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1. Introduction and Preliminaries

Zadeh [17] introduced the idea of a fuzzy set, which provides a general topol-
ogy known as fuzzy topological spaces. Foster’s structure of a fuzzy topological
space combined with a fuzzy community [3]. The elements of a theory of fuzzy
topological groups have been formulated by Rosenfeld [10]. The meaning was
modified by Ma [8] and Ya [16] to ordinary topological group is a special case of
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a ftg. Bandaru introduced BRK-algebra in 2012, which is a generalisation of the
BCK/BCI/BCH/Q/QS/BM-algebras [5, 6, 7, 9]. Sivakumar et al. proposed
a topology for the BRK-algebra [11] and investigated its properties. From an
algebraic aspect, Haddadi [4], Roventa [10], and Spircu [10] investigate fuzzy be-
haviour of fuzzy submonoids and fuzzy subgroups. Boixader et al. [2]. In the paper
[13], the fuzzy behaviours in BRK-topological spaces are clarified, and fBRKtA
is extended to a subgroup S. Here, we study about a homomorphic function in
fBRKtA of subgroup S and their properties.

From 2019 and 2020, Sivakumar et al.; Sivakumar and Kousalya (2020) and
(2021); Sivakumar et al. (year of publication) introduced and studied topological
BRK algebras, fuzzy topological BRK subalgebra, fuzzy BRK topological action
and their respective subgroups and fuzzy topological BRK groups in topological
and fuzzy topological algebras.

Definition 1.1. [15] Let Ggrk be a group and (Gpri,*,0,I') be a fBRKts.
Then (Gprk,*,0,1") is called fuzzy BRK topological group (briefly, f BRKtg) if
the maps

9 : (Gprx X Gpri,I' XI') = (Gprk,*,0,1') defined by g(u,v) = uxwv
and
h: (Ggri,* 0,T) = (Gpri,*,0,T) defined by h(u) = u™*
are fBRK Cts.
2. Homomorphic Properties of fBRKtAS,
Definition 2.1. Let 0 be a mapping from I to J.

(i) Let Gpri' be a fBRKtg (Gprk',*,0,T) on F f BRKtA under (Spri,*,0,T).
Then the inverse image of F under 0 denoted by 0~ (F) is a fBRKtg in
(Gric,*,0,T) defined by 6= (F) = pg-1(r) where pig-1(p) (i) = prp(0(3));

(ii) Let Gpri be a fBRKtg (Gpri,*,0,1') on E f BRKtA under (Sgrk,*,0,T).
Then the image of E under 6 denoted by 0(F), where

~ swpup(i) i€ 671G) i 071G) £ 0
tom) (J) = .
0 , otherwise.

Then pg-1(py(ix s) = pp(0(i) x s) Vs € Spri. Also
{SUPNE(i*S) (iks) € (071(j)xs) Vs € Spri if 071(4) # 05

proe)(J * §) = otherwise
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Theorem 2.1. Let (Gprk',*,0,T) be a fBRKtg on F fBRKtA under (Sprx,
x,0,T) and 0 : (Ggrx, *0,T') — (Gprx',*,0,T') be an onto homomorphism
on groups. Then fBRKtg (Gpri,*,0,T) acts on the fBRKtg 0~*(F) under
(SBRKa*, O, F)

Proof. There exists a map ' : (Ggrr',*,0,T) X (Spri,*,0,T') = (Spri, *,0,T)
such that (g% h)*' s = g« (h*'s) and 0’ s = s for all g,h € Gprxk' and s € Spri.
For a,b € GRri, define pig-1(py(axs) = up(0(a)*s). Using p’ and 6, there is a map
i (Geri,*,0,1) X (Sgri, *,0,I") = (SBrK,*,0,1") defined by u(a,s) = 0(a) x s
with (i) (axb)xs =a* (bxs) and 0xs = s for all a,b € Gprx and s € Sprk-.
Thus (Gprrk,*,0,T) acts on the fBRKtg ' (F) under (Spgrk,*,0,T). =

Theorem 2.2. Let (Gpri,*,0,I') be a fBRKtg on E fBRKtA under (Sprk,
x,0,T) and 0 : (Ggri, %, 0,T') = (Ggrx',*,0,T) be an onto homomorphism on
groups. Then fBRKtg (Gprk',*,0,T) acts on the fBRKtg 0(F) under (Sgrr,
*,0,T).

Proof. There exists a map p : (Gprr,*,0,1) X (SBri,*,0,I") = (SBrk,*,0,T")
such that (axb) xs =a*(axs) and 0x s = s for all a,b € Gprix and s € Sprk.
Define a fuzzy set (E) on (Ggrk',*,0,T") by

MG(A)(j) _ {SUPME(i) 11 E 0*1(]') . if gﬂ(j) 240

0 , otherwise

There exists a map i : (Gprr',*,0,T) X (Spri,*,0,T) = (Sprk,*,0,T) so that
(g% h)*x s=g+* (h«'s)and 0« s = s for all g,h € Gprr' and s € Sprr. The
fBRKtg (Ggri,*,0,I') acts on the fBRKtg 0(F) under (Spri, *,0,1). =
Theorem 2.3. Let (Gprk',*,0,T) be a fBRKtg on F fBRKtA under (Sprx,
x,0,T) and 0 : (Ggrx, *0,T') — (Gprk',*,0,T') be an onto homomorphism
on groups. Then fBRKtg (Ggri,*,0,T) acts on the fBRKtg 0~*(F) under
(SBRK,*,O,F>.

Proof. Let Gprx' be a group acting on a fuzzy group F under (Sprx,*,0,T).
Then fBRKtg (Gpri,*,0,T) acts on the fBRKtg 6~*(F) under (Sprx,*,0,T)
by Theorem 2.1.

Let g,h € Ggri and s,t € Sgrk.

(8) po-1 (9 % (5 % 1)) = i (8(g) % (s % 1))
— 1r(8(g) * (s % 1))
> min{ju(6(g) » 5). 1 (6(g) » )}
— min{sig1(r)(9 % ), o1 (9 % £)}.
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(€) po-1)((g x 1) 5) = pr((0(g * h)) % 5)
—uF(( (9) % 0(h)) * s)
> min{pp(0(g) * s), p ( (h) x s)}
= min{/ig-1(r) (g * 5), tto-1(r) (% 5)}.
(d) po-1(m) (g% s7") = pr(0(g) *s7)
= pr(0(g) * s)
= fo-1(r) (g * S)
Therefore the fBRKtg (Ggri,*,0,T) acts the fBRKtg 6~'(F) under (Sgrk,*,
0,T).
Theorem 2.4. Let 0 : (Gpri,*,0,T) — (Ggrr',*,0,T') be an epimorphism
and (Gpri,*,0,I') be a fBRKtg on pug fBRKtA under (Sprk,*,0,1"). Then
fBRKtg (Ggrk',*,0,T) acts on the fBRKtg 0(ug) under (Spri,*,0,T).
Proof. Let (Ggpri',*,0,T') be a fBRKtg on pur fBRKtA under (Spri,*,0,T).
Then fBRKtg (Gprk',*,0,T) acts on the fBRKtg 6(ug) under Sprx by Defini-
tion 2.1. Also 0(ug) is a fBRKtg of (Gprk',*,0,T).
Let g, h be in Gpri’' and s,t € Sgri. It follows that

(b) O(up)(g*(s*t)) = ig}}g{uE(u* (sxt)):xxs €0 (g)xsif 07 (u)xs#0}
> supmin{pup((u*s) * (uxt))}

> min{0(up)(g*s),0(ne)(g+ 1)}

[1]

(c) O(up)((gxh)*xs) = x :;:Sel;(pis ﬁxed{,uE((u*v) xs):xks €O (gxh)xs

if 071 (v) xs # 0}

> sup min{pg((uxs) *x (v«s))}
yeX x€X is fixed

> min{6(pp)(g * ), 0(ue)(hs)}

(d) O(pe)(gxs') = ilel)g(uE(u *5))

= EEE(ME(U *5))

= 0(up)(g )
Then fBRKtg (Gpri',*,0,T) acts on the fBRKtg 6(pg) under (Sprx,*,0,T). 2
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Theorem 2.5. Ifa fBRKtg (Gpri,*,0,T) acts all non-empty level subset U (g, t)
under (Spri,*,0,1"), then the fBRKtg (Gpri,*,0,1") acts fBRKtAS, g under
(SBRK,*,O,F).
Proof. Then U(ug,t) ={s € S :inf,cc{up(uxs)} > a}.

Let s,t € U(up,ty). Then inf co{pup(uxt)} > a and inf co{up(uxs)} > a.

ME(irel(f;u* (sxt)) > min{uE(irelgu*3),/¢E(irelgu*t)}

> min{a, a}

= Q.

Thus s xt € U(pg, to).

Further s € U(ug,ty) and iff pp(infyeq(uxs71)) = up(infeq(u x s)) > a
which implies s7! € U(ug, to). Therefore U(ug,to) is a subgroup of Sprx. Then
fBRKtg Gpri acts on fBRKtAS, U(ug,t) under Spri.

But g = Useo)U(pp, t) and every level fuzzy subgroup U(pg, t1) is contained
in other level fuzzy subgroup U(ug,t2) ¥V t1,t2 € [0,1]. So pg = Uwcp U (1ig, 1)
is a fBRKtg on Sprk. Since the group (Gprg,*,0,I") acts on each level set
U(pg,t) on (Spri,*,0,I'), then fBRKtg (Gprik,*,0,I") acts on fBRKtAS, ug
under (SBRKa*a O, F) =
Theorem 2.6. A set of necessary and sufficient conditions for (Gprg,*,0,T")
be a fBRKtg on fBRKtA up under (Spri,*,0,T) is that up(u* (s xt71)) >
min{pg(u*s), up(uxt)} V o,y € Ggrx and s,t € Spri, where every element of
(GBRrK,*,0,T") has its own inverse under addition.

Proof. Let (Ggri,*,0,T') be a fBRKtg on ug fBRKtA under (Sgrk,*,0,T).
Then

pe(g* (s+t71)) > min{pup(g*s), pe(g*t™)}
=min{up(g*s), pe(g*t)} Vu,ve G & st el

For the converse, suppose that the condition holds.

Thus pg(g*(sxt™1)) > min{ug(g*s), up(gxt)} vV z,y € Gprx and s,t € Sprk-
It follows that

pe(0%0) = pp((gxu") x (sxs7"))
> min{pp(g * s), pe(g* )}
=up(gxs)Vaz,ye G & s, tes.
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Since pup is a fBRKtg on Spgrk, then it gives that

pe(g*0) = pp(g* (sxs))
> min{up(g*s), up(g*s)}
= pup(g*s)

pp(0%s) = pp((g*u")*s)
> min{pg(g*s), pe(g*s)}
= pp(g*s)

pe(hx0) = ug(hx (txt™"))
> min{ug(h*t), ug(hxt)}
= pp(hx1)

pe(0%t) = pp((hxy=') *t)
> min{pp(h*t), up(h*t)}
=pphxt)Vu,ve G &s,tes

Thus /JJE(O*S) > ,uE(h*s) Vse SBRK-

Further pg((0xy™)* (sxt)) > min{up(0xs), up(h ™t xt)} > pp(h™'xt) Vs, t €
Seri. It implies that pug(h™txs) > pup(hxs) Vv € Gpri. Therefore up(h™'xs) =
,LLE(h*S) Vv € Gprik.

Also pp((gxh) * (sxt)) > min{ug(g*s), up(hxt)} = min{ugr(g* ), pr(h *

s)} VY u,v € Gprix and s,t € Sprrx. Hence (Gpri,*,0,I') be a fBRth on
fBRKtA HE under (SBRK,* 0 F) =

3. Conclusion

In this paper, fBRKtA in a subgroup (Sggrk,*,0,I') of (Ggrk,*, 0,T') has
been extended homomorphic images and epimorphism in a fBRKtg. Also, we
have studied about the level cut in a fBRKtA under (Sprg,*,0,T).
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