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Transformation formulae for poly-basic hypergeometric series
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1. Introductions, Notations and Definitions:

As usual, for a and q complex numbers with |g| < 1, define

[a; gl =1
[a;q),, = (1 —a)(1 —aq)(1 — ag®)...(1 —ag"™ "), formn € N,

lay, az, as, ..., ar; ql,, = la1; 4], [a; ql,, las; 4, - [ar:dl,, »

o0

[a: ¢l = JJ(1 = ag").

r=0
An . ®, basic hypergeometric series is defined by

ai, ag,as, ...,dr;q; 2
T¢S

bi,ba, b3, ..., b
0o [ala A2, A3, ..., Qp; q] ety /27 Lo
= E n _\n nn 'n,. 11
n=0 [q7b17b2,b3,...,bs;q]n |:( ) q :| z ( )

A poly-basic hypergeometric series is defined as,

¢ |: A1, a2, ...y Ay : Cl,la "'761,7“1; "';cm,la ”'7Cm,7"m;Q7q17"‘7Qm;Z :|

b17 bQ, ey bs . dl,la ceey dl,Sl; ceey dm,b ceey dm,sm
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oo
[a17a27a37 "'7a7";Q]n n n(n—1)/211Fs=7 p
B Z [QJ b17b27b37 7bs;q]n [(_) K | ! ] o

- [leaa'j27 '7Cj7’j;qj:| -1 SiTTy
o 1 4, : n[(—)yrgrn=1/2) M (1.2)
H [djl,d ...,dj75j;q]‘}n [ }

We shall make use of following known results.

S namene L aga(g® = q) ag’ a(g' - ¢?) L3
2_(=a)'q Tl 1+ I+ I+ 1+ (13)
—
[Andrews & Berndt 1;(6.2.29) p. 152]
Zaanﬂn(n—i-l q’ OOZ . (14>
n=0 n=0
[Andrews & Berndt 1;(9.3.11) p. 230]
If
P = el Y[ 1] =2
n\@) = 959 |o|—04; 4 |n . T o1
el R PR R
then .
lim P,(a) = Zajqu.
n=0
So,
¢ = [¢% ¢Plool—ag; ¢ 1.5
Z Z S—— (15)

[Andrews & Berndt 1;(13.8.2) p. 298]
If we put m = 0 in [Gasper & Rahman 2; App.IT (I1.36)] we get

bp" ad’ k
n (1 — adp®q®) (1 — —) [a, b; p [C, —;C]} q
dg* be "1k

kz_; (1 —ad)(1 = b/d)[dq, adg/b; q]k[adp/c, bep/d; ply

2

(=0 (1= 50 ) ool |ea. 5%
~ d(1 — ad)(1 — b/d)(1 — ¢/d)(1 — ad/bc)[dq. adq/b; ql.[adp/c. bep/d; pl,
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a’d(1 —c/ad)(1 —d/bc)(1 —1/d)(1 —b/ad)
(1 —ad)(1—b/d)(1 —c/d)(1 — ad/bc)
The main aim of this paper is to establish transformation formulae for poly-basic
hypergeometric series. In this section we establish following theorems which will
be used in next section.

Theorem 1.
If

(1.6)

571 = Zara (17)
r=0

Then multiplying both sides of (1.7) by 2,2 and summing over n from 0 to co we
have,

0o 0o n
E Qnﬁnzn = E ann E A,
n=0 n=0 r=0

which by an appeal of the identity,

ZZA(n,r) :ZZA(n+r,r),

n=0 r=0 n=0 r=0
[Srivastava and Manocha 3; Lemma 1 (2) p. 100]

i Q,.0,2" = i i Qpir 2"y (1.8)
n=0

n=0 r=0
Most summation formulae for poly-basic hypergeometric series arises because the
series involved telescope. Thus using the terms of such series for «, in (1.7)we can
find ,. Again, putting these values of «,, and (3, in (1.8) we find transformation
formulae for poly-basic hypergeometric series. Proceeding in this way we shall
establish the following theorem.
Theorem 2.

gives

bp" ad?
1—adpq") [ 1— b;pl,- | ¢, —; "
( adp™q") ( dq”) [a, b; p] {C be Q]Tq

Choosing «, =
g (1 = ad)(1 - b/d)[dq, adq/b; q][adp/c, bep/d; p),

in (1.7) and using
(1.8) we get,
2 ad2q

(= =0 =) (1= 55 )l toial, [on. 5 0sa]

On = 30— ad) (1 —bd)(1 — cJd)(1 — ad/bc)[dq, ada/b; gl adp]e, bep/d: 7,
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_a’d(1 —c/ad)(1 —d/bc)(1 — 1/d)(1 — b/ad)
(1 —ad)(1 —=b/d)(1 —c/d)(1 — ad/bc)

Putting these values of «,, and 3, in (1.8) we have,

(I1—a)(1=0b)(1-r¢) <1 - ab_cf)
d(1 — ad)(1 — b/d)(1 — ¢Jd)(1 — adjbe)

be
X Zan [dg, adq/b; ]n[adp/c, bep/d; pln

2d(l —c/ad)(1 —d/bc)(1 —1/d)(1 —b/ad)
(1 —ad)(1 —b/d)(1 —c/d)(1— ad/bc) ZQ

ad?
lap, bp; P, {cq, q,q}

bp" ad?
(1 —adp’q") (1 - de) [a, b; pl, [c, b—;q] q
o Z Z Qn+rz d c -
1 —ad)(1 —b/d)[dq, adq/b; q],[adp/c, bep/d; p),

n=0 r=0

(1.9)

2. Main Transformation formulae

In this section we shall make use of the theorems of previous section in order
to establish the transformation formulae.
(i) Taking 2, = ¢/ in (1.9) we get,

(I1—a)(1=0)(1-r¢) <1 - ab_cf)
d(1 — ad)(1 — b/d)(1 — ¢/d)(1 — ad/be)

% Z bC
—  [dg, adq/b; q][adp/c, bep/d; p],,

n=

~a?d(1 = ¢/ad)(1 — d/bc)(1 = 1/d)(1 — b/ad) i n(r41)/2 _n
(1 —ad)(1 —b/d)(1 — ¢/d)(1 — ad/bc) !

ad2q n _nn
oo [ap, bp; pln {C%—;q} gyt

n=0

bp” ad? (r
oo (1 —adp’q") (1 - dzr) [a, b; pl, [c, E;Q] (2q)"q;" V"
= L ><
2 (1 = ad)(1 - b/d)[dg, adq/b; g} [adp/c, bep/d; p),
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e}

x> (zqp) g, (2.1)

n=0

(ii) Using (1.3) in (2.1) we get,

(1-a)(1-b)(1—e) (1 - %)
d(1 — ad)(1 —b/d)(1 — ¢jd)(1 — ad/bc) -

ad?q n(n
s ap, bp; pln {cq,?;q} gt

X
ZO [dq, adq/b; qluladp/c, bep/d; pl

n=

o (1—adpq") (1 - Z@:) [a, b; pl, {c, ab—cf;q] (zq) "+
B go (1— ad)(1 - b/d)[dq, adq/b; g, [adp/c,bep/d:pl,
. { L™ 2 (0= ) 207 20— gf) }
1— 1+ 1— 1+ 1—..
a’d(1 — c/ad)(1 — d/bc)(1 —1/d)(1 — b/ad)
(1 —ad)(1—=b/d)(1 —c/d)(1 — ad/bc)
WERTRHIENE R 1Y o

1—- 1+ 1—- 1+ 1-..
(iii) Taking Q, = ¢ in (1.9) we get,

(1-a)(1—b)1—e) (1 - %)
d(1 — ad)(1 —b/d)(1 — ¢jd)(1 — ad/bc) -

TL'I‘L2

ad?q
~ lap,bp;pl, cq,——=:q| 2"di

n

X
HZ:O [dq, adq/b; q]n[adp/c, bep/d; ply,

bp” ad? -
o (I—adp™q")(1— dqr) a, b; pl, {C’E;QL(ZCD q1 oo

TZ (1 —ad)(1 —b/d)[dq, adq/b; q).ladp/c, bep/d; pl, ;(Zq%r)nq?

a?d(1 — c/ad)(1 — d/be)(1 = 1/d)(1 — bjad) <, 2
T = ad)(1 = b/d)(1 — ¢/d)(1 — adbc) >

n=0
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(iv) Using (1.5) on the right hand side of (2.3) we find,

(1—a)(1—b)(1—¢) <1 - ab—cf)
d(1 — ad)(1 — b/d)(1 — ¢/d)(1 — ad/be)

ad®q " 2
w lap,bp;pl, cq,——=:q| 2"d
n

2, 2 2
x ) = (4} o[~ 213 4]0
« [dq, adq/b; qlu[adp/c, bep/d; pl, 41 @ilee [ =205 01

n=

bp” ad? -
o (et (1= 2 ) bl e Gia] Gorar
<3 : ¢ L o
(1 —ad)(1 —b/d)[dq, adq/b; q],[adp/c, bep/d; pl,- —2q7""

r=

a’d(1 —c/ad)(1 — d/bc)(1 —1/d)(1 — b/ad) y
(1 —ad)(1 =b/d)(1 —c/d)(1 — ad/bc)

2.2
XQCI)l |: (Ezoq,lqhql :| . (24)

a7 at)oo[— 2015 ) o

(v) Replacing ¢; by ¢} in (2.1) we get,

(1—a)(1=0)(1-r¢) <1 - ab_of)
d(1 — ad)(1 — b/d)(1 — ¢/d)(1 — adjbe)

be

v [ap, bp;pln [cq, ,q} gy
X mn
Z [dq, adq/b; q]n[adp/c, bep/d; ply

bp” ad? r 3r(r
oo (1 —adp'q") (1 - dqr) [a, b; pl, {c, g;q] (zq) )" "2
p— X
2 (1 = ad)(1 - b/d)[dq, adq/b; q][adp/c, bep/d; p,

r=0

oo

n=0

a’d(1 —c/ad)(1 —d/be)(1 —1/d)(1 — b/ad) Bn(n1)/2 0
(1 —ad)(1=b/d)(1 —c¢/d)(1 — ad/bec) Z
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(vi) Now, using (1.4) in (2.5) we get,

(1—a)(1-b)(1—c) (1 - “b—cf>
d(1 —ad)(1 — b/d)(1 — ¢/d)(1 — adjbe)

v [ap, bp; pln {Cq, ” ,q} gt

X
Z% [dg, adq/b; g]n[adp/c, bep/d; pln

n=

‘s

2
s (1 —adp'q") (1 Zp [a, b; ), [c,abi;q} (2q)"q)" "V
C

2 q“"’; (1~ ad)(1 — b/d)[dg, adq/b: ) adp/c, bep/d: pl,

x4q>3{l\/zq3”“ —in/ 2" igiy/ 247, —igy ZQ?T;Q;Q]

0,0, —zqd"

a’d(1 —c/ad)(1 — d/bc)(1 — 1/d)(1 — b/ad)
(1—ad)(1—-0b/d)(1—c/d)(1— ad/bc)

i/Zq1, —I\/2q1, 112, —1iqiV 2, ¢ q
X4(I)3 0.0 _2q .

+a1; 1]

3. Special Cases

79

(2.6)

In this section we shall deduce certain interesting transformations from the

results established in previous section.
(i) Putting d = 1 in (2.1) we get,

aq n n(n 2
> [ap, bp; pln [cq, » ,q} gy

[q, aq/b; q],[ap/c, bep; pln

n=0
b " a rr
o (1—ap'q) (1 — qu ) la, b; p], [c, %;QL (2q) gD
p— ><
,Z; (1 —a)(1 —b)[g, aq/b; q]-[ap/c, bep; p).

2: 1)/
% qunnn+

(ii) For d = 1, (2.2) yields,

q n _nn
o [ap, bp; pln [cq, » ,q} Zgp

[q, aq/b; q],[ap/c, bep; pln

n=0

(3.1)
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bp" a r(r
(1 —ap'q") (1 7 ) [a, b; pl, [c, e qL g

=D (I —a)(1 —b)lg, aq/b; q],[ap/c, bep; pl,

r=0

zq)"

X

{izqi“ 277 (1 —an) 2077 241 (1 — g7) } (3.2)

1- 1+ 1— 1+ 1—..

(iii) As ¢1 — 1 (3.1) gives,

aq
o0 7ba n|: y T ] "
lap, bp; pln | cq e 4|

— [q,aq/b; gln[ap/c, bep; pla

(1—-2)

"o bp” , a. .
) i (1—ap'q") (1 7 ) [a, b; pl [c, %,q]r (2q)

(1 —a)(1 —d)lg, aq/b; ql[ap/c, bep; pl.
(iv) Taking ¢ = q in (3.2) we have,

a n _n(n
~_[ap, bp; pln [gsqhz @ e
)

lq, aq/b; q]n[ap/q, bap; p 1—g¢

ror bp" . a r(r+1)/2 r
(1 —a)(1 - b)[aq/b; q]-lap/q, bap; p].

1 Zq{+1 ZqI+1(1 - ql) Zg{+3 qu+2(1 - Q%) (3 4)
1— 1+ 1— 1+ 1— .. ’ ’

X

(v) Taking b = 0 in (3.2) we get,
Z n n{n
o [ap; pln [cq; ql,, (E) gyt

[¢; qlnlap/c; pln
r r(r zq r
i ¢")a; pl. [e; q), ¢} HW(;)
— X

(1 —a)lg; qlrlap/c; plr

« {LZq;“ 20 (1= q1) 267 267 7(1 — ¢f) } | (3.5)

1— 1+ 1- 1+ 1—..

n=0
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(vi) Taking d = 1 in (2.4) we get,

aq n n2

_[ap, bp; ply, [C% » ,q} 2 N 2

X e
= q,aq/b; qlu[ap/c, bep; pl, = 41 ¢t oo —2q1; 1]

o (1—GPQ)<1_b§T> [a, b; plr [7;7QL( 2q)"q;
: Z (1= a)(1 = b)lq. aq/bs dl, lap/c. beps ol [—=ars 0, {
(vii) Taking d = 1 in (2.6) we have,

0,0;¢7;¢3
_Zq27“+1 : (36>

1

aq n 3n(n 2
o [ap, bp; pln [q, » ,q] gt/

[q, aq/b; q],[ap/c, bep; pln

n=0

bp" a r 3r(r
s (1 —ap"q") (1 s ) [a, b; pl, [C,E;q} (zq) """

= 915910 -
i ; (1 —a)(1 = b)g, aq/b; gl.lap/c, bep; pl,
[ Z\/Zq3r+l —z\/zq?’wlf W2GE, iy 2475 65 q } (3.7)
—th
(viii) Taking p = q1 in (3.2) we have,

o, | 9004, cq,aq/be; 4 —zg
1 ag/b,ag/c, beq, 0

_ 5~ (L—ag)la,b, e afbe; qlhg" V()"
—~  (1—a)lag/b,aq/c,beg; q):(g; gl

y 1 qu+1 qu—i-l(l _ Q) qu+3 qu+2(1 _ q2)
1— 1+ 1— 1+ 1— .. ’
As a — 1, (3.8) yields,

(3.8)

o, | ©0a:ca,q/be g —zq
P g/b,q/e, beg, 0

[ 1 2q2q(1 = q) 2¢° 2¢*(1 — ¢°)
-1+ 1— 1+ 1—..
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X

° b, c,1/be: ql, ror(r4+1)/2
+Z(1 +qr)[ 767 / Ca q] (2q> q
p—rt lq/b,q/c,beg; gl

1 r+1 r+1 1 — r+3 r+2 1 — 2
S L2 (= q) 247 2 (1~ ¢) (3.9)
1- 1+ 1— 1+ 1—..
For b =1, (3.9) yields,
% 3,2 2
3 g2 {iﬁ 2q(1 —q) 2¢° 2¢*(1 — g )} (3.10)
—~ -1+ 1- 1+ 1-..
which is a known result (1.3).
Taking b, ¢ — oo in (3.9) we find,
i(_z)rqr(m) _ 1 o2q2q(1—q) 2¢° 24*(1 — ¢°)
— -1+ 1- 1+ 1—-..
o 1 qu—I—l qu—i-l(l _ Q) qu+3 qu+2(1 _ q2)
14 ¢")(=2)"¢" { — . (31
+;< =2 {1— 1 1y 1. (3:11)

Using (1.3) on the left hand side of (3.11) we obtain,

1 2¢° 2¢°(1 = ¢°) 2¢° 2¢* (1 — ¢*)
1+1— 1+ 1— 1+..

1 o2q 2q(1 = q) 2¢° 2¢>(1 — ¢°)
1= 14+  1— 14+ 11—

= r r_r? 1 qu+1 quJrl(]- - Q) qu+3 qu+2(1 - q2)
+> (1+q")(-2)"q {1—_ o - " - . (3.12)
—

Similar results can also be scored proceeding as above by taking theorems
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