality [10, 18] states that
3 arcsin x s
< < -z e (0,1). 1.3
24+ V1 —22 x 24+ V1 — a2 0.1 (1:3)
L. Zhu [26] improved double inequality (1.3) to
arcsin x T
Qx) < < ;€ (0,1), 1.4
s g Y (-4
where Q(z) = Q(z) or Qy(x) and Q;(z) = ﬁ@,and () = 55—
Shafer [23] in 1966, proposed the inequality
3 t
arc anx; 50 (15)

<
14+2v1+ 22 z

as a problem. Further, in 1977-78, Shafer [24, 25] obtained the following inequality:

8 t
<& 8JUE; x> 0. (1.6)
34 1/25 + a2 .
The extension of (1.6) to
8 t 8
L ATART ;x>0 (1.7)

34 1/25 + La? T 34 1/25 + 2042
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was obtained in [27] by L. Zhu. Recently the inequalities (1.3)-(1.7) have been
sharpened by many researchers(see for instance, [9, 11, 15, 16, 19, 20, 27] and
references therein). Though the bounds for 2SI and 2<tans jy (1.3)-(1.7) or in
recent papers [9, 11, 15, 16, 19, 20, 27] are sharp they are not computationally as
efficient as the bounds in (1.1) and (1.2), in the sense of number of arithmetic/non-
arithmetic operations involved in them(see [21]). According to [21] any function is
computationally efficient if it contains less number of arithmetic and non-arithmetic
operations. In this context, among all the bounds mentioned so far in this paper,
including those in references [9, 11, 15, 16, 19, 20, 27| (in fact, the bounds given in
these references contain more operations), the bounds in (1.1) and (1.2) are most
computationally efficient.

Secondly, consider the integral f; f(z)dz, provided that we can find anti -
derivative I’ such that F'(z) = f(x) where = € [a, b]. Then by Fundamental Theo-
rem of Calculus [8], we can easily evaluate the integral fab f(x)dx. However, when
we can not find such an F, we are not able to use Fundamental Theorem of Cal-
culus. In this situation, we find bounds g and h which are accurate enough for
our needs such that ¢ < f < h and the integrals of g and h are calculated easily.

So (fabg(x)dx + f: h(a:)dw) /2 is the approximate integral of f: f(x)dx. This is

elementary procedure to find quick estimate of fab f(z)dz. Now it is not difficult to
observe that the recent bounds mentioned above are not useful for the quick esti-
mates of fab FEtdr and fab aretant dx:. (it is to be noted however that those recent

bounds are better to find quick estimates of f: ——dx and fab ——dx).

In this paper, we will obtain inequalities for 2SnZ and arc?” in such a way
that some of our established bounds are computationally efficient while others are
efficient to approximate fab seERLdr and f; mt%d:c. In addition to this, as a mat-
ter of interest, we will also establish several generalized inequalities for <2 and
m%. These generalized inequalities will give us some known and other trigono-

metric inequalities.

2. Results and Discussion
In this section, we propose our main results. The first one is stated as follows.
Proposition 1. Let x € (0,1). Then

r?  arcsinz (r—2) ,
—

14 —< — <1+
Jr6

- (2.1)

The lower bound in (2.1) is more sharp as compared to it’s upper bound. Both
these bounds are sharpened in Proposition 2.
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Proposition 2. Let x € (0,1). Then

6 < arcsin x - T
6 — a2 x 7 —(m—1)x?

(2.2)

Boundsin (2.1) and (2.2) are sharper than the corresponding one in (1.1). These
bounds in (2.1) and (2.2) can be used to approximate the integral fol AL Jy: - For
getting better approximation we have bounds in the following theorem.

Theorem 1. Let z € (0,1). Then the inequalities

1 arcsi 1
= < =2 o = (2.3)
-5 7 - (55) 2
hold.
In the following, very simple bounds for am% are proposed.
Proposition 3. For x > 0 it is asserted that
3 arctan x 4 (2.4)

< <
3+ x2 x R

where 1 and 0 = 2.06341 - - - are the best possible constants.
Thus the inequality (1.2) is sharpened and extended in (2.4). For better bounds
we have

Theorem 2. For x > 0, the inequalities

1 arctan x 1
< <
\/1+ 222 z \/1+ Sa?
hold.

We have other bounds for #€ME quite similar to those in (2.4). They are
presented in the next proposition.

(2.5)

Proposition 4. For x > 0 it is asserted that

T arctan x 3

2.
7T+2I< x <2—|—19x’ (2:6)

where 2 and ¥ = 1.70895 - - - are the best possible constants.

Remark 1. The lower bound of (2.6) is sharper than the corresponding lower bound
of (2.5) except for x € (0,67/(w*—6)) and it is also sharper than the corresponding
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lower bound of (2.4) except for x € (0,6/m). Similarly the upper bound of (2.6) is
sharper than the corresponding upper bound of (2.4) except for x € (0,1.549019..).
As a matter of interest, we establish several inequalities in the coming theorems.

Theorem 3. Let z € (0,1) and a € (0,1]. Then the function f(x) = %

strictly decreasing if a < 1/2. In particular, we have following several inequalities

18

1 arcsin x 1

< < , 2.7
(1 — ax?)~ x (1 —ax?)p (2.7)
with the best possible constants o = 6—1(1 and 3 = %
Putting a = 1/3 in (2.7) we get
1 i 1
L aresing — (2.8)
x2 €T _x
1- 3 (1 ?)
where f; = B2/ ~ 1.113739. Similarly, putting a = 1/2 in (2.7) we get
1 arcsin 1
s <, < — (2.9)
(1-%) (1-%)

where 8, = {040 & 0.651496.

Inequalities in (2.9) are sharpest inequalities of kind (2.7). The lower bound
in (2.9) is better than corresponding lower bounds in (1.4), though there is no
strict comparison with Q(x). Similarly the upper bound in (2.9) is sharper in
major portion of (0,1) than the corresponding upper bound in (1.3), particularly
as r — 0, this upper bound is very much better than the one in (1.3).

Our last result is about generalized bounds for 2r<tanz

Theorem 4. Let x € (0,\) where A € (0,00). Then the function g(z) = %

15 strictly increasing iof a > 1. In particular, we have following several inequalities

1 arctan x 1
< < : 2.10
(1 + ax?)n x (14 az?)s (2.10)
A
with the best possible constants n = % and £ = 3%
Since n — % as A — 0o, the inequalities (2.10) can be rewritten as

1 t 1

acanst x> 0. (2.11)

< < ;
V1+ azx? x (1 + az?)l/3a
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The sharpest inequalities of the kind (2.11) are observed at a = 1 which are given
below.

1 - arctan x - 1 ‘
V1422 T (1 -+ x2)1/3’

The proofs of these results are based on secondary lemmas which are presented
in the next section.

x> 0. (2.12)

3. Five lemmas
Following power series expansions can be found in [27, Lemma 1].

Lemma 1. Let |t| < w. Then

1 2 & 22
t2t=——Z= Ej 2n — 1)| By, [t?" 2 3.1
o 12 3+n:2 (277,)'( n )’ 2 ’ ) ( )
and
o0 2271 2 2
Ej (2n — 1)| By, |t*"~ 3.2
sin?t + )' n = DBl (3:2)

n=1

where Bay,, are the even-indexed Bernoulli numbers.
Lemma 2 [1, p. 10] taken below is known as I’'Héopital’s rule of monotonicity. It
is indispensable tool in the theory of inequalities.

Lemma 2. Let f,q : [m, n| = R be two continuous functions which are differ-
entiable on (m,n) and ¢" # 0 in (m,n). If f'/q is increasing (or decreasing) on
(m,n), then the functions % and J;Ei ((Z)) are also increasing (or decreasing)
on (m,n). If f'/q is strictly monotone, then the monotonicity in the conclusion is
also strict.

Lemma 3. [17, Theorem 2.1 Let f : (0,¢) — R be m times differentiable function
( for some m > 2, m € N) which satisfies the following conditions:

(a) f"(x) >0 forx € (0,c);

(b) there is a right neighbourhood of zero in which the following inequalities hold
true:

flz) <0, fi(x) <0, f"D(z) < 0;
(c) there is a left neighbourhood of ¢ in which the following inequalities hold true:
f(z) >0, f'(z) >0, fV(z) > 0.
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Then the function f has exactly one zero in (0,c).
The following lemma is recently proved by Y. J. Bagul et al. in [7, Lemma 2.2].

. —/1—72 i . Ly . .
Lemma 4. The function ¢(x) = T5-2 SN 45 pogitive increasing on (0,1).

In addition to this, we need another lemma that is stated and proved below.

Lemma 5. The function 1(x) = % is strictly positive increasing for

x > 0.
Proof. Note that ¢ (z) is positive due inequality (1.2). Consider
U1 ()
Y(z) = ;
@) ()

= (1 + 2?) arctanz — = and ¥y(z) = 2% arctan z, satisfying ¢ (0) = 0
0. After differentiating

hi(x) 1 1

1/)5(‘%) L+ 2(1+12)xarctanx - L+ %@bg(l’)

where ()
and 1,(0) =

Here t5(z) = 2 is such that 1,(0) = 0 and 15(0) = 0. Differentiation yields

¥s ()
U 1
Yi(zr) 14 2zarctanz

which is strictly decreasing as x and arctan x are strictly increasing for z > 0. By
Lemma 2, 13(x) is strictly decreasing, whence () is strictly increasing for x > 0.
This completes the proof.

4. Proofs of Main Results
Proof of Proposition 1. Set

arcsinz —x  hy(x)
h = =

where hy(z) = arcsinz — z and hy(x) = 2® with hy(0) = 0 and hy(0) = 0. Upon
differentiation

Ry (z) _1-vi- x? _ hs(z)
hy(x)  3aV/1T—a?  ha(x)’

so that h3(0) = 0 and hy(0) = 0. Again differentiating

M@ 1
hiy(x) 6 —9z%’
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which is strictly increasing on (0, 1). By Lemma 2, h(z) is also strictly increasing
on (0,1). Hence
h(0") < h(z) < h(17).

The limits A(0") = 1/6 and h(17) = (7 — 2)/2 finish the proof.
Proof of Proposition 2. Let

arcsinx — x

K(w) = x? arcsin
and
arcsinz =t i.e., x = sint with ¢ € (0,7/2).
Then
K(x) = w{t) where s({) = tt sirsll;ltt - tt2 s?;ntt Siflt - Hl(t)ﬁ'
Now

t—sint
ra(t) = tZsint

It has second derivative

and &/ (t) = 2tsin*t — t*sint — t* cost.

K (t) = (sint —t)(4t cost + 2sint) + t*sint
> (sint —t)(4sint + 2sint) + t*sint

by virtue of tcost < sint and sint < t. Thereby
K| (t) > sint(6sint — 6t +t*) = sint ko(t).
The derivatives up to second order of ko are
Kh(t) = 6cost — 6 + 3t°

and
Ka(t) = 6(t — sint) > 0.

This implies that x2(¢) > 0 which in turn indicates &7 (t) > 0 and &/ (¢) > 0. Thus
k1(t) is positive increasing, implying that (¢) is increasing on (0,7/2) or K(z)
increasing on (0, 1). Hence

K(0%) < K(z) < K(17).
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The limits K(0%) = x(07) = 1/6 and K(17) = k(n/27) = n/(m — 1) give the
desired result.

- 2
Proof of Theorem 1. Let F(z) = M and arcsinx = t. Then z = sint
for t € (0,7/2) and we have F(z) = G(t) where
GO
sin?t  sin?t 2

G(t) =

Using (3.2) of Lemma 1, we get

Z )' (2n — 1)| By, [t7"2.

n=1

It has derivative

e 22n
Z )l (2n — 1)(2n — 2)| By, |t2" % > 0.

n=1

We conclude that G(t) is increasing in (0,7/2) or that F(x) is increasing in (0, 1).
So

F0") < F(z) < F(17).
Lastly the limits F/(07) = G(07) = 1/3 by 'Hopital’s rule and F(17) = G(7/27) =
(7% — 4) /72 prove our assertion.

Proof of Proposition 3. For the left inequality of (2.4), consider the function

x —arctanx  py(2)

xT) = —=
p(z) r?arctanz  po(x)’

where p;(x) =  — arctan z and py(z) = x? arctan x with p;(0) = 0 and py(0) = 0.
Differentiating numerator and denominator yields

(x) 1 1

@ = 14 2(1 + g2)actans 4 | ops(@)’
”” pa(z)

P
p

N~ =~

where p3(z) = (1+2?) arctan z and py(x) = x with p3(0) = 0 and p4(0) = 0. Again
differentiating we get
5()

()

=

=1+ 2z arctanzx

3
NS
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which is strictly increasing for x > 0. Applying Lemma 2, we conclude that p(x) is
strictly decreasing for x > 0. Limit f(0%) = 1/3, give the required left inequality.
For the right inequality of (2.4), we use second derivative test. Let

4 3
= —Z. 2>
(@) arctanz @
We differentiate ¢(x) with respect to x to obtain
3 4
/ = —_———
¢(x) = 2 (14 22?)(arctanx)?’
—6 8w 8
Mog) = + ‘
7() x3 ((1 + x?) arctan x)z (1 + x?)?(arctan z)3
Now let arctanx = t. Then « = tant for ¢t € (0,7/2) and ¢'(z) = Q(t) where

T tan?t (L +tan?t)f2  sin’t t2

3 4 3cos®’t  4dcos’t
Q(t) = :

t
ie.Q(t) = % with (t) = 4 cos® t + 3t* — 4.
an

We have derivatives of ¢ up to third order as follows:

16
¢ (t) = —4sin2t 4+ 6t = —2t + Et:} + O(t);

16
©"(t) = —8cos2t + 6 = —2 + 16t* — Et“ + O(t%);

and
©"(t) = 16sin 2t > 0.

Thus all the conditions of Lemma 3 are satisfied by ¢ with m = 3 and hence
we conclude that Q(t) has exactly one zero in (0,7/2). By using the bisection
method [2] we find that 0.915582- - - is the unique solution of Q(t) = 0 in (0, 7/2)
or equivalently v = 1.301296--- is the unique solution of ¢'(z) = 0 in (0, c0).
Similarly ¢”(v) = 0.425887 - - - > 0 indicates that ¢ has minimum value at v Hence
q(v) < q(z) and 6 = g(v) = 2.06341 - - - The proof is complete.

x 2_
Proof of Theorem 2. Let H(z) = % and arctanx = t. Then x = tant
for t € (0,7/2) and H(x) = J(t) where

(M)Z -1 1
H=~~t72_— — _ _ cot’t.
J(t) tan?t e @
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Using (3.1) of Lemma 1, we get

_2 = 22n B 2n2
—g Z:Z >'2n—1| onlt

n

The derivative

e 22n
Z )| (2n — 1)(2n — 2)| By, [t % < 0,

n:2

implies that J(t) is decreasing on (0,7/2), or that H(x) is decreasing on (0, c0).
Consequently, we have

H(0") > H(x) > lim H(x).

Tr—00

Since H(0") = J(0%) = 2/3 and lim,_,,, H(z) = J(7/27) = 4/7%, we get inequali-
ties (2.7).
Proof of Proposition 4. We skip the proof as it is similar to the proof of Propo-
sition 3.

Proof of Theorem 3. Consider

_ () fie)
J(w) = In(1 —ax?)  folx)’
where fi(x) = In(arcsinz/x) and fo(z) = In(1—ax?) with f,(07) = 0 and f»(0) =0
On differentiating

fi(x) 1 (aa®—1)(z —V1—22arcsinz) 1 F(2)0(x)
- = —f3(x)o(x).
filz)  2a /1= 22 x? arcsin 2a”°
By Lemma 4, ¢(x) is strictly positive increasing and f3(z) = (az? — 1)/V/1 — 22 is
clearly negative. So by Lemma 2, f(z) will be strictly decreasing if f3(z) is strictly
decreasing in (0, 1). i.e.,

f5(x) = 2axv/1 — 2% + M < 0.

1 —a?
Equivalently, 2a —ax®> —1 < 0 or a < ﬁ = f4(x). Thus

a<inf{fy(x):2z€(0,1)} =1/2.
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The limits f(0%) = —1/6a and f(17) = In(7/2)/In(1 — a) complete the proof.
Proof of Theorem 4. Without loss of generality we take a > 0. Consider

_ In (arctzanx) _ gl(‘r)
9(x) = In(1+az?) go(x)

where g;(z) = In(z/ arctan z) and go(x) = In(1 + ax?) with ¢;(07) = 0 and g,(0) =
0. We differentiate numerator and denominator to obtain

gi(z) 1 (1+az?) ((1+2?) arctanz — x) _ igg(xﬁ/}(x)

g5(x) " 2 (1+22) x? arctan x 2a

By Lemma 5, ¢(x) is strictly positive increasing and g3(z) = (1 + az?)/(1 + z?)
is also clearly positive as a > 0. Therefore, by Lemma 2, g(x) will be strictly
increasing if gs;(x) is increasing. So

g5(z) = 2ax(1 + 2°) — 22(1 + az®) > 0.
Equivalently, 2a — 2 > 0 or a > 1. The required inequalities follow due to limits

g(07) =1/3a and g(A™) = In(A\/ arctan \)/In(1 + a)?).

Note. Many of the inequalities in our main results can be proved by forming
appropriated mixed trigonometric polynomial functions based on methods and al-
gorithms developed in [13] and [14].

5. Applications

5.1. Approximate integrals. In this section, we find approximate integrals of
UCINT apd MERE We can utilize inequalities (2.1), (2.2), (2.3), (2.5) since the

X
anti-derivatives of bounds in these inequalities are known functions.

Example 1. For finding approximation of fol AL 7y we use (2.3). The inequal-
ities (2.3) give

arcsin &

1 1 1 1 1
h= [ o< [T | .
T o 1= (=) e

1
1
L =V3 [arcsin ( )} — V/3arcsin <—) ~ 1.066042,
0 V3

Now

Sils
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and
e g o (L] - iy (25
= —— |arcsin | ———=x = ——arcsin | ——
2 w2 -4 s 0 T2 — 4 T
~ 1.142005.
Hence

dr ~ ~ 1.104023.

Larcsin x L+ 1
0 x

Computer gives 1.088793 with absolute error < 0.00013 for the exact integral.

Example 2. We find approximation of fOO arcm”dx by utilizing inequality (2.5).
The inequalities (2. 5) yield

10
1
L = / / ——dx
\/1+3 x2 @/1+%x2
I, and Iy can be evaluated as

I = \/g [m <a:+ 22 +3/2)KO - \/g [m (10+ \/W) ~In (M)]

arctan x 10
—dr < IQ /

~ 3.425279,
10 2 4+4
]2:E [111 (.I—l— $2+7-(2/4>i| :z In |10+ LOO —ln(7r/2)
2 0 2 4
~ 4.005942.

Hence

10 +
t I, -1
/ are anxdx ~ L 2 ~ 3.71561.
0 T 2

Remark 2. Inequalities in Propositions 1, 2, 3 and 4 can also be used to approxi-
mate the integmls fab USNE ]y and f: aelan dyz s well as the integrals [ R

a arcsinx
and f

5.2. Some inequalities. We would like to bring it to the notice of readers that
if we substitute arcsinz = ¢ in (1.3) and change the variable ¢ to = again, we get
following double inequality

dz.

arctan x

2+Cosa:<sin93 2+cosav

€ (0,7/2). (5.1)

<
7 T 3
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The right inequality in (5.1) is known in the literature as Cusa-Huygens inequality
[12]. We refer readers to [3, 4, 6] and references therein for detailed information
and recent development regarding Cusa-Huygens inequality. It was extended to
(5.1) by J. Sandor and R. Olah-Ga&l in 2012 [22, Theorem 1]. By similar technique
we obtain from (1.1), the inequality cosx < 2Z and from (1.2) the inequality

sz < L Combining them we have well known inequality [18]
i 1
cosx < Slzx <ooa TE (0,7/2). (5.2)
On the other hand (2.12) gives
(cosz)/3 < Sk L; x € (0,7/2). (5.3)
T

The left inequality in (5.3) is the famous Adamovié-Mitrinovi¢ inequality(see [18]).
Also from (2.8) and (2.9) we derive respectively the inequalities

(2—1—008237)’81 sin (2—}—008217
_— < <

3 3

T

1/2
) s x € (0,7m/2) (5.4)

and

<1—|—coszx>’32 sin z <1—|—coszx
_— < <

1/3
5 5 ) ;x € (0,7m/2) (5.5)

T

with f1 = figa) & 1113739 and 8, = 578 & 0.651496. Inequalities in (5.5) are
better than the corresponding inequalities in (5.4) in terms of sharpness. A more

sharpened form of (5.4) and (5.5) can be seen in [3, 5] which is given below.

24+ cosz\”  sinx 2+ cosx
3 < < 3

> ; x € (0,m/2) (5.6)

T

where 3, = llzgég))

easily obtain from (5.6) the double inequality

~ 1.113739. Now employing the same method of substitution we

3 arcsin x

B1
3
< <
2+ V1 — a2 x (2—1—\/1—:1;2)

~ 1.113739. Interestingly inequality (5.7) sharpens the one in

(5.7)

In(2/7)
In(2/3)

where ; =

(1.3).
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6. Conclusion

We investigated and obtained some computationally efficient bounds for #<
and L see for example inequalities (1.1), (1.2), (2.1), (2.4) and (2.6). Some
of our obtained inequalities e.g., (2.2), (2.3), (2.4), (2.5) and (2.6) are efficient for

approximating the integrals fab ASNL ] and fab aretan . These inequalities can

arcsin x

also be employed to approximate ff —2—dz and fab —L_—dx. We also established
generalized inequalities (2.7), (2.10) that give some known and other trigonometric

inequalities.
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