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1. Introduction

Intuitionistic fuzzy sets were first introduced by Atanassov [1] in 1993, then
Coker [2] introduced the notion of Intuitionistic fuzzy topological space in 1997. In
2005, Garcia and Rodabaugh [3] proved that the term intuitionistic is unsuitable
in mathematics and applications and they introduced the name double for the
term intuitionistic. In the past two decades many researchers [5, 6, 13] doing more
applications on double fuzzy topological spaces. From 2017, Mubarki et al., [7]
introduced and studied some properties on Z,-open sets and maps in topological
spaces. In this paper we introduce (¢, 0)- fuzzy Z,-open, (9, o)-fuzzy Z,-closed
sets and study some of their properties in double fuzzy topological spaces.

2. Preliminaries

Throughout this paper, U will be a non-empty set, I is the closed unit interval
[0,1], Iy = (0,1] and I = [0,1). A fuzzy set u is quasi-coincident with a fuzzy set
v denoted by pqu iff there exists u € U 3 p(u) + v(u) > 1 and otherwise they are
not quasi-coincident which denoted by pugr. The family of all fuzzy sets on U is
denoted by IY. By 0 and 1, we denote the smallest and the largest fuzzy sets on
U. For a fuzzy set p(u) € IV, 1 — u(u) denotes its complement. For u € U, 9 € I,
a fuzzy point uy is defined by uy(v) = ¥ if u = v for all other v, uy(v) = 0.

Definition 2.1. [10] A double fuzzy topology (I, ™) on U is a pair of maps
I, I IV — I, which satisfies the following properties:

(01) I'(n) <1—I*(n) for eachn € IY.

(02) I'(m Ama) > I'(m) A L'(n2) and T*(nqu Amz) < IT*(m) V I (2) for each
m, N2 € 1Y,

(03) FU(V]EF ) < Njer F(my)) and I*(V;crmy) < Vjep I*(ny) for each n;, €
IV, er.

The triplet (U, I',I"*) is called a double fuzzy topological space (briefly, dfts).
A fuzzy set n is called an (¥, 0)-fuzzy open (briefly (¥, 0)-fo) set if I'(n) > ¥ and
I'*(n) < o, n is called an (9, 0)-fuzzy closed (briefly (¥, 0)-fc) set iff 1 —n is an
(9, 0)-fo set.

Definition 2.2. [4] Let (U,I',I"*) be a dfts. Then double fuzzy interior (briefly,
Irr+(p, 9, 0)) and double fuzzy closure (briefly, Cr r«(p, ¥, 0)) operators are defined
from IV x Iy x I} = IV as follows

Inp(p.0,0) = \/ {p € IV |n < p, () =9, T"(p) < 0},
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Cror(pd,0) = N{n €1V ln=p, M1 —p) =9, T*(1—p) < o},
where ¥ € Iy and o € I; such that 9+ o < 1.

Definition 2.3. [9] Let (U, I,I'*) be a dfts. Then for each ¥ € Iy, a fuzzy set
p € 1Y, is said to be (0, 0)-fuzzy reqular open (resp. closed) (briefly (9, 0)-fro
(resp. (¥,0)-frc)) set if p = Irr«(Crr«(p,9,0),9,0) (resp. 1 — p is (V,0)-fro
set).

Definition 2.4. [8] Let (U, I',I'*) be a dfts. Then for each ¥ € Iy, and for fuzzy
set p € IV, we define the operators 0Crr+ and dIp . IV x Iy x I, = 1Y as follows

0Irr+(p, 9, 0) = \/ {p € IV| < p,pis an (9, 0)-fro} ,

0Crr-(p,9,0) = [\ {u € Il > p, pis an (9, 0)-fre} .

Definition 2.5. [8, 5, 12] Let (U, I',I'*) be a dfts. Then for each ¥ € Iy, a fuzzy
set p € IV, is said to be (U, 0)-fuzzy

(1) 0 pre (resp. semi & e ) open (briefly (¥, 0)-fdpo (resp. (¥, 0)-fSo & (9, 0)-
feo)) setif p < Irp-(0Crr+(p, 9, 0),9, 0) (resp. p < Crr-(Irp-(p, ¥, 0),7, 0)
& p < Crr«(6Irr(p. Y, 0),9,0) V Irr-(0Crr+(p, ¥, 0),9, 0) ).

(7i) o (resp. § semi, b & Z) open (briefly (¥, 0)-fao (resp. (9,0)-féSo, (U, 0)-
fbo & (V,0)-fZo)) set if p < Irr«(Crr-(Irr(p, 9, 0),79,0),9,0) (resp. p <
Cr,r+(6Ir,r-(p,v,0),9,0), p < Crr-(Ir,r-(p, 9, 0),9,0) V Ir,r«(Cr,r-(p, 9, 0),
V,0& p < Crpr-(0Irr-(p,9,0),9,0) V Irr«(Crr-(p,9,0),9,0)).

(iii) & pre (resp. semi, o, e, 0 semi, b & Z ) closed (briefly (¥, 0)-fopc (resp.
(19’ Q)-fSC, (19’ Q)“fac; (197 Q)'fec; (19’ Q)_f5807 (797 Q)'fbc & (197 Q) _fZC)) set
if 1=pis an (9, 0)-fopo (resp. (U, 0)-fSo, (J, 0)-fao, (J, 0)-feo, (¥, 0)-fSo,
(9, 0)-fbo & (9, 0)-fZo).

Definition 2.6. [8, 5, 12| Let (U, I, I'*) be a dfts. Then for each ¥ € Iy, and for
fuzzy set p € IV, we define the operators dSCr.r« (resp. aCrp«) and §SIrp~ (resp.
alpp): 1Y x Iy x I} — IV as follows

08Ir,r- ( resp. odpp+)(p,9,0) =\ {p € IV |u < p,pis an (9, 0)-f6So
(resp. (V,0)-fao)},

dSCrr+ (resp. aCrr+)(p, v, 0) = \ {,u € IV|u> p,uis an (9, 0)-fdSc
(resp. (9, 0)-fac)}.

Definition 2.7. [11, 12] In a dfts, (U, I, I'*) A fuzzy set v € 1Y is called an (9, o)-



4 South FEast Asian J. of Mathematics and Mathematical Sciences

fuzzy Z clopen (resp. (¥,0)- fuzzy & clopen, (¥,0)- fuzzy « clopen, (¥, 0)- fuzzy
semi clopen, (9, 0)- fuzzy v clopen, (¥, 0)- fuzzy e clopen and (9, 0)- fuzzy 6 semi
clopen) (briefly (U, 0)-fZclo (resp. (9, 0)-fdclo, (¥, 0)-faclo, (¥,0)-fSclo, (U, 0)-
frclo, (9, 0)-feclo and (9, 0)-f6Sclo )) if v is both (¥, 0)-fZo (resp. (9, 0)-fdo,
(9, 0)-fao, (9, 0)-fSo, (9, 0)-fyo, (¥,0)-feo and (¥, 0)-f0So ) set and (¥, 0)-fZc
(7"68]9. (197 Q)'f607 (197 Q)‘fOCQ (797 Q)-fSC, (197 Q)-fVC; (197 Q)'fec and (797 Q)_f(SSC )

set.
3. An (¥, 9)- fuzzy Z, open sets

Definition 3.1. Let (U, I, I'*) be a dfts, p,u € IV, 9 € Iy and o € I, such that
¥4 0 < 1, then the fuzzy set p is called an

(i) (9, 0)-fuzzy Zy open (briefly (9, 0)-fZa0) set if p < Ir,p-(Crr«(Ir,r-(p; Y, 0),
197 Q)? 197 KQ) \ CF,F* <5IF,F*(pJ 197 Q)J 197 Q)

(i) (U, 0)-fuzzy Zy, closed (briefly (V, 0)-f Zac) setif p > Cr,r-(Ir,r+(Cr,r«(p, ¥, 0),
797 Q)? 197 (Q) A IF,F* (5CF,F*(p; 197 Q)a 797 Q)

Definition 3.2. Let (U, I, ") be a dfts, then the

(i) union of all (9, )-f Z0 sets contained in p is called the (U, 0)-fuzzy Z, interior
Of P (b?"i@ﬂy, ZaIF,F* (p7 297 Q))

(ii) intersection of all (¥, 0)-fZ.c sets containing p is called the (¥, 0)-fuzzy Z,
closure of p (briefly, ZoCr.r«(p, U, 0)).

Proposition 3.1. Let (U, I, I"*) be a dfts, p,u € IV, 9 € Iy and o € I, then (i)
ZoIrr+(0,9,0) =0, and ZoIrr+(1,9,0) =1, Vr € Iy, s € L. (ii) Z,Crr+(0,9, o)
=0, and Z,Crr+(1,9,0) = 1, Vr € Iy, s € 1. (iit) 1 — Z,Irr-(p,9,0) =
ZaCF,F*(l - P, 197 Q) (ZU) l - ZaCF,F* (pa 197 Q) = Za[F,F* (l - p7797 Q) (U) [f,O < %
then ZoIrr-(p,0,0) < Zolrr-(p,9,0). (vi) If p < p then Z,Crr-(p,0,0) <
ZoCrr (1,9, 0).
Definition 3.3. Let (U, I,I"*) be a dfts, p € IV, 9 € Iy and o0 € I, p is called
an (0, 0)- fuzzy ZoQ-neighborhood of uy € P,(U) if there exists an (¥, 0)-fZy0 set
n € IV such that u; q n and n < p.

The family of all (9, 0)-fuzzy Z,Q-neighborhood of u; is dented by Z,Q-(u, 9, 0).

Theorem 3.1. Let (U, I',I'*) be a dfts, for each p,n € IV, 9 € Iy and o € I, such
that 9 + o < 1, then the operator (¥, 0)-Z,Crr+ satisfies the following statements

(Z) P S ZaCF,F* (Pﬂ?, Q)
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(it) ZoCror-(pVn,9,0) > ZoCrr-(p,9,0) V ZoCr,r+(n,9, 0).
(iii) ZoCrr-(p An,9,0) < ZoCrr-(p, ¥, 0) N ZoCr.r«-(n, 9, 0).
(v) ZoCrr«(ZoCrr-(p,9,0),9,0) = ZoCrr«(p, 9, 0).

(v) If p is (V,0)-fZ,C set then Z,Crr«(p, v, 0) = p.

(vi) If n is (9, 0)-fZao set thenn q p iff n ¢ ZoCrr+(p, 9, 0).

Proof. Straight forward.

Theorem 3.2. Let (U, I', I'*) be a dfts, for each p,n € IV, 9 € Iy and o € I, such
that ¥ + o < 1, then the operator (U, 0)-ZyIr - satisfies the following statements

(i) p = Zalrr-(p, 0, 0).

(i1) ZoIrr-(pNV n,0,0) > Zolrr-(p,9,0) V Zolrr-(n,9,0).
(iit) ZoIrr-(p A, 0, 0) < Zodrr(p, 0, 0) N ZoIprr+(n, 9, 0).
(v) Zolrr(Zolrr+(p,9,0),9,0) = Zolrr«(p, 9, 0).

(v) If p is (¥, 0)-fZao0 set then ZoIrr+(p, ¥, 0) = p.

Proof: Straight forward.

Theorem 3.3. Let (U, I, ) be a dfts, for each p € IV, ¥ € Iy and o € I, such
that 9 + o0 < 1, then

(i) Every (V,0)-foo set is (U, 0)-fo set.
(ii) Buvery (9,0)-fo set is (9, 0)-fao set.
(iii) Every (9, 0)-fao set is (9, 0)-f Zy0 set.
(iv) Every (¥, )-fdoo set is (U, 0)- foSo set.
(v) Bvery (9, 0)-f0So set is (0, 0)-f Zao set.
(vi) Every (¥, 0)-f6So set is (U, 0)- feo set.
(vii) Every (9, 0)-fZao0 set is (9, 0)- fZo set.
(viii) Every (9, 0)-fZy0 set is (¥, 0)- fSo set.
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(iz) Every (¥, 0)-fSo set is (¥, 0)- fvyo set.
(x) Every (¥, 0)-fZo set is (U, 0)- fyo set.
(xi) Every (U, 0)-fZo set is (¥, 0)- feo set.

Proof: Obvious.

Remark 3.1. The converse of the above theorem, in general, need not be true by
the following examples.

Example 3.1. Let U = {5,,5,5.} and let the fs’s ay,ay and a3 defined as
a1(52) = 0.3, a1(5) = 0.4, a1(5.) = 0.5, as(5,) = 0.6, az(5y) = 0.9, an(5.) =
0.5, az(5,) = 0.4, as(5y) = 0.7 and a3(5.) = 0.5. Consider the double topology
(I, I'*) defined as

1, if p€{0,1}, 0, ifpe{0 1}
I'(p) = %7 if p € {a1,az}, I"(p) = %7 if p € {a1, a2},
0, Otherwise. 1, Otherwise.

Then the fuzzy set

(i) o is an (3,3)-fZa0 set but not an (3,1)- f0So set.

(i) as is an (3,3)-fZo set but not an (3, 3)- fZa0 set.

Example 3.2. Let U = {5,,5,5.} and let the fs’s oy to a7 defined as «a;(5,) =
0.2, ay(5) = 0.3, a1(5.) = 0.5; an(5,) = 0.6, as(5y) = 0.5, as(5.) = 0.5;

a3(5,) = 0.6, az(5y) = 0.7, as(5.) = 0.5; a4(5,) = 0.7, ay(5y) = 0.6, ay(5.) = 0.5;
as(5,) = 0.7, as(5y) = 0.7, as(5.) = 0.5; ag(5s) = 0.61, ag(5p) = 0.6, ag(5.) = 0.5
az(5,) = 1.0, a7(5) = 0.6, a7(5.) = 0.5. Consider the double topology (I', ™)
defined as

1, if pe{0,1}, 0, ifpe{01},
I'(p) = %7 if p € {0.5, a1, a, a3}, I"(p) = %7 if p € {0.5, a1, az,as},
0, Otherwise. 1, Otherwise.
Then the fuzzy set (i) ay is an (3, 3)- fSo set but not an (3, 3)- fZ,0 set. (ii) as
is an (3, 3)- fZq0 set but not an (3,3)- fao set. (iii) ag is an (3, 3)- foo set but
not an (3, 3)- foset. (iv) ar and as are (3, 3)- fZa0 set but a5 A az = oy is not
an (3, 3)- fZq0 set.
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The others are in [12].
From the above theorem and examples, the following implications are hold.

(¥, 0)- f So—— (¥, 0)-fy0

(197 Q)_fe_> (197 Q)—fOéG—> (797 Q)‘fZa(;» (197 Q)_fZO

(9, 0)-fde » (9, 0)-f6So——— (I, 0)-feo
Theorem 3.4. Let (U, I', ') be a dfts,

(i) \ vi is an (V,0)-fZ,0 set if Vi €I, ~; be an (U, 0)-fZa0 set.

il

(i) N i is an (9, 0)-fZ,c set if Vi € I, v; be an (9, 0)-fZ,c set.

el
Proof. (i) Let 7; be an (¥, 0)-f Z,0 set, Vi € I then

i < IF7F*(CF,F*(IF,F*(’)/M197@)7197@)7197Q)\/CF7F*(5IF7F*(7i7Q979)7197@) vzeI7
=\ < \/Urr-(Crr-(Urr(7,9,0),9,0),9,0) V Crr+(8Inr+(i,9, 0), 9, 0)

i€l i€l
S IF,F* (CF,F*(IF,F*(\/ Yis 197 Q)7197 Q)a '197 Q) V CFJ_'* (5IF,F*(\/ 7i7197 &Q)vﬁv Q)
i€l el
Thus \/ ~; is an (¢, 0)-f Zy0 set.
i€l

(ii) Similar to (i).
Proposition 3.2. Let (U, I',T"*) be a dfts, for p € IV 9 € Iy and o € I,. Then the

statement

(Z) OéCF,F*(IOﬂ?? Q) = p\/ CF,F*<IF,F*<CF,F*(07197 Q)7797 9)7197 Q)
and alpr-(p, 9, 0) = p AN Irr-(Crr-(Irr-(p,9,0),79,0),7, 0).

(”) 5801_‘,1—‘*()07197 Q) =p \ ]F,F*((SCF,F*<107197 0)7197 Q) and 68]1—‘,1—‘*()07197 Q) = p A
OF,F*((s]F,F*(p7197 Q)?ﬁag)

(i) PCr,r«(p,9,0) = pV Crr-(Ir,r-(p, v, 0),9, 0) and Plrr-(p,9,0) = p N I
(Cr.r(p,9,0),9,0)
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are hold.

Theorem 3.5. Let (U, I,I"*) be a dfts, for p € IV 9 € Iy and o € I,. Then the
statements

(i) pis (¥,0)-fZ,0 set.
(it) p= Zolprr(p, 9, 0).
(ZZZ) P = Oé_[np* (p,’lg, Q) V 5S]F,F* (p7’l9, Q)

are equivalent.
Proof. (i) < (ii): Obvious.

(i) = (iii): Let p be a (9, 0)-fZn0 set. Then p < Irr«(Crp«(Irr+(p, Y, 0), 7, 0),
Y,0)V Crr«(61r,r«(p, Y, 0), U, 0). By Proposition 77,

aIF,F* (p, ’19, Q) V 58[11]“* (p, ’19, Q)

= (p A IF,F* (CF,F*(IF,F*(pa 197 9)7197 Q)? 197 Q)) \% (p A CF,F* (6[F,F* (p7197 Q)a 197 Q))
=pAUrr-(Crr-(Ir,r=(p, 9, 0),9,0),9,0)) V Crr-(6Irr-(p, Y, 0), Y, 0) = p.

(ili) = (i): Let p = adrpr=(p,9,0) V 0SIrr+(p, 3, 0). Then by Proposition 3.2,
we have

p = (NIrr-(Crr-(Irr-(p,Y,0),7,0),79,0) V (p AN Crr-(61r,r-(p,7, 0),9, 0))
S IF,F* (CF,F*(IF,F*(/); 197 Q)7797 Q)?ﬁa Q) \ CF,F* (5IF,F*(p7 197 Q)7,l97 AQ)

Therefore p is (U, 0)-f Z,0 set.

Theorem 3.6. Let (U, I,I"*) be a dfts, for p € IV 9 € Iy and o € I,. Then the
following statements are equivalent.

(i) pis (¥,0)-fZa.c set.
(it) p = ZaCr,r+(p, 9, 0).
(iti) p = aCrr«(p,¥,0) NOSCrr«(p, 7, 0).

Theorem 3.7. Let (U, I',I"™) be a dfts, for p,n € IV 9 € Iy and o € I, where n is
an crisp subset such that

(i) I'(n) 29, I'*(n) < o if pis an (U, 0)-f Zao set, then p An is an (9, 0)-f Za0
set.
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(it) I'(L—mn) > 9, I'"(L—mn) < o if pis an (V,0)-fZuc set, then p\V n is an
(9, 0)-fZc set.

Proof. (i) Let p is an (4, 0)-fZ,0 set, and a crisp set n € IV with I'(n) >
U, I'*(n) < o, then
pAN

S ([F,F* (CF,F* (IF,F* (pa 197 Q)a 197 Q)> 197 Q) \Y CF,F* (6IF,F* (p: 197 Q)a 197 Q)) A n
= (Urr(Crr(Irr<(p,9,0),9,0),9,0) An)V (Crr=(0Ir,r-(p, 9, 0), 9, 0) A )
S ([F,F* (CF,F* (IF,F* (P A m, 797 Q)? 197 Q); 197 Q)) V (CF,F* (611",[‘* (P A n, 197 Q)? 197 Q))

Hence p A n is an (9, 0)-f Z,0 set.
(ii) Similar to (i).

Theorem 3.8. Let (U, I',I'*) be a dfts, for pe IV, ¥ € Iy and o € I
(1) If I'(p) > r and I'*(p) < o then p is an (¥, 0)-fZ,0 set.

(it) Irp«(p,v,0) is an (9, 0)-fZa0 set.

(111) Crr+(p,9,0) is an (U, 0)-fZyc set.

Proof. Form the definition of dfts, I r«(p, ¥, 0) and Crr«(p, 9, 0), it can be easily
verified.

4. (9, 0)- fuzzy Z, clopen sets

Definition 4.1. In a dfts, (U, I, T"*) a fuzzy set v € 1Y is called an (9, 0)- fuzzy
Zy clopen (briefly (9, 0)-fZyclo) if v is both (¥, 0)-fZ,0 set and (¥, 0)-fZ,c set.

Proposition 4.1. In a dfts (U, I, "),
(i) 0 and 1 are (U, 0)-f Z,clo sets.
(ii) If v € IV is (9, 0)-f Zaclo set then so is (1 —v).
(iii) If v, € IV are (9, 0)-f Zuoclo sets then vV p and v A i are (9, 0)-f Zaclo set.

(iv) The set of all (9, 0)-fZyclo sets may be used as a basis for a double fuzzy
topology. Whereas the set of all (9, 0)-fZ,0 sets do not form a basis for a
double fuzzy topology.

Definition 4.2. Let (U, I', ") be a dfts, then the
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union of all (9, 0)-fZ.clo sets contained in n is called the (¥, 0)- fuzzy Z,
clopen interior of n (briefly, ZoIfr.(n, 9, 0)).

intersection of all (9, 0)-fZ.clo sets containing n is called the (9, 0)- fuzzy
Zo clopen closure of n (briefly, ZoC¥r.(n,9, 0)).

Proposition 4.2. In a dfts (U, I, '), Vy,v € 1Y,

(CL) Zoc]]c“?]“* (Q7 19’ Q) - Qa (l’fld Za-llc"?[‘* (la 197 Q) = l

(b) If n < v then ZoIPr. (0,9, 0) < ZoIFp-(v,9, 0).

(¢) ZoIfFp-(n,9,0) < Zolrr«(n,9,0) <0 < ZoCrr+ (0,9, 0) < ZoCFp-(n, 9, 0).
(d) ZQI;?F* (Za[;?l“* (777 v, Q)? v, Q) = Za[lc“,oF* (777 v, Q)‘
(¢) L= ZuIFr.(n,9,0) = ZoCp. (L = 0,7, 0).

(f) If nis (9, 0)-f Zaclo set then ZoCpp.(n,9,0) =n = Zolfp(n,7, 0).

1]

[6]
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