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1. Introduction

G. Gratzer in his paper [4] introduced a new lattice LY from a given lattice L by
adding an element aV called the double of a # 0,1 in L where LY = LU {aV} with
a new order denoted by <V. Following that construction, A. Day [1] introduced
a similar construction L[I] by doubling an interval I of a given lattice L. After
that it witnessed many developments, e.g. see [2], [3], [6]. In the paper [3] entitled
"Doubling Constructions in Lattice Theory’, Alan Day mentioned the following
result which appeared in [2]: Let L be a distributive lattice and take I = [u,v] in
L, L[I] is again distributive if and only if L = [u,1] U [0,v]. The proof there is
implicit. For Boolean algebras, we give in this paper an explicit proof.
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In this section, we give some preliminary definitions needed for the development
of the paper. In section 2, we give the proof of the main result and in section 3, we
give a counter-example to show that B, (1) is not distributive if I is an intermediate
interval. In section 4, we give the conclusion of this paper.

Definition 1.1. [5] A lattice L satisfying the following identities

e (xAy)Vz=(zAy)V(zAz2)
e xV(yAz)=(zVy A(zVz)

for all x,y,z € L is called a distributive lattice.
If not, it is a non-distributive lattice.

Definition 1.2. [5] A Boolean lattice is a complemented and bounded distributive
lattice.

Definition 1.3. [4] Let L be a lattice and let a € L such that a # 0,1. Now, we
construct a lattice LY = LU{a"} by adding the double of a: the element a¥, using
the order relation stated as follows:

Forz,ye€ L, letx <Vyifx <vy;

forx <a, let x <Y aY;

fora <z, let a¥ <Y z.

Definition 1.4. [4] Let I = [a,b] be an interval of a lattice L. The set I x Cy is
formed using the two-element chain Cy = {0,1}. The set L[I] = (L\I) U (I x Cy)
1s a lattice given by the ordering for x,y € L and 1,7 € Cy;

r<yifex<yinlL;

(2,)) <y ifr<yinL;

< (y,j) if v <yinlL;

(2,1) < (y,j) if e <y in L andi <j in Cy
L(I) is a lattice got by doubling of the interval I in L. This is Day’s definition of
doubling of intervals.

2. Main Results - Doubling in Boolean Algebras

Theorem 2.1. Doubling construction of a Boolean algebra by an interval contain-
g 0 s always distributive.

Proof. Let B, denote the Boolean algebra of rank n. Let aq,as,...,a, be the
atoms of B,,. Let I be an interval of B,, containing 0 of B,,, denoted by 0y. Then,

I ~ By, for some k < n.
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Without loss of generality, let us assume that
By = [0, aya;...ax]

which has ay, as, ..., a; as its atoms and where we write ajas...a, for a; VasV...Vayg.
When we double the interval By, we have By x Cy =~ By;.
Now, B,,(I) = (B, \ I)U(I x Cy) is the new lattice formed by doubling the interval
1.
The elements of By, are of the form (am1...ams, 0) or (ap1...Gpg, 1),
where a1, A2, ..., Gms € {a1, a0, ..., a;} and apy, ..., apg € {a1, a9, ..., a;}.
We claim that B, ([) is distributive.
Let z,y,z € B,(I).
Let z,y € (B X C3) = B,y and z € B, \ By.
Case 1.
Let £ = (@m1.--0ms,0),y = (ap1...0pg, 1) and z = (ap...a,),p < r < n, where
A1y ooy Qs AN Qp1, ..., Gpq are distinct.
Subcase 1a.
Let amiy ooy Qs € {py ooy G}y Ap1y ooy Qpg & {p, ooy ar}
Now, 2 A (y V 2) = (@m1..-Qms, 0) A [(ap1...apq, 1) V (ap...a,)]
= (Am1-.-Qms, 0) A (Qp1...0pgQp...ax)
= (Am1---Ams, 0)
(x Ay)V(x A 2) = [(am1-Qms, 0) A (ap1...apg, 1)] V [(@m1---Gms, 0) A (ap...ar)]
= (07,0) V (am1.--Gms, 0), where 0y, denotes the lowest element of B,, to distin-
guish it from 0 of C.
= (aml...ams, O)
Therefore, t A (y V z) = (x Ay) V (T A 2).
Subcase 1a;.
Let am1 = ap1, Gma = Qp2, -y Gy = Qpe, t < S,
A1y oo Qs Qpl s -ovy Apg € {Qp, ..oy ar }
Now, A (y V 2) = (am1---Qms, 0) A [(ap1...Apg, 1) V (ayp...a,)]
= (Am1-.-Gms, 0) A (ap...a,)
= (@m1---Amy, 0)
(xAYy) V(A 2)=[(am1--Qms, 0) A (ap1...Apg, 1)] V [(@m1...Qms, 0) A (ap...a)]
= (OL, O) V (aml...amt, 0)
= (@m1---Amt, 0)
Therefore, A (yVz) = (xAy) V(zAz2)
Subcase 1b.

Let Gty ooy Gms & {ap, ..., a1},



94 South FEast Asian J. of Mathematics and Mathematical Sciences

Aply -y Apg € {ap, .yar }
Now, 2 A (y V 2) = (@m1.--Qms, 0) A [(ap1...apq, 1) V (ap...a,)]
= (am1.-.ams, 0) A (ap...a,)
= (0L70)
(x Ay)V(x A 2) = [(am1--Qms, 0) A (@p1...0pg, )] V [(@m1---Gms, 0) A (ay...a,)]
= (0£,0) Vv (0z,0)
= (0L70>
Hence, x A (yVz) =(x Ay)V (T A 2)
Subcase 1c.
Let a1, ooy Gms € {ap, .., a1},
Ap1, -y Upg € {ap, ..., a7}
Now, 2 A (y V 2) = (@m1.--Qms, 0) A [(ap1...apq, 1) V (ap...a,)]
= (@m1-.-Qms, 0) A (ap...a,)
= (aml...ams,O)
(x Ay)V (x A 2) = [(am1--Qms, 0) A (@p1...apg, 1)] V [(am1---Qms, 0) A (ap...a,)]
= (02,0) V (am1..-Qms, 0)
= (@m1---Qms, 0)
Hence, z A (yVz)=(xAy)V(zA 2)
Subcase 1d.
Let ami, ... Gms & {ap, ..., a1},
Ap1y ooy Gpg & {ap, ooy a1}
Now, A (y V 2) = (am1---Qms, 0) A [(ap1..-Gpg, 1) V (ayp...a,)]
= (Am1---Qms, 0) A (ap1...ApgQyp...ar)
= (OLaO)
(x Ay)V (x A 2) = [(am1--Qms, 0) A (@p1...apg, )] V [(am1---Qms, 0) A (ap...a,)]
= (0,0 V (0z,0)
= (0L70)
Hence, z A (yVz)=(xAy)V(zAz)
Case 2.
Let © = (am1---Qms, 1),y = (ap1..-0pg, 0) and z = (ap...a,),p <r <n
Subcase 2a.
Let a1, .oy Gms € {ap, .., a1},
Ap1y ooy Gpg & {ap...0r}
Now, 2 A (y V 2) = (@m1.--Qms, 1) A [(ap1...apq, 0) V (ayp...a,)]
= (Am1---Qms, 1) A (Qp1...QpgQyp...ar)
= (Am1---Ums, 1)
(@ Ay)V(x A 2) = [(am1--Qms, 1) A (@p1...0pq, 0)] V [(am1---Qms, 1) A (ap...a,)]
= (0£,0) V (am1...Gms, 1)
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= (@m1--Ams, 1)
Hence, z A (yVz)=(x Ay)V (z A 2)
Subcase 2a;.
Let ami = ap1, Gma = Qp2, .oy Ay = Qpe, t < S,
Ay ooy Qmsy Qpls ooy Qpg € {Qpy ..oy 0y}
Now, A (y V 2) = (am1---Qms, 1) A [(ap1..-0pg, 0) V (ayp...a,)]
= (Am1-.-Qms, 1) A (ap...a;)
= (@m1--Ams, 1)
(xAYy)V (T A2)=[(am1--Qms, 1) A (ap1..-Qpg, 0)] V [(@m1...Qms, 1) A (ap...a)]
= (07,0) V (am1---Ams, 1)
= (@m1--Ams, 1)
Therefore, t A (y V z) = (x Ay) V (z A 2)
Subcase 2b.
Let a1, ..o Gms & {ap, ..., a1},
Ap1, ooy Gpg € {ap, ..., a7}
Now, A (y V 2) = (am1---Qms, 1) A [(ap1..-Gpg, 0) V (ayp...a,)]
= (Am1-.-Qms, 1) A (ap...a;)
= (0L7 1)
(xAYy) V(T A2)=[(am1--Qms, 1) A (ap1..-Qpg, 0)] V [(@m1...Qms, 1) A (ap...a)]
= (0.,0) Vv (0,1)
= (0L7 1)
Hence, z A (yV z) =(x Ay)V (z A 2)
Subcase 2c.
Let a1, ... Gms € {ap, ..., a1},
Ap1y ooy Gpg € {ap, ..., ar}
Now, A (y V 2) = (am1---Qms, 1) A [(ap1..-Gpg, 0) V (ayp...a,)]
= (m1-.-Qms, 1) A (ap...a;)
= (Qm1--Ams, 1)
(xAYy) V(T A2)=[(am1--Qms, 1) A (Ap1.--Qpg, 0)] V [(@m1...@ms, 1) A (ap...a)]
=(07,0) V (am1---Ams, 1)
= (@m1--Ams, 1)
Hence, z A (yVz)=(x Ay)V (z A 2)
Subcase 2d.
Let ami, ..o Gms & {ap, ..., a1},
Ap1, ooy Upg & {ap...01}
Now, A (y V 2) = (am1---Qms, 1) A [(ap1..-Gpg, 0) V (ayp...a,)]

= (Am1-.-Qms, 1) A (p1...QpgQp...ax)

95



96 South FEast Asian J. of Mathematics and Mathematical Sciences

- (OLv 1)
(xAY) V(T A2)=[(am1--Cms, 1) A (ap1.--Qpg, 0)] V [(@m1...Gms, 1) A (Gp...ar)]
= (01,0) vV (0r, 1)
= (0g,1)
Hence, z A (yVz)=(x Ay)V(zA 2)
Case 3.

Let £ = (@m1---Qms; 0),y = (ap1...0pg, 0) and z = (ap...a,),p <r <n
Subcase 3a.
Let ami, ..., Gms € {ap, ..., a1},
Ap1y ooy Gpg & {ap, ooy a1}
Now, A (y V 2) = (am1---Qms, 0) A [(ap1..-Gpg, 0) V (ayp...a,)]
= (Am1---Qms, 0) A (ap1...ApgQyp...ar)
= (am1.--Ams, 0)
(x Ay)V (x A 2) = [(am1--Qms, 0) A (@p1...apq, 0)] V [(am1---Ams, 0) A (ap...a)]
=(01,0) V (am1---Gms, 0)
= (am1-.-Qms, 0)
Hence, z A (yVz)=(xAy)V(zA2)
Subcase 3a;.
Let am1 = ap1, Gm2 = Qp2, ... Gt = Qpt, t < S,
Ay ooy Qmsy Qpls ooy Apg € {Qp, ..y}
Now, A (y V 2) = (am1---Qms, 0) A [(ap1..-0pg, 0) V (ayp...a;)]
= (Am1-.-Gms, 0) A (ap...a,)
= (Am1...Qms, 0)
(xAY) V(T A2)=[(am1--Qms, 0) A (ap1..-Qpg, 0)] V [(@m1...Qms, 0) A (ap...ar)]
=(01,0) V (am1-.-Gms, 0)
= (Am1---Qpms, 0)
Therefore, t A (yV z) = (x Ay) V (z A 2)
Subcase 3b.
Let am1y vy Gms & {ap, ..oy ar }y
Ap1, ooy Qpg € {ap, ..., 01}
Now, A (y V 2) = (am1---Qms, 0) A [(ap1..-Gpg, 0) V (ayp...a,)]
= (Am1---Qms, 0) A (ap1...QpgQp...ax)
= (0L70)
(xAYy) V(T A2)=[(am1--Qms, 0) A (ap1..-Apg, 0)] V [(@m1...Qms, 0) A (ap...ar)]
= (0.,0) Vv (0z,0)
= (OLaO)
Hence, x A (yVz) = (x Ay)V (A 2)
Subcase 3c.
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Let ami, ... Gms € {ap, ..., a1},
Aply ooy Upg € {ap, ...y ar}
Now, z A (y V 2) = (a@m1.--Ams, 0) A [(ap1...apq, 0) V (ayp...ar)]
= (Am1-.-Qms, 0) A (ap...a,)
= (am1---Ams, 0)
(x Ay)V(x A 2) = [(am1--Qms, 0) A (@p1...0pg, 0)] V [(Am1---Qms, 0) A (ap...a)]
= (01,0) V (am1---Gms, 0)
= (Am1---Qms, 0)
Hence, z A (yVz)=(x Ay)V (z A 2)
Subcase 3d.
Let amiy vy Gms & {ap, ..., ar },
Ap1y ooy Gpg & {ap, ...y ar}
Now, A (y V 2) = (am1---Qms, 0) A [(ap1..-Gpg, 0) V (ayp...a,)]
= (Am1---Qms, 0) A (Qp1...ApgQp...ax)
= (0L70)
(xAYy) V(T A2)=[(am1--Qms, 0) A (Ap1...Gpg, 0)] V [(@m1...Qms, 0) A (ap...a)]
= (0£,0) v (0,0)
= (OLao)
Hence, z A (yVz)=(x Ay)V (z A 2)
Case 4.
Let © = (am1---Qms; 1),y = (ap1...apg, 1) and z = (ap...a,),p <r <n
Subcase 4a.
Let ami, ..y Gms € {ap, ..., a1},
Ap1y ooy Gpg & {ap, ..y ar}
Now, 2 A (y V 2) = (@m1.--Qms, 1) A [(ap1...apq, 1) V (ap...a,)]
= (Am1---Qms, 1) A (p1...QpqQp...ax)
= (am1---Ams, 1)
(e Ay)V(xA2)=[(am1--Qms, 1) A (@p1...apg, )] V [(@m1---Qms, 1) A (ap...a,)]
= (01,1) V (am1---Gms, 1)
= (Am1--Ams, 1)
Hence, z A (yVz)=(x Ay)V (z A 2)
Subcase 4a;.
Let api = a1, Qo = Qpo, ..y Gt = Qpt, t < S,
Ay ooy Qmsy Qpls ooy Qpg € {Qpy ..oy 0y}
Now, A (y V 2) = (am1---Qms, 1) A [(ap1..-Gpg, 1) V (ayp...a,)]
= (Am1-.-Qms, 1) A (ap...a;)
= (@m1--Ams, 1)
(xAYy) V(T A2)=[(am1--Qms, 1) A (ap1...pg, )]V [(@m1.e-@ms, 1) A (ap...a)]
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=(01,1) V (am1---Qms, 1)
= (Am1--Qms, 1)
Therefore, t A (yV z) = (x Ay) V (z A 2)
Subcase 4b.
Let am1y s Gms & {ap, ...y ar }y
Aply ooy Apg € {ap, .y ar }
Now, A (y V 2) = (am1---Qms, 1) A [(ap1..-Gpg, 1) V (ayp...a,)]
= (am1.-.ams, 1) A (ap...a,)
= (0r,1)
(@ Ay)V(x A 2) = [(am1--Qms, 1) A (ap1...0pg, )] V [(@m1---Gms, 1) A (ap...a,)]
= (0r,1) vV (0g, 1)
= (OLv 1)
Hence, z A (yVz)=(x Ay)V(zA 2)
Subcase 4c.
Let ami, ..y Gms € {ap, ..., a1},
Ap1y ooy Gpg € {ap, ..oy ar}
Now, A (y V 2) = (am1---Qms, 1) A [(ap1.--Gpg, 1) V (ayp...a,)]
= (Am1-.-Qms, 1) A (ap...a,)
= (Am1--Qms, 1)
(xAY) V(T A2)=[(am1--Cms, 1) A (ap1..-Gpg, )]V [(@m1.e Gms, 1) A (ap...ar)]
=(01,1) V (am1---Gms, 1)
= (aml...ams, 1)
Hence, x A (yVz) =(x Ay)V (A 2)
Subcase 4d.
Let am1s s Gms & {ap, .., ar },
Aply -y Apg & {ap, .var}
Now, 2 A (y V 2) = (@m1.--Qms, 1) A [(ap1...apq, 1) V (ap...a,)]
= (Am1--Qms, 1) A (Qp1...QpqQyp...ar)
= (0g,1)
(@ Ay)V(x A 2) = [(am1--Qms, 1) A (@p1...0pg, )] V [(@m1---Gms, 1) A (ap...a,)]
= (0z,1) Vv (01,0)
= (0L7 1)
Hence, z A (yVz)=(xAy)V(zA2)
Hence, in all the above cases, we see that when z,y € By x Cy and z € B, \ By,
x,1, z satisfy the distributive law.
In a similar way, in the cases when x € (By x C3) = Byy1 and y, 2z € B, \ By, it
can be proved to satisfy the distributive law. In the cases when z,vy, 2z € By and
when z,y, z € B,, \ By the result follows, as B, is distributive.
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Thus, we conclude that B, (I) is distributive.

Figure 2: B3(I) where I = [0, d]

This B;(I) is distributive but not Boolean, as it is not complemented.

Corollary 2.2. Doubling construction of a Boolean algebra by an interval contain-
g 1 1s always distributive.

3. Special Cases - A Counter example
In this section, we give a counter example in which doubling of an intermediate
interval of Bs is not distributive. The following figure B3(I) contains the sublattice

Figure 3: B;(I) where I = [a,d]
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{01, (d,0),(d,1),¢,1.} in the form of Nj, a non-modular lattice which shows that
Bs(I) is not distributive.

4. Conclusion
There is a scope of examining the effect of doubling construction in other types
of lattices.
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