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1. Introduction

Many applications are obtained using difference equation and its corresponding
difference operator V. The Laplace transform can also be used to solve differen-
tial equation and is used extensively in electrical engineering. The theory of differ-
ence equation is developed the difference operator V,u(k) = u(k) — u(k — 1), k€N,
where N is the set of natural numbers. The Laplace Transform of f(t) is defined

by L(f(t)) = [ e *!f(t)dt provided the integral exists, s is a parameter.
0

Definition 1.1. If n and ¢ are any two positive integers then the generalized pos-
itive polynomial factorial is ké") = k(k —0)(k —20)...(k — (n — 1)0), k;éo) =1 and
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kD = k.
Definition 1.2. For a given function u(k), the generalized Laplace transform is
Leu(k) = 6V u(k)e*| (1)
0

Definition 1.3. Let ¢ > 0 and u(k) and w(k) are real valued bounded functions.
Then

Vi (ulk)w(k)) = u(k)V; w(k) = VIV w(k = OVeu(k)) (2)
Definition 1.4. Let £ >0, s >0 and 1 — e # 0, then
sk
—1 sk __ €
Ve e = 1— e—s[ (3)

Definition 1.5. Let £ > 0, s > 0and 1 — e** # 0, then

—sk

1 s e
vf 16 " = 1 _ esg (4)

Definition 1.6. Let ¢ > 0 and n is a natural number, then
Vo™ = nt(k —0)i" (5)

2. Generalised Laplace Transform of Sine Series
Generalised Laplace Transform of sine series are derived below.

Lemma 2.1. Let k€(0,00) and ¢ > 0, then

1, KD (1) _gkjoo 1
VZ 56 4 Slnke € ‘0 = m (6)
Proof.
(3) (5)
- (O sk |00 _ k k (s— 00
\P Lyeke smkél)e k|0 :KVzl(kél)—%+%—-~-)e ( 1)k0 (7)
Now,
—(s—=Dk —(s=1)(k=0) 00
-1 7,(1) s—1)k (1) € _1,€
(V7 K e M = ) = V()| (From(2)& (@)
zé(k(l) e—(s=Dk e—(s—1)(k—0) )oo
1 els—1 (1 — els—DE)2"7 g
oo 1
UV kD (e Dh) | = as (=0 (8)
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Also,
JAC) / e—(s—1k e—(s=1)(k=0) 0
1M (=1 .3) -1 2
V3 e Nl = 0 T g = Vi (e 40— 0 )|
!/ 3) e~ s—1)k @ e~ s—1)(k—¢
- g(kf 1 — e(s—1¢ 3U((k = 1), (1 — els—1))2
—(s—1)(k=20) oo
s o)
vf ((1 6(5_1)6)226(]6 2£)Z ))) 0
- U, @ e—(s—1Dk @ o (s=1)(k=0)
6 ki 1 — e(s—1¢ 3U((k — 0); (1 — els—1)0)2
ot (gD —(s—1)(k—2¢0) _,, e~ (5= Dk=30) , 0 .-~
—2£(( )i (1= G103 Vi (m )))‘0 (from(2)&(4))
k) ey | 1
UV (et )‘ = Gom as (=0 9)
Continuing this process,we get
/{2(5) 0o 1
1 7(3 1)k — 1
N o )0 1) as (=0 (10)
Substituting (8), (9), (10) in ((7), we get
o0 1 1 1
VvV, Lpehe” smkél)e*‘*k‘o = — + —

(s—1)2 (s=1)" (s—=1)°

This completes the proof of (6).
Lemma 2.2. Let k€(0,00) and £ > 0, then

1 kD () k| 1
VZ fe "¢ smke e o —m (11)
Proof.
(3) (5)
_ ) (1) s _ ky k s
vV, ek sink)y e ko =V, (ky —TJFﬁ— Je~ (k|2 (12)
Now,
1 (1) (s 1R [ (1) e BHDk N A b
UV ke (e ]y = Ulke e — Vi (m)o (from(2)&(4))
—(s+1)k (D=0 oo
= (kM= - 0)
1 — e(st+1)¢ (]_ _ €(s+1)€>2 0
oo 1
UV D (e Ry = as (=0 (13)
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Also
13 / o—(s+ D)k o~ (s+1) (k=) oo
1M (s+1D)k (3) -1 (2)
UV (e IR = Sk Ty = Vi (T 3k — OF)
/ (s+1)k —(s4+1)(k—0)
— é(k 2 16_—s+1) — 30((k — ﬁ)f)m
—(s+1) (k—20) oo
_ 1€ _onM
VZ ((1 . e(s+1)4)22€<k 2€)€ ))) 0

/ o - (s+Dk —(s+1)(k—0)

— (2) €

(1 — elstDE)2

@ eCrDe- 2@) e~ (eHD(k=30) s

— 20((k —20), (1= cerDm) s \Z! (m@))‘o (from(2)&(4))
-1 kf)) (s+ 1)k |~ 1

0V (e ‘ - oo as (=0 (14)

Continuing this process,we get
k(S) o+ Dy | 1
. = 1
UV e )‘0 =y as (=0 (15)

Substituting (13), (14), (15) in (12, we get,
1, 5D ) | 1 1 1
14 k = — _
YV, ek sink, e 0 T GFI? (s+1)4+(s—|—1)6
This completes the proof of (11).

Lemma 2.3. Let k€(0,00) and ¢ > 0, then

—sk | b

Ve sinbklY e L — 16
e~k sin 0 P (sta)? (16)
Proof.
( i B b3k‘(3) ka( ) s
Ve sinbk{ Ve ’fo = v ok - . Je Tk T )
Now,
1 ~(sta)k|> 1y _e ot 1 (a0
vt bk o =k T IV 1(—+>))) (from(2)&(4))
1y (D)~ (s+ayk]™ b
¢V, bk, e = as {—0 (18)

o (s+a)
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Also
1 b3k( ) (s+a)k ) B b3 3) e—(s—f—a)k . 6—(S+a)(k—€) @) |
LV, o =k T — Ve (m%((k = 00))|,
b g etk o) e (TED
= g (k" Ty — 30k = 0); 1= clrai)
—(s4a)(k—2¢) 00
(1) € 1/ e—(sta)(k—30)
—20((k — 0); )m -V 1(W€))))‘0
b3k: o v
AV —lerak) = (—0 19
B o (s+a) @ (19)
Proceeding like this,we get
b5k(5) 0 Bo
(Ve k] = (-0 20
¢ 5 o (s+a) “ (20)
Substituting (18), (19), (20) in (17), we get
v, ! Ee‘“kél)sz’nbk(l)e_s’c __b v v —
o (s+a)? (s+a)? (s+a)s
This gives the proof of (16).
Lemma 2.4. Let k€(0,00) andl > 0, then
Ve sinbkVesk T b (21)
¢ ¢ o b+ (s—a)?
Proof.
3 o ., 00 B bSk(3) b5k(5) e |®
v, e ke smbkgl)e k . = (v, 1(bké1) - 3!£ 5!£ — e sk . (22)
Now,
—(s—a)k 00
— 1) _(s—a)k|>® 1) € 1 e—(s—a)(k—0)
EVg ! bk’é )6 ( )k‘O = ﬁb(ké )m - lvé ! W)‘O (from(Q)&(4))
“17,.0)_—(s—a)k|™ _ b
(N, bk, e S P as {—0 (23)
Also
Y (a0 T en 0D 2]
Ve e T = g T — Ve (a3 - 0D,
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b3 3) ef(sfa)k @ ef(sfa)(kfé)
—(s—a)(k—2¢) —(s—a)(k—3¢) 00
(1) e _1, €

— 2((k = 0), A= oty Ve (mf)))) .

b3k’(3) 0 b3
EV;l 3'f 6—(s—a)k‘0 = (5 — a)4 as /—0 (24)
Proceeding like this,we get

ka(5) 0 b

Substituting (23), (24), (25) in (22), we get

vl rek sinpkVe—sk| = 0 _ v v
¢ ¢ o (s—a)? (s—a)* (s—a)s

This gives the proof of (21).

Lemma 2.5. Let k€(0,00) and ¢ > 0, then

_ [CO 1) _er|®® a
V, Lpehe smaké Je=sk| " =

0o a?+(s—1)2 (26)

Proof.

CL3 ké?’) a5ké5)

V[lﬁekén sz’nakél)e_Sk — - -)e_(s_l)k}go (27)

= oV (akM -
0

3! 5!
Now,
00 —(s—1)k —(s—1)(k—0)
- 1) _(s— 1) € -1 € 00
v, (aky e 1)k>‘0 = la(k} >m A m)\o (from(2)&(4))
_ 1) —(s— & a
v, l(aké Je~ k) .= TEE as (=0 (28)
Also ,
31.(3) la3 e_(s_l)k e—(s—l)(k:—l) 0
!/ —17a’ky —(s—1)k)|>® _ =7 k’(3) -1 3((k = ¢ (2)
la (3) e—(s—D)k (2) € A
=~ (ki — 3U(((k = Oy RSP
e (D20 1o [
-V (m%((’f —20);7))) .
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€a e~ (s—Dk (2) e~ (s=1)(k—0)
e —(s—1)(k— 2() L e —(s—1)(k—3¢) 0o

—20((k - %)&”m -V <m6>>>> (from(2)&(4))

31.(3) 3
1,0k ek ‘Oo __a
AV T )0 = o) as (=0 (29)
Continuing this process,we get
51.(5) 5
_1,0°k ok ‘OO _ . a
(v, (—5! e )0 BREEE as  {—0 (30)
Substituting (28), (29), (30) in (27), we get
1 (1) (1) o0 a a’ a®
Vv, e sinak, e k| = - + — ..

o (s—=1)2 (s=1)* (s—1)8
which gives (26).

Lemma 2.6. Let k€(0,00) and ¢ > 0, then

= —— 1
V, e k! smak Sy poag (31)

Proof.

a3 ké3) (15 k‘éf))

vV, Yoo~ f)smak() sk - ~)e*(s+1)k‘go (32)

= oV, (ak) —
0

3! 5!
Now,
—(s+1)k —(s+D) (k=0 oo
-1 (1) —(s+1)k\|>® _ (m_¢€ -1 €
Vz (&kz € (s+1) )’0 —Ea(kg m gvz W) 0 (from(Q)&(él))
V_l(ak(l)e_(sﬂ)k)’oo = as {—0 (33)
¢ ¢ o (s+1)
Also
SO la®, (3 e (D e D RN
ARG I = kT — Vi (m?ﬂ(k‘—@e )))‘0
—(s+1)(k—0)
_ fa® (1.(3) e=(stD)k (2 €
= & (k" e — 3U(((k — 0), (1= cr00?
e 20) R
— Vi ( 20((k = 20)7))|,

(1 — eGHD0?
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lad | 3 e(+DE @) e (HDE=D
=— k" '— -3((k-0),) ——
6 ( 1 — els+1)e (( )f (1 _ 6(s—|—1)£)2
() e~ (s+1)(k—20) . o~ (s+1)(k=30) .
— 20((k —20), 1= ety \ (m@))) , (from(2)&(4))

(7 (=L (DR = as (=0 (34)

Continuing this process,we get

(5)
a’k, ~
51

sk [ @
)(0 Y as =0 (35)

AP

Substituting (33), (34), (35) in (32), we get
a a? a’

—1€ & k(l) —sk > —
Vv, le ke sinak, e . GIIE (seif  (r1)p
which gives (31).

Lemma 2.7. Let k€(0,00) and ¢ > 0, then

1, . 1) —sk|®® a
v, 1€3mak:§ Jesk N S (36)
Proof.
1 _sk|™® _ G3K(3) a5/{:(5) |
v, 1lsznak§1)e sk . zﬁvel(akél) - 3!£ 5!6 — e o (37)
Now,
—sk
_ VRN B e 1 e—sk—0) (|
09 akVe )| " =tk T = V)| (from(2)&(9)
—sk —s(k—1) 0o
— la(kVS— — € Ol
alh L—est  (1—e)?"lo
évzl(akél)e_Sk) Yo % as {—0 (38)
oS
Also
3k(3) 00 Las e~k efs(kfé)
¢ —1, ARy —sk - (3) 1 3l /{Z—l(2) oo
Vi (e )| = G T — v (- D))
la3 3) e—sk @) e—s(k—l)
=5 W e
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S ok — 2O
-V (m ((k —210), )))0
la3 3) e—sk @ e—s(k—l) (1) e—s(k—2l)
=—(Fk"T—— =3l((k=1)) ———= = 2l((k=2l);) ' ————=
6 ( l 1—68l (( )l (1 _651)2 (( )l (1—€Sl)3
. efs(kf?)l) 00
=V ()|, (From(@))
- a3k(3) IPNES a3
€V£1(3—fe )0 = as (=0 (39)
continuing this process,we get
- PEFAC) NE ad
AV 5!5 e k)‘o =3 as (=0 (40)
substituting (38), (39), (40) in (37), we get
S, ) gl a add ad
V. Ulsinak, e ‘0 :?—;—F—G—---
This completes the proof of (36).
00 1
Corollary 2.8. Let k€(0,00) and £ > 0 , then V[lﬂsinkél)e*Sk R P

3. Conclusion

The properties of generalized discrete Laplace transform of sine series are stud-
ied and using exponential and sine series interested results were occurs.Using the
new properties the researcher approaches the sine series.
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