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1. Notations and definitions:

Throughout this note, we shall adopt the following definitions and notations. The ¢- factorial
is defined by,

la;qlo =1
[a:¢ln = (1 —a)(1 —aq)...(1 —ag" ™), n=1,2,3, ..,

and
oo

[a:qloe = [ (1 — ag").

k=0
For product of g- shifted factorials, we use the short notation
[alv A2, a3, ..., Qr; (ﬂn = [al; q]n[G'Q; Q]n[a’B; q]n“'[ar; q]nv

where n is an integer or infinity.
Basic and bilateral basic hypergeometric series are defined by,

1+s—r

oo

A1,A2, ..., Ap; Q3 2 lay, az, ..., ar; qln2" [ n n(nfl)/Q}

7‘¢)S = -
{bl,b27...7bs ] ;) @b b bugn L)

and
-

A1,Q2, ..., Qr;q; 2 > [a17a27"'7ar;q}nzn |: n n(nfl)/2:|s
Vs = B
: {bl,bz,...,bs ] nzzoo or, o byl L)

respectively. We shall use the following known partial sums in our analysis.

N
a,y;q; q la,y;9l-q"  laq,yq;qln
2® { ] . 1.1

ay 2 9, ayq; dl, g, ayq;qln (L)
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Taking y=0 in (1.1) we get another summation,

[4; 4l [4; 9]

N
o [ a; q; q ] o lasdeq”  agiqln
1*0 -
N r=0

As n — oo, (1.1) and (1.2) give following summation formulae respectively,

n

., [ @Y 49 } _ i o, y; g™ _ a9,y 4]
ayz ~ lq,ayq;qln [, ay4; d)oo

a;q;q | _ N~ loided” _ Jagiq]
1@0 |: y Yy :| — b T — I oo
- ;) lg:dlr  [@d
(a) The complete set of mock theta functions of order three are
Mock theta function of order three

[e’e] n2 [e'e] n2
q q
f(Q):Z 7 @(q):z 2. 2
= —ad7 = =%
0 qn2 o0 qn2
\I/ = s =
@ ,;0 [4: 4] xa) ;;; [~wq, —w?q; qln
e 2n(n+1) e 2n(n+1)
q q
w(q) = 7 pla) =
b UL HZZ:O W, w2q; ¢*Jn41

Partial mock theta functions of order three

n=0 ' +4ln n=0

i»Mz
>
=4
S
Il

Q

n=0

N 2n (n+1) N 2n(n+1)
Z pn(a) = q2—2
n=0 n+1 n=0 [WQ7W q;q }n+1
N n(n+1)

vN(q) = P R
(@ ;;; [~ ¢%]n+1
Complete mock theta functions of order three
[} n2 o3} n
q q
fela) = ; D.(q) =
n;m CHIH H_Z:OO [—4% ¢?]

[—wq, —w?q; q)n

(1.3)

(1.4)
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0 qn2 oo an
Ve(q) = T T xe(q) = e
{0 n;m 4 4%]n @) n;m [~wg, —w?q; qln
e 2n(n+1) 0 2n(n+1)
q q
we(q) = pe(q) =
‘ sy ‘ n:z_:oo [wg, w2q; ¢lnta

0 qn(n-',-l)

ve(g) = > [

[l ot/ RS
(b) Mock theta functions of order five (first group)

n=0 n=0
o5} & q2n2
‘I’o(Q) = Z[_Q;Q]nq(n+l)(n+2)/27 FO(Q) = Z [ B 2] )
70 n—0 q;49% |n
Z q" q q

q q 2n
n=0
Partial mock theta functions of order five (first group)

N n? N
q 2
fon(a) =) Cody Oon(g) =Y 4" [=¢:¢°n,
neo L4 In oy
N N q2n2
Uon(q) =Y [~ qlag" /2, Fon(g) =) ———,
n=0 n=0 [(Lq ]"
Xo.n (g Z 7" [g; q
n—o (&4
Complete mock theta functlons of order five (first group)
[es} qn2 00 )
foel)) = > Codn oeld) = > 0" [~¢ ¢,
e e q2n2
Voolg) = Y [~gang™ D2 Fyg)= Y e
e L lad?ln
7"lg;q
Xo, c )
nzoo q q 2n
(c¢) Mock theta functions of order five (second group)
* _n(n+1) 0
q 12
@)=Y ———— ®1(q) =Y ¢ =g ¢,
o L4 In o
s /9 0 q2n(n+1)
Ui(g) =) [~ag;alng" "2, Fi(g)=) i ——
n=0 n=0 [Q7q }n+1
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10

g =Y 7" 1g; aln

0 [Q; Q}2n+1

Partial mock theta functions of order five (second group)

N qn(n+1)

[~ qn

fin(g) =

n=0

N

Uy n(g) = Y [~ qlng" "2,

n=0

B Y ¢"la:dln
xin(@) =) -

n=0 [¢; al2nt1

N
2
o1n(g) =Y ¢ =g %,

n=0

N g2 (n+1)

RN =)
14 ¢l

n=

Complete mock theta functions of order five (second group)

e qn(n+1)

freld= Y

n=—oo

b

[—¢: qln

oo

Uio(g)= Y [~gang" "2,

n=—oo

(d) Mock theta functions of order seven

q" [a:q
nz% Qan’
iq

n=0

n(n+1

2n+1

Partial Mock theta functlons of order seven

" ¢ qln
C\§0,J\7 Z q q ) ;
n=0 n
N
o) = 30 L
’ = sdenn

o0

2
(I)l,c(Q): Z q(n+1) [_Q;q2]n»

n=—oo

el q2n(n+1)

Fie(q) = Z ¢ 2’

Complete Mock theta functions of order seven

So.ld Z q[q

n=—oo

SQC Z 1

n=—oo
2. Identities

n(n+1) ]

q q 2n+1

e —oo n+1
2
(g =S 1 e dl
n=0 [¢; a]2n41
N 2
Sunt) = 30 4 i
' n—0 [Q§Q]2n+1
n+1) ]

Z q

q q 2n+1
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In this section we establish two identities which will be used in next section.
(a) Bailey in 1947 establish the following lemma which is simple but very useful.
If

Bn = Z Qo Up,—rUn 4o (21)
r=0
and
TYn = Z 6rur7nvr+n (22)

Then under suitable conditions of convergence

Z anYn = Z /671,677,7 (23)
n=0 n=0

provided a., 6, u,, v, are functions of r alone and the infinite series defining -y, is convergent.

If we take u, = v, =1 in the above lemma than it takes the following form, If

Bn = Zam Tn = Zér (2'4>
r=0

T=n

Then under suitable conditions of convergence

n=0 n=0

Using (2.4) in (2.5) we have,

Zan {257" - Zar +5n} = Zénzar
n=0 r=0 r=0 n=0 r=0
which on simplification gives the identity,
ianiér:iéniarJrianidrfianém (2.6)
n=0 r=0 n=0 r=0 n=0 r=0 n=0

where «,, and d,, are any two arbitrary sequences.
(b) The symmetric bilateral Bailey transform due to Andrews and Warnaar [2] is given by, If

5n = Z QrUp—rUn4r (27)
and -
Tn = Z 5rurfnvr+n (28)

r=|n|



On Certain Results Involving Mock- Theta Functions 12

Then

Z AnYn = Z Brdn, (29)

n—=—oo

subject to conditions on the four sequences «y,, 8y, v, and J, which make all the relevant infinite
series absolutely convergent.
Taking u, = v, =1 in (2.7) and (2.9) we have, If

n S
- Z (075 Yn = Z 57‘
r=n

Then

> v = Bubn. (2.10)
n=0

n=—oo

provided all infinite series are convergent.
Now, we can write (2.10) as

or

n=-—o00 r=0 r=0 n=0 r=—n
Z anZJ 725niar+ i aniérf i anon
Thus we have the identity
3 anza Y Y et Y anzg CY o, (21)
n=-—00 n=0 r=—n n=-—00 n=-—o0o

where ;. and d, arbitrary sequences.
3. Main Results

In this section we shall make use of the identities (2.6) and (2.11) in order to establish certain
results involving mock theta functions.

. e
(i) Taking 6, = m in (2.6) we get,
b b T
— ag, g~ [a Y qlng laq, yq;dn <= [a,y; )nq"
n bl I n
2 on "[g, ayq; 4o anyqq Z+Z '[g, ayg; qln anyqq "
n=0 ’ n=0 ‘*’ n=0 ’ n:O ’ ’

which on simplification gives

aq Yq; 9o Z Z la,y; 9 ZO Z lag, yg; q o (3.1)

[, ayq; qloo 9, ayq; q [9: ayq; ln
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We shall make use of (3.1) in order to give series representation of different mock theta functions.

nz

(ii) Choosing o, = n (3.1) we find,

[~a: 42
lag, y4; 4 > la,yiq = lag,yq; glug™ Y’
e q)+ : 3.2
[q,ayq,q HZ:O ¢, aya; q Inla) ,;O 9, ayq; aln[~a: )5 14 (32
For a =y = —1 in (3.2) we have,
[~a: a3 — [ qnq = g)2q Y’
(3.3)
e Q] Z ZZ: (g alhi

Other mock theta functions of order three can be expressed similarly by proper choice of «,, in

(3.1).

(iii) Choosing a;, = in (3.1) we get,

[—4; qln

[aq, y4; d)oc [a,y;4] nq = _lag, yg; glng" Y’
f n(q) + , 3.4
9, Y q; qlos Z [, ayq; aln @ ;) [¢; ayq; @Jn[—4; aln+ (34)

where fy(q) is a mock theta function of order five belonging to the first group.
Taking a = —1 in (3.4) we have,

[—4, 94 d)oo [—1,5:9 [ya; qlng™ Y’
— 1 Jolg) = 7]“ n( . 3.5
9, —ya; dloo o) ; [0, —yas gl " Z ~yq; Jn(1 + ") (35)
Taking y = —1 in (3.5) we have,
[—q;q]oo} —1; q q Qg+’
g ¢ (g AT dInd 7 3.6
{ ¢; 4o Z:: Z 1+q”+1) (3.6)
n(n+1)
(iv) Choosing a,, = in (3.1) we get,
(4 qln
laq, yq; ) i a, y; qln @+ i lag, yg; gl g+ (3.7)
(4, ayq; qloo — (g, ayq; qln” " — (¢, ay¢; qln]—G; qlny1
— n=0
Taking a = —1,y = —1 in (3.7) we get,
B i q q<n+1)(n+2)
by L fin(g) + Z —_— (3.8)
[q,q — = ladi(1+q )
g5 q)
(v) Choosing «a,, = 419 4n 5 (3.1) we get,
(4 q)2n
lag. yai dloo = [a,y:q)n =\ ag, ya; alnd™ Vg5 dlnia
= So + 3.9
9, ayG; 4l o Z (9, ayq; qln n@)+ 2 [4, ayq; q)nq; qlon+2 (3.9)

n=0 n=0
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for y = 0 it gives

a 1qng" = aq;qin (n+1)? el
Bl gy = 3 (B0 g 4 30 PEAbd A0
; o 4 n y 412n+-2

n=0
taking a = —1 in (3.10) we have,

[ q; q oo 7q nq 1— qn+1 q(”+1)2
WC\ Z +Z 1+ gntl ) — . (3.11)

=0 (4 dln+110; Pl

Similar representations for other mock theta functions of order seven can be established by proper
choice of ay, in (3.1).
4. Product formulae for mock theta functions

In this section we shall establish product formulae for any two mock theta functions
2 2
qn
and §, = —————
[—q; 42 BV

n

(i) Choosing o, = in (2.6) we get,

’ n
[e%e} [e’e) n2

B an e an
=2 [*qQ;qz]nf”(q) * n;, [—q;q)2 Z

— (4.1)

This is a product formula for two mock theta functions of order three. Similar product formulae
for other pairs of mock theta functions of order three can also be established.

qn2 n(n+1)
(ii) Choosing o, = YL and 9, = a4 in (2.6) we get,
© qn(n+1) e > qn(2n+1)
fahla =) ——— fln - T 4.2
D50 =2, I Z P ERLL R D *2)

where f(q) is a mock theta function of order three and fi(gq) is a mock theta function of order

five belonging to the second group.
712 n

q q
and §,, =
[—q;q]? " =g qln
[e'e] 2 [e%¢] [e%e]

q):Z[_Z.q n( Z fo” Z

(iii) Choosing o, =

in (2.6) we get,

77/

—q;q]3’ (43)

where fo(q) is a mock theta function of order five belonging to the first group. Thus similar
results can be established of mock theta function of order three and mock theta function of order
five.

(iv) Ch s, = OO (2.6)
iv oosing o, = and 9,, = in (2.6) we get,
& [—4¢; qln [—4¢; qln 8
i n(n+1) 0 n(2n+1)
fo(q)fl(q)ZZ[ - Jonla Z gl il Zq PR (4.4)
n= ’ n=0 n

where fo(q) and f1(g) are mock theta function of order five one belonging to the first group and
another belonging to the second group respectively. Similar results for any pair of mock theta
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function of order five can be established.

'ﬂ2 n2 .
(v) Choosing oy, = [_(2 e and 6, = q[q[z]’zq]n in (2.6) we get,
9 n b n
o] 2 oo 2
0" g qln q" " 4 qln
+ Somle) - Y —L LD (45
nzo (9 d)2n () ,;0 [—a;dl7 9 nzzo [~ I3 g dlan (4.5)

where f(q) is a mock theta function of order three and Sg(g) is a mock theta function of order
seven. Similar results involving any mock theta function of order three and any mock theta
function of order seven can be established,

(vi) Choosing o, = and 9§, = 4" 1a:dln in (2.6) we get,
[—4; q]n (43 qlan
g = P
Z “fon( Z =Y T (49
= o q]2n % q fr [q q]2n
where fy(q) is a mock theta function of order five.
n2y,. . n(n+1)?2
(vii) Choosing a,, = q" g dln and §, = laialng"™ " in (2.6) we get,
[q; ql2n [¢; d]2n+1
n (n+1)2 0 . 12 2n(n+1)+1
|4 qJng™ lg: al5g
m + O q) — s 4.7
z:: qlan+1 Sonl nz% 4; g)2n (9 T;J (45 dl2n[q; ql2nt1 (4.7)

where S(q) and $1(¢) are mock theta functions of order seven. Similar other results can also be
scored.
5. New Product Formulae

In this section we shall make use of (2.11) in order to establish product formulae for mock
theta functions.

’I’L2 ’I’L2
(i) Choosing a, = [—qq~q]2 and 6, = [_qqz.qz} in (2.11) we get,
S S - "
=) ———feam(@) + ®,(q) — 5.1
nz:%[—q%qﬂnf( () n;c,o [—a:d]7 (9 n;c,o (@ a3 [=a% a*]n’ 51)

where f.(q) is complete mock theta function of order three and ®(g) is another mock theta
function of order three.

. . q" T
ii) Choosing a,, = and 6, = in (2.11) we get,
(i) [—a:d)7 [—a:d]n 211)
e qn2 e an & q2n2
fela) fola) = fenmy(@) + — 5 fon(q) - ;o (52)
nZ:O gl n;m [—a:d]7 n:Z_oo [—a:d)}
where ®(q) is a mock theta function of order five belonging to the first group.
an qn(n+1)
iii) Choosing «,, = and §, = —— in (2.11) we get,
(i) [~a;q]2 [—a;d)n @11)
0 qn(n+1) e qn(2n+1)
n=0 v Hin n=-—oo q n=-—oo
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where f1(q) is a mock theta function of order five belonging to the second group.

2 2
. . q" q" lg:q)n .
(iv) Choosing «;, = and §, = ———— in (2.11) we get,
[—q;4]2 [g; dl2n
oo n2 o0 n2
=X Ty e S s Y gy
= ladlon o ad? o Fadila dan

where S(g) is a mock theta function of order seven and

n r2

f(—n,n)(Q) = Z [_(]72

= e dl?

Thus we can establish similar expression for the product of any two mock theta functions of same
order or of different order.
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