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1. Introductions, Notations and Definitions:
As usual, for a and q complex numbers with |q| < 1, define

[a; q]0 = 1

[a; q]n = (1− a)(1− aq)(1− aq2)...(1− aqn−1), for n ∈ N,

[a1, a2, a3, ..., ar; q]n = [a1; q]n [a2; q]n [a3; q]n ... [ar; q]n ,

[a; q]∞ =
∞∏

r=0

(1− aqr).

An rΦs basic hypergeometric series is defined by

rΦs

[
a1, a2, a3, ..., ar; q; z
b1, b2, b3, ..., bs

]

=
∞∑

n=0

[a1, a2, a3, ..., ar; q]n
[q, b1, b2, b3, ..., bs; q]n

[
(−)nqn(n−1)/2

]1+s−r
zn. (1.1)

A poly-basic hypergeometric series is defined as,

φ

[
a1, a2, ..., ar : c1,1, ..., c1,r1 ; ...; cm,1, ..., cm,rm ; q, q1, ..., qm; z
b1, b2, ..., bs : d1,1, ..., d1,s1 ; ...; dm,1, ..., dm,sm

]
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=
∞∑

n=0

[a1, a2, a3, ..., ar; q]n
[q, b1, b2, b3, ..., bs; q]n

[
(−)nqn(n−1)/2

]1+s−r
zn×

×
m∏

j=1

[
cj,1, aj,2, ..., cj,rj

; qj

]
n[

dj,1, dj,2, ..., dj,sj
; qj

]
n

[
(−)nqn(n−1)/2

]sj−rj
. (1.2)

We shall make use of following known results.

∞∑
n=0

(−a)nqn(n+1)/2 =
1

1+

aq

1+

a(q2 − q)

1+

aq3

1+

a(q4 − q2)

1 + ...
. (1.3)

[Andrews & Berndt 1;(6.2.29) p. 152]

∞∑
n=0

anq3n(n+1)/2 = [q; q]∞

∞∑
n=0

[−aqn+1; q]nq
n

[q; q]n
. (1.4)

[Andrews & Berndt 1;(9.3.11) p. 230]
If

Pn(a) = [q2; q2]∞[−aq; q2]n

n∑
j=0

[
n
j

]
q2

q2j

[−aq; q2]j

then

lim
n→∞

Pn(a) =
∞∑

n=0

ajqj2

.

So,

∞∑
j=0

ajqj2

= [q2; q2]∞[−aq; q2]∞

∞∑
j=0

q2j

[q2; q2]j[−aq; q2]j
. (1.5)

[Andrews & Berndt 1;(13.8.2) p. 298]
If we put m = 0 in [Gasper & Rahman 2; App.II (II.36)] we get

n∑
k=0

(1− adpkqk)

(
1− bpk

dqk

)
[a, b; p]k

[
c,

ad2

bc
; q

]
k

qk

(1− ad)(1− b/d)[dq, adq/b; q]k[adp/c, bcp/d; p]k

=

(1− a)(1− b)(1− c)

(
1− ad2

bc

)
[ap, bp; p]n

[
cq,

ad2q

bc
; q

]
n

d(1− ad)(1− b/d)(1− c/d)(1− ad/bc)[dq, adq/b; q]n[adp/c, bcp/d; p]n
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−a2d(1− c/ad)(1− d/bc)(1− 1/d)(1− b/ad)

(1− ad)(1− b/d)(1− c/d)(1− ad/bc)
. (1.6)

The main aim of this paper is to establish transformation formulae for poly-basic
hypergeometric series. In this section we establish following theorems which will
be used in next section.
Theorem 1.
If

βn =
n∑

r=0

αr, (1.7)

Then multiplying both sides of (1.7) by Ωnz
n and summing over n from 0 to ∞ we

have,

∞∑
n=0

Ωnβnz
n =

∞∑
n=0

Ωnz
n

n∑
r=0

αr,

which by an appeal of the identity,
∞∑

n=0

n∑
r=0

A(n, r) =
∞∑

n=0

∞∑
r=0

A(n + r, r),

[Srivastava and Manocha 3; Lemma 1 (2) p. 100]
gives

∞∑
n=0

Ωnβnz
n =

∞∑
n=0

∞∑
r=0

Ωn+rz
n+rαr. (1.8)

Most summation formulae for poly-basic hypergeometric series arises because the
series involved telescope. Thus using the terms of such series for αn in (1.7)we can
find βn. Again, putting these values of αn and βn in (1.8) we find transformation
formulae for poly-basic hypergeometric series. Proceeding in this way we shall
establish the following theorem.
Theorem 2.

Choosing αr =

(1− adprqr)

(
1− bpr

dqr

)
[a, b; p]r

[
c,

ad2

bc
; q

]
r

qr

(1− ad)(1− b/d)[dq, adq/b; q]r[adp/c, bcp/d; p]r
in (1.7) and using

(1.8) we get,

βn =

(1− a)(1− b)(1− c)

(
1− ad2

bc

)
[ap, bp; p]n

[
cq,

ad2q

bc
; q

]
n

d(1− ad)(1− b/d)(1− c/d)(1− ad/bc)[dq, adq/b; q]n[adp/c, bcp/d; p]n
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−a2d(1− c/ad)(1− d/bc)(1− 1/d)(1− b/ad)

(1− ad)(1− b/d)(1− c/d)(1− ad/bc)
.

Putting these values of αn and βn in (1.8) we have,

(1− a)(1− b)(1− c)

(
1− ad2

bc

)
d(1− ad)(1− b/d)(1− c/d)(1− ad/bc)

×

×
∞∑

n=0

Ωnz
n

[ap, bp; p]n

[
cq,

ad2q

bc
; q

]
n

[dq, adq/b; q]n[adp/c, bcp/d; p]n

−a2d(1− c/ad)(1− d/bc)(1− 1/d)(1− b/ad)

(1− ad)(1− b/d)(1− c/d)(1− ad/bc)

∞∑
n=0

Ωnz
n

=
∞∑

n=0

∞∑
r=0

Ωn+rz
n+r

(1− adprqr)

(
1− bpr

dqr

)
[a, b; p]r

[
c,

ad2

bc
; q

]
r

qr

(1− ad)(1− b/d)[dq, adq/b; q]r[adp/c, bcp/d; p]r
(1.9)

2. Main Transformation formulae
In this section we shall make use of the theorems of previous section in order

to establish the transformation formulae.
(i) Taking Ωn = q

n(n+1)/2
1 in (1.9) we get,

(1− a)(1− b)(1− c)

(
1− ad2

bc

)
d(1− ad)(1− b/d)(1− c/d)(1− ad/bc)

×

×
∞∑

n=0

[ap, bp; p]n

[
cq,

ad2q

bc
; q

]
n

znq
n(n+1)/2
1

[dq, adq/b; q]n[adp/c, bcp/d; p]n

−a2d(1− c/ad)(1− d/bc)(1− 1/d)(1− b/ad)

(1− ad)(1− b/d)(1− c/d)(1− ad/bc)

∞∑
n=0

q
n(n+1)/2
1 zn

=
∞∑

r=0

(1− adprqr)

(
1− bpr

dqr

)
[a, b; p]r

[
c,

ad2

bc
; q

]
r

(zq)rq
r(r+1)/2
1

(1− ad)(1− b/d)[dq, adq/b; q]r[adp/c, bcp/d; p]r
×
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×
∞∑

n=0

(zqr
1)

nq
n(n+1)/2
1 . (2.1)

(ii) Using (1.3) in (2.1) we get,

(1− a)(1− b)(1− c)

(
1− ad2

bc

)
d(1− ad)(1− b/d)(1− c/d)(1− ad/bc)

×

×
∞∑

n=0

[ap, bp; p]n

[
cq,

ad2q

bc
; q

]
n

znq
n(n+1)/2
1

[dq, adq/b; q]n[adp/c, bcp/d; p]n

=
∞∑

r=0

(1− adprqr)

(
1− bpr

dqr

)
[a, b; p]r

[
c,

ad2

bc
; q

]
r

(zq)rq
r(r+1)/2
1

(1− ad)(1− b/d)[dq, adq/b; q]r[adp/c, bcp/d; p]r
×

×
{

1

1−
zqr+1

1

1+

zqr+1
1 (1− q1)

1−
zqr+3

1

1+

zqr+2
1 (1− q2

1)

1− ...

}
+

a2d(1− c/ad)(1− d/bc)(1− 1/d)(1− b/ad)

(1− ad)(1− b/d)(1− c/d)(1− ad/bc)
×

×
{

1

1−
zq1

1+

zq1(1− q1)

1−
zq3

1

1+

zq2
1(1− q2

1)

1− ...

}
. (2.2)

(iii) Taking Ωn = qn2

1 in (1.9) we get,

(1− a)(1− b)(1− c)

(
1− ad2

bc

)
d(1− ad)(1− b/d)(1− c/d)(1− ad/bc)

×

×
∞∑

n=0

[ap, bp; p]n

[
cq,

ad2q

bc
; q

]
n

znqn2

1

[dq, adq/b; q]n[adp/c, bcp/d; p]n

=
∞∑

r=0

(1− adprqr)

(
1− bpr

dqr

)
[a, b; p]r

[
c,

ad2

bc
; q

]
r

(zq)rqr
1

(1− ad)(1− b/d)[dq, adq/b; q]r[adp/c, bcp/d; p]r

∞∑
n=0

(zq2r
1 )nqn2

1

+
a2d(1− c/ad)(1− d/bc)(1− 1/d)(1− b/ad)

(1− ad)(1− b/d)(1− c/d)(1− ad/bc)

∞∑
n=0

znqn2

1 . (2.3)
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(iv) Using (1.5) on the right hand side of (2.3) we find,

(1− a)(1− b)(1− c)

(
1− ad2

bc

)
d(1− ad)(1− b/d)(1− c/d)(1− ad/bc)

×

×
∞∑

n=0

[ap, bp; p]n

[
cq,

ad2q

bc
; q

]
n

znqn2

1

[dq, adq/b; q]n[adp/c, bcp/d; p]n
= [q2

1; q
2
1]∞[−zq1; q

2
1]∞×

×
∞∑

r=0

(1− adprqr)

(
1− bpr

dqr

)
[a, b; p]r

[
c,

ad2

bc
; q

]
r

(zq)rqr2

1

(1− ad)(1− b/d)[dq, adq/b; q]r[adp/c, bcp/d; p]r
2Φ1

[
0, 0; q2

1; q
2
1

−zq2r+1
1

]

+[q2
1; q

2
1]∞[−zq1; q

2
1]∞

a2d(1− c/ad)(1− d/bc)(1− 1/d)(1− b/ad)

(1− ad)(1− b/d)(1− c/d)(1− ad/bc)
×

×2Φ1

[
0, 0; q2

1; q
2
1

−zq1

]
. (2.4)

(v) Replacing q1 by q3
1 in (2.1) we get,

(1− a)(1− b)(1− c)

(
1− ad2

bc

)
d(1− ad)(1− b/d)(1− c/d)(1− ad/bc)

×

×
∞∑

n=0

[ap, bp; p]n

[
cq,

ad2q

bc
; q

]
n

znq
3n(n+1)/2
1

[dq, adq/b; q]n[adp/c, bcp/d; p]n

=
∞∑

r=0

(1− adprqr)

(
1− bpr

dqr

)
[a, b; p]r

[
c,

ad2

bc
; q

]
r

(zq)rq
3r(r+1)/2
1

(1− ad)(1− b/d)[dq, adq/b; q]r[adp/c, bcp/d; p]r
×

×
∞∑

n=0

(zq3r
1 )nq

3n(n+1)/2
1

+
a2d(1− c/ad)(1− d/bc)(1− 1/d)(1− b/ad)

(1− ad)(1− b/d)(1− c/d)(1− ad/bc)

∞∑
n=0

q
3n(n+1)/2
1 zn (2.5)
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(vi) Now, using (1.4) in (2.5) we get,

(1− a)(1− b)(1− c)

(
1− ad2

bc

)
d(1− ad)(1− b/d)(1− c/d)(1− ad/bc)

×

×
∞∑

n=0

[ap, bp; p]n

[
cq,

ad2q

bc
; q

]
n

znq
3n(n+1)/2
1

[dq, adq/b; q]n[adp/c, bcp/d; p]n

= [q1; q1]∞

∞∑
r=0

(1− adprqr)

(
1− bpr

dqr

)
[a, b; p]r

[
c,

ad2

bc
; q

]
r

(zq)rq
3r(r+1)/2
1

(1− ad)(1− b/d)[dq, adq/b; q]r[adp/c, bcp/d; p]r
×

×4Φ3

[
i
√

zq3r+1
1 ,−i

√
zq3r+1

1 , iq1

√
zq3r

1 ,−iq1

√
zq3r

1 ; q; q
0, 0,−zq3r

1

]
+[q1; q1]∞

a2d(1− c/ad)(1− d/bc)(1− 1/d)(1− b/ad)

(1− ad)(1− b/d)(1− c/d)(1− ad/bc)
×

×4Φ3

[
i
√

zq1,−i
√

zq1, iq1

√
z,−iq1

√
z; q; q

0, 0,−zq

]
. (2.6)

3. Special Cases
In this section we shall deduce certain interesting transformations from the

results established in previous section.
(i) Putting d = 1 in (2.1) we get,

∞∑
n=0

[ap, bp; p]n

[
cq,

aq

bc
; q

]
n
znq

n(n+1)/2
1

[q, aq/b; q]n[ap/c, bcp; p]n

=
∞∑

r=0

(1− aprqr)

(
1− bpr

qr

)
[a, b; p]r

[
c,

a

bc
; q

]
r
(zq)rq

r(r+1)/2
1

(1− a)(1− b)[q, aq/b; q]r[ap/c, bcp; p]r
×

×
∞∑

n=0

(zqr
1)

nq
n(n+1)/2
1 . (3.1)

(ii) For d = 1, (2.2) yields,

∞∑
n=0

[ap, bp; p]n

[
cq,

aq

bc
; q

]
n
znq

n(n+1)/2
1

[q, aq/b; q]n[ap/c, bcp; p]n
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=
∞∑

r=0

(1− aprqr)

(
1− bpr

qr

)
[a, b; p]r

[
c,

a

bc
; q

]
r
q

r(r+1)/2
1 (zq)r

(1− a)(1− b)[q, aq/b; q]r[ap/c, bcp; p]r
×

×
{

1

1−
zqr+1

1

1+

zqr+1
1 (1− q1)

1−
zqr+3

1

1+

zqr+2
1 (1− q2

1)

1− ...

}
(3.2)

(iii) As q1 → 1 (3.1) gives,

(1− z)
∞∑

n=0

[ap, bp; p]n

[
cq,

aq

bc
; q

]
n
zn

[q, aq/b; q]n[ap/c, bcp; p]n

=
∞∑

r=0

(1− aprqr)

(
1− bpr

qr

)
[a, b; p]r

[
c,

a

bc
; q

]
r
(zq)r

(1− a)(1− b)[q, aq/b; q]r[ap/c, bcp; p]r
. (3.3)

(iv) Taking c = q in (3.2) we have,

∞∑
n=0

[ap, bp; p]n

[a

b
; q

]
n
znq

n(n+1)/2
1

[q, aq/b; q]n[ap/q, bqp; p]n

(
1− qn+1

1− q

)

=
∞∑

r=0

(1− aprqr)

(
1− bpr

qr

)
[a, b; p]r

[
a

bq
; q

]
r

q
r(r+1)/2
1 (zq)r

(1− a)(1− b)[aq/b; q]r[ap/q, bqp; p]r
×

×
{

1

1−
zqr+1

1

1+

zqr+1
1 (1− q1)

1−
zqr+3

1

1+

zqr+2
1 (1− q2

1)

1− ...

}
. (3.4)

(v) Taking b = 0 in (3.2) we get,

∞∑
n=0

[ap; p]n [cq; q]n

(z

c

)n

q
n(n+1)/2
1

[q; q]n[ap/c; p]n

=
∞∑

r=0

(1− aprqr)[a; p]r [c; q]r q
r(r+1)/2
1

(zq

c

)r

(1− a)[q; q]r[ap/c; p]r
×

×
{

1

1−
zqr+1

1

1+

zqr+1
1 (1− q1)

1−
zqr+3

1

1+

zqr+2
1 (1− q2

1)

1− ...

}
. (3.5)
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(vi) Taking d = 1 in (2.4) we get,

×
∞∑

n=0

[ap, bp; p]n

[
cq,

aq

bc
; q

]
n
znqn2

1

[q, aq/b; q]n[ap/c, bcp; p]n
= [q2

1; q
2
1]∞[−zq1; q

2
1]∞×

×
∞∑

r=0

(1− aprqr)

(
1− bpr

qr

)
[a, b; p]r

[
c,

a

bc
; q

]
r
(zq)rqr2

1

(1− a)(1− b)[q, aq/b; q]r[ap/c, bcp; p]r[−zq1; q2
1]r

2Φ1

[
0, 0; q2

1; q
2
1

−zq2r+1
1

]
. (3.6)

(vii) Taking d = 1 in (2.6) we have,

∞∑
n=0

[ap, bp; p]n

[
cq,

aq

bc
; q

]
n
znq

3n(n+1)/2
1

[q, aq/b; q]n[ap/c, bcp; p]n

= [q1; q1]∞

∞∑
r=0

(1− aprqr)

(
1− bpr

qr

)
[a, b; p]r

[
c,

a

bc
; q

]
r
(zq)rq

3r(r+1)/2
1

(1− a)(1− b)[q, aq/b; q]r[ap/c, bcp; p]r
×

×4Φ3

[
i
√

zq3r+1
1 ,−i

√
zq3r+1

1 , iq1

√
zq3r

1 ,−iq1

√
zq3r

1 ; q; q
0, 0,−zq3r

1

]
(3.7)

(viii) Taking p = q = q1 in (3.2) we have,

4Φ4

[
aq, bq, cq, aq/bc; q;−zq
aq/b, aq/c, bcq, 0

]

=
∞∑

r=0

(1− aq2r)[a, b, c, a/bc; q]rq
r(r+1)/2(zq)r

(1− a)[aq/b, aq/c, bcq; q]r[q; q]r
×

×
{

1

1−
zqr+1

1+

zqr+1(1− q)

1−
zqr+3

1+

zqr+2(1− q2)

1− ...

}
. (3.8)

As a → 1, (3.8) yields,

4Φ4

[
q, bq, cq, q/bc; q;−zq
q/b, q/c, bcq, 0

]

=

{
1

1−
zq

1+

zq(1− q)

1−
zq3

1+

zq2(1− q2)

1− ...

}
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+
∞∑

r=1

(1 + qr)
[b, c, 1/bc; q]r(zq)

rqr(r+1)/2

[q/b, q/c, bcq; q]r
×

×
{

1

1−
zqr+1

1+

zqr+1(1− q)

1−
zqr+3

1+

zqr+2(1− q2)

1− ...

}
(3.9)

For b = 1, (3.9) yields,

∞∑
n=0

znqn(n+1)/2 =

{
1

1−
zq

1+

zq(1− q)

1−
zq3

1+

zq2(1− q2)

1− ...

}
(3.10)

which is a known result (1.3).
Taking b, c →∞ in (3.9) we find,

∞∑
r=0

(−z)rqr(r+1) =
1

1−
zq

1+

zq(1− q)

1−
zq3

1+

zq2(1− q2)

1− ...

+
∞∑

r=1

(1 + qr)(−z)rqr2

{
1

1−
zqr+1

1+

zqr+1(1− q)

1−
zqr+3

1+

zqr+2(1− q2)

1− ...

}
. (3.11)

Using (1.3) on the left hand side of (3.11) we obtain,

1

1+

zq2

1−
zq2(1− q2)

1+

zq6

1−
zq4(1− q4)

1 + ...

=
1

1−
zq

1+

zq(1− q)

1−
zq3

1+

zq2(1− q2)

1− ...

+
∞∑

r=1

(1 + qr)(−z)rqr2

{
1

1−
zqr+1

1+

zqr+1(1− q)

1−
zqr+3

1+

zqr+2(1− q2)

1− ...

}
. (3.12)

Similar results can also be scored proceeding as above by taking theorems
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