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Abstract: Let G be a graph. A k—vertex weighting of a graph G is a mapping
w: V(G) — {1,2,3,...,k}. A k—vertex weighting induces an edge labeling f,, :
E(G) — N such that f,(uv) = w(u) + w(v). Such a labeling is called an edge-
coloring k—weighting if f,(e) # fu(€¢') for any two adjacent edges e and €’. Denote
by /(G) the minimum k for G to admit an edge-coloring k—vertex weighting. In
this paper, we determine p/(G) for some product graphs.
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1. Introduction and Preliminaries

Let G be a graph. For general notations and definitions we follow [1].

In [6], edge-coloring vertex-weighting introduced by WC Shiu et al.

A mapping w : V(G) — {1,2,3,...,k} induces a edge labeling f,, : E(G) - N
such that f,,(uv) = w(u)+w(v) is the sum of the weighting of the adjacent vertices.
Such a labeling is called an edge-coloring k-vertez-weighting if f,(e) # fu(€’) for
any two adjacent edges e and ¢’. Denote by p/(G) the minimum k for G to admit
an edge-coloring k—vertex weighting.
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Note 1. /(G) = 1 if and only if every component of G is a Ks.

Note 2. Suppose w is an edge-coloring k—vertex weighting of G. If v and v have
a common neighbor in G, then w(u) # w(v). This is also a sufficient condition for
an edge-coloring vertex-weighting.

Note 3. let x/(G) be the chromatic index of G. Then p/(G) > x'(G). Hence
' (G) > A(G), where A(G) is the maximum degree of G.

In [6], WC Shiu, GC Lau and HK Ng are determined edge-coloring vertex-
weightings for paths, cycles, complete graphs, complete bipartite graphs, wheel
graph, gear graph, Cartesian product of paths, Cartesian product of P, with C,,
double star graphs, trees, tadpole graph, lollipop graph, spider graph, theta graph
and long dumbbell graph.

In this paper, we determined edge-coloring vertex-weightings for P,,[J1C,,, /C,,,[IKC,,
for some positive integers m and n.

2. Main Results

Theorem 2.1. Forn > 3, /(Ko OK,) = n.

Proof. Let the vertices of KoK, be v;;, @ € {1,2} and 1 < j < n. First,
we prove that p/ (Ko OK,) < n. Assign the weighting to vertices of Ky K, by
w(v;) = g, i € {1,2} and 1 < j < n. Next, we prove that /(K. OK,) > n.
Since, A(K,OK,,) = n, and by Note 3, ¢/ (Ko OK,,) > n. Thus, ¢/(K.OK,) = n.
This completes the proof.

Theorem 2.2. Form >3 andn >3, i/ (K,,0K,) = mn.

Proof. Let the vertices of K, K, be v;;, 1 < i < mand 1 < j < n. First,
we prove that p/(IC,, O K,,) < mn. Assign the weighting to vertices of IC,,, O K,, by
w(v;) = (i—1)n+j,1 <i<mandl < j < n.

Next, our aim is to prove p'(IC,, D KC,)) > mn. By Note 2, vertices of copy of K,
in the first row will receive the weighting v1; = j, 1 < j < n, since K,, is complete
graph all vertices receive distinct label. In the second row, the copy of IC,,, suppose
the vertex vy label by any of {1,2,3,...,n} it contradict Note 2, since the vertices
vg1 and vy; = j, 1 < 7 < n have a common neighbor. In general, any two vertices
in IC,,, K, have a common neighbor. So, no two distinct vertices receive same
weighting. There are mn vertices in I, O KC,,. Hence, p/(KC,, DK,,) > mn. Thus,
(K OK,) = mn. This completes the proof.

Theorem 2.3. Forn > 4, n#2( mod 4), x/(Ps0C,) = 4.

Proof. Let the vertices of PsUJC, bev;j, 1 < i < 3and1 < j < n.

Case 1. n=0( mod 4).

First, we prove that p/(Ps0C,) < 4. Assign weight 1 to vertices vy;, j is congruent
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to 1, 2 modulo 4, and to vertices vs;, j is congruent to 0, 3 modulo 4. Assign weight
2 to vertices vy, j is congruent to 0, 3 modulo 4, and to vertices vs;, j is congruent
to 1, 2 modulo 4.

Assign weight 3 to vertices vy;, j is congruent to 0, 1 modulo 4, and assign
weight 4 to vertices vy, j is congruent to 2, 3 modulo 4. Since, A(P;0C,) = 4
and by Note 3, p/(P30C,,) > 4. Thus, 1/ (P;0C,) = 4.

Case 2. n=1( mod 4).
First, we prove that p/(Ps0C,) < 4.

Assign weight 1 to vertices vy, j is congruent to 1, 2 modulo 4, j # n, to vertex

Ua(n—1), and to vertices vs;, j is congruent to 0, 3 modulo 4, j # n—2. Assign weight
2 to vertices vy, j is congruent to 0, 3 modulo 4, to the vertex vy, and to vertices
vs;, j is congruent to 1, 2 modulo 4, j & {2,n}. Assign weight 3 to the vertex vy,
to vertices vy;, j is congruent to 0, 1 modulo 4, j # n — 1, and to the vertices
U32, Uz(n—2) and assign weight 4 to vertices vy;, j is congruent to 2, 3 modulo 4,
and the vertex vs,. Since, A(P;0C,) = 4 and by Note 3, ¢/(P3;3C,,) > 4. Thus,
Case 3. n = 3( mod 4).
First, we prove that 1/(Ps0C,) < 4. Assign weight 1 to vertices vy;, j is congruent
to 1, 2 modulo 4, j # n — 1, to vertex vyp,—2), and to vertices vs;, j is congruent
to 0, 3 modulo 4, j # n — 3. Assign weight 2 to vertices vy}, j is congruent to 0, 3
modulo 4, to the vertex vs,, and to vertices vs;, j is congruent to 1, 2 modulo 4,
J & {1,n —1}. Assign weight 3 to the vertex vy(,_1), to vertices vy;, j is congruent
to 0, 1 modulo 4, j # n — 2, and to the vertices vs;, v3(,—3) and assign weight 4 to
vertices vy;, j is congruent to 2, 3 modulo 4, j # n, and the vertex vs(,_1). Since,
A(Ps0C,) = 4 and by Note 3, p/(Ps0C,) > 4. Thus, p/(Ps0C,) = 4. This
completes the proof.

Theorem 2.4. Forn > 4, n # 2(mod 4), /' (P,OC,) = 4.

Proof. Let the vertices of P,LIC, bev;;,1 <i < 4and1 < j < n.

Case 1. n=0( mod 4).

First, we prove that /(P4 0C,) < 4. Assign weight 1 to vertices vy;, j is congruent
to 1, 2 modulo 4, and to vertices vs;, j is congruent to 0, 3 modulo 4. Assign weight
2 to vertices vy, j is congruent to 0, 3 modulo 4, and to vertices vs;, j is congruent
to 1, 2 modulo 4. Assign weight 3 to vertices vy, j is congruent to 0, 1 modulo 4,
and to vertices vy, j is congruent to 2, 3 modulo 4, and assign weight 4 to vertices
v9j, 7 is congruent to 2, 3 modulo 4, to vertices vyj, j is congruent to 0, 1 modulo
4. Since, A(P,0C,,) = 4 and by Note 3, ¢/(P,3C,) > 4. Thus, ¢/(P,OC,) = 4.
Case 2. n=1( mod 4).

First, we prove that ¢/(P,0OC,) < 4.
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Subcase 2.1. n = 5.

Assign weight 1 to vertices vi1, V12, Vag, V34, Va1, Vsa.

Assign weight 2 to vertices v13, V14, Va1, V31, V43, V4.

Assign weight 3 to vertices vys, Va5, V32, U33. Assign weight 4 to vertices vog, Va3, Uss, Uss.
Since, A(P30C5) = 4 and by Note 3, p/(P40C5) > 4. Thus, p/(P,OC;5) = 4.
Subcase 2.2. n > 9.

Assign weight 1 to vertices vy, j is congruent to 1, 2 modulo 4, j # n, to
vertex vy(,—1), to vertices vs;, j is congruent to 0, 3 modulo 4, j # n—2, and to the
vertices v41, Vy(n—3). Assign weight 2 to vertices vy;, j is congruent to 0, 3 modulo
4, to the vertex vq, to vertices vs;, j is congruent to 1, 2 modulo 4, j ¢ {2,n}, and
to vertices v43, Vg(n—1)-

Assign weight 3 to the vertex vy, to vertices vy;, j is congruent to 0, 1 modulo
4, 7 & {1,n — 1}, to the vertices vss, v3(,—2) and to vertices v4j, j is congruent to
2, 3 modulo 4, j & {3,n — 3}, assign weight 4 to vertices vy, j is congruent to
2, 3 modulo 4, the vertex vs,, and to vertices v4;, j is congruent to 0, 1 modulo
4, j # n — 1. Since, A(P,0C,) = 4 and by Note 3, ¢/(P,0OC,) > 4. Thus,
,u,(’P4DCn) = 4.

Case 3. n=3( mod 4).

First, we prove that p/(P,0C,) < 4. Assign weight 1 to vertices vy;, j is congruent
to 1, 2 modulo 4, j # n — 1, to vertex vy,,—9), to vertices vsj, j is congruent to 0, 3
modulo 4, j # n—3, and to vertices vy(,—4), Van. Assign weight 2 to vertices vy;, j is
congruent to 0, 3 modulo 4, to the vertex vy,, to vertices vs;, 7 is congruent to 1, 2
modulo 4, j & {1,n — 1}, and to vertices v42, Va(,—2). Assign weight 3 to the vertex
V1(n—1), tO vertices vy;, j is congruent to 0, 1 modulo 4, j # n — 2, to the vertices
V31, Us(n—3), and to vertices vy, j is congruent to 2, 3 modulo 4, j & {2,n —4,n},
assign weight 4 to vertices vy, j is congruent to 2, 3 modulo 4, j # n, the vertex
v3(n—1), and to vertices vy;, j is congruent to 0, 1 modulo 4, j # vy;,—2). Since,
A(P,0OC,) = 4 and by Note 3, ¢//(P,0OC,) > 4. Thus, p/(P,OC,) = 4.

Theorem 2.5. Form € {3,4}, ¢/(P,,0C3) = A(P,,0C3) +1 = 5.

Proof. Let the vertices of P,,, 1C3 be v;j, 1 <4 < mand1 < j < 3.

Case 1. m = 3.

First, we prove that p/(P30C3) < 5. Assign weight 1 to the vertices vq1, v33, assign
weight 2 to the vertices vy, v31, assign weight 3 to the vertices vy3, vo3, assign weight
4 to the vertex vqq, assign weight 5 to the vertices vgg, v32. Since, A(P,, 1C3) = 4,
p' (P, OC3) > 4. Suppose assume that p/(P,, OC3) = 4. In the Cartesian product
of P30 Cs, the first row will be the copy of C3, by note 2, the vertices v11, v12, v13 will
receive different weight, without loss of generality, assume that vyq, vi2, v13 Teceives
1, 2, and 3 respectively.
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Next, assign weight to vy;. Since, v9; adjacent to vy;, we can assign weight to
the vertex vg; by either 1 or 4, suppose vo; receive 2 or 3 it contradicts note 2.
Subcase 1.1. Assume that w(ve;) = 1, similarly, assign weight to vy by 2 or 4 and
assign weight to v3 by 3 or 4. Without loss of generality, assume that w(vy;) = 1,
w(vg) = 2, w(ve3) = 3. Now, assign weight to vy, since, v9; adjacent to vq1, vag, vog
vgy and wqy, Ugg, V93 Teceived colors 1, 2 and 3 respectively. By note 2, v3; receive
weight 4. Next assign weight to wvsp. Since, vey adjacent to v, vy, Vo3, V32 and
V12, Ua1, V93 Teceived colors 1, 2 and 3 respectively, so v3, must receive weight 4, by
note 2. Hence, w(vs;) = w(vs;) = 4, which contradicts that vs; and vse have the
common neighbor vs3. Thus, w(vse) = 5.

Subcase 1.2. Assume that w(vy) = 4. By note 2, w(ve) = 2, w(veg) = 3.
Similarly, by note 2, w(vs;) = 4, and w(vs2) = 1. The adjacent vertices of vy3 are
V13, Va1, Ugo Teceives weights 3, 4 and 2 respectively, then w(vs3) must be 1 which
contradicts that vs3 and vss have a common neighbor vs;. Hence, w(vs3) = 5. Same
way we can prove for other possible cases.

Case 2. m = 4.

First, we prove that p/(P,O0C3) < 5. Assign weight 1 to the vertices vy, v33, V43
assign weight 2 to the vertices vqo, v31, assign weight 3 to the vertices vi3, Va3, V4o
assign weight 4 to the vertices vq1, v37 assign weight 5 to the vertices vgg, v32. Since,
A(P,,0OC3) = 4, 4/ (P,,OC3) > 4. Suppose ' (P,, JC3) = 4, then we will get the
contradictions as we discussed previous case. Hence, 1/(P,,0C;3) = A(P,,0C3) +
1 = 5. This completes the proof.

3. Conclusion
We determined edge-coloring vertex-weightings for P,, C,, K,, I, for some
positive integers m and n.
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