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1. Introduction, Notations and Definitions

As usual, for a and q complex numbers with |q| < 1, define

[a; q]0 = 1,

[a; q]n = (1− a)(1− aq)...(1− aqn−1), n ∈ N,

.
[a1, a2, ..., ak; q]n = [a1; q]n[a2; q]n...[ak; q]n,

[a; q]∞ =
∞∏

r=0

(1− aqr)

and
[a1, a2, ..., ar; q]∞ = (a1; q)∞(a2; q)∞...(ar; q)∞.

A basic hypergeometric series is defined by

rΦs

[
a1, a2, ..., ar; q; z
b1, b2, ..., bs

]
=

∞∑
n=0

[a1, a2, ..., ar; q]nz
n

[q, b1, b2, ..., bs; q]n
, |z| < 1, (1.1)

where as a very well poised basic hypergeometric series defined by,

r+3Wr+2 [a; b1, b2, ..., br; q; z]
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= r+3Φr+2

[
a, q

√
a,−q

√
a, b1, b2, ..., br; q; z√

a,−
√

a, aq/b1, aq/b2, ..., aq/br

]
. (1.2)

A pair of sequences {α(a, k; q), β(a, k; q)} is called WP-Bailey pair if

βn(a, k; q) =
n∑

r=0

[k/a; q]n−r[k; q]n+r

[q; q]n−r[aq; q]n+r

α(a, k; q)

=
[k/a, k; q]n
[q, aq; q]n

n∑
r=0

[kqn, q−n; q]r
[aq1−n/k, aqn+1; q]r

αr(a, k; q). (1.3)

In order to obtain WP-Bailey pairs, we shall make use of following summation
formulae

6Φ5

[
a, q

√
a,−q

√
a, b, kqn, q−n; q; aq/bk√

a,−
√

a, aq/b, aq1−n/k, aq1+n

]
=

[aq, kb/a; q]n
[k/a, aq/b; q]nbn

, (1.4)

which can be deduced from [Gasper & Rahman 3; App II (II.21)].

8Φ7

[
a, q

√
a,−q

√
a, b, c, a2q/bck, kqn, q−n; q; q√

a,−
√

a, aq/b, aq/c, bck/a, aq1−n/k, aq1+n

]

=
[aq, aq/bc, kb/a, kc/a; q]n
[aq/b, aq/c, k/a, kbc/a; q]n

, (1.5)

which can be deduced from [Gasper & Rahman 3; App. II (II.22)].

6Φ5

[
a, q

√
a,−q

√
a, a/k, kqn, q−n; q; q√

a,−
√

a, kq, aq1−n/k, aq1+n

]
= δn,0, (1.6)

which can be deduced from (1.4) by taking b=a/k.
Following are certain theorems for constructing the WP-Bailey pairs from a known
pair.
Theorem 1 (Andrews) If {αn(a, k; q), βn(a, k; q)} is a WP-Bailey pair then so is
the {α′n(a, k; q), β′n(a, k; q)} given by

α′n(a, k; q) =
[ρ1, ρ2; q]n

[aq/ρ1, aq/ρ2; q]n

(
k

m

)n

αn(a, m; q) (1.7)

β′n(a, k; q) =
[mq/ρ1, mq/ρ2; q]n
[aq/ρ1, aq/ρ2; q]n

n∑
r=0

(
1−mq2r

1−m

)
[ρ1, ρ2; q]r

[mq/ρ1, mq/ρ2; q]r
×
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× [k/m; q]n−r[k; q]n+r

[q; q]n−r[mq; q]n+r

(
k

m

)r

βr(a, m; q), (1.8)

where m = kρ1ρ2/aq.
Theorem 2 (Andrews) If {αn(a, k; q), βn(a, k; q)} is a WP-Bailey pair then so is
the {α′n(a, k; q), β′n(a, k; q)} given by

α′n(a, k; q) =
[m; q]2n

[k; q]2n

(
k

m

)n

αn(a, m; q) (1.9)

and

β′n(a, k; q) =
n∑

r=0

[k/m; q]n−r

[q; q]n−r

(
k

m

)r

βr(a, m; q), (1.10)

where m = a2q/k.
Theorem 3 (Warnaar) If {αn(a, k; q), βn(a, k; q)} is a WP-Bailey pair then so is
the {α′n(a, k; q), β′n(a, k; q)} given by

α′n(a, k; q) =

(
1− σk1/2

1− σk1/2qn

)(
1 + σm1/2qn

1 + σm1/2

)
[m; q]2n

[k; q]2n

(
k

m

)n

αn(a, m; q) (1.11)

and

β′n(a, k; q) =

(
1− σk1/2

1− σk1/2qn

) n∑
r=0

(
1 + σm1/2qr

1 + σm1/2

)
[k/m; q]n−r

[q; q]n−r

(
k

m

)r

βr(a, m; q),

(1.12)
where m = a2/k and σ ∈ (−1, 1).
Theorem 4 (Warnaar) If {αn(a, k; q), βn(a, k; q)} is a WP-Bailey pair then so is
the {α′n(a, k; q), β′n(a, k; q)} given by

α′n(a2, k; q2) = αn(a, m; q) (1.13)

and

β′n(a2, k; q2) =
[−mq; q]2n

[−aq; q]2n

n∑
r=0

(
1−mq2r

1−m

)
[k/m2; q2]n−r

[q2; q2]n−r

×

× [k; q2]n+r

[m2q2; q2]n+r

(m

a

)n−r

βr(a, m; q), (1.14)

where m=k/aq.
Theorem 5 (Warnaar) If {αn(a, k; q), βn(a, k; q)} is a WP-Bailey pair then so is
the {α′n(a, k; q), β′n(a, k; q)} given by

α′n(a2, k; q2) = q−n

(
1 + aq2n

1 + a

)
αn(a, m; q) (1.15)
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β′n(a2, k; q2) = q−n [−mq; q]2n

[−a; q]2n

n∑
r=0

(
1−mq2r

1−m

)
[k/m2; q2]n−r

[q2; q2]n−r

×

× [k; q2]n+r

[m2q2; q2]n+r

(m

a

)n−r

βr(a, m; q), (1.16),

where m = k/a.
Theorem 6 (Warnaar) If {αn(a, k; q), βn(a, k; q)} is a WP-Bailey pair then so is
the {α′n(a, k; q), β′n(a, k; q)} given by

α′2n(a, k; q) = αn(a, m; q2), α2n+1(a, k; q) = 0 (1.17)

β′n(a, k; q) =
[mq; q2]n
[aq; q2]n

[n/2]∑
r=0

(
1−mq2r

1−m

)
[k/m; q]n−2r

[q; q]n−2r

×

× [k; q]n+2r

[mq; q]n+2r

(
−k

a

)n−2r

βr(a, m; q2), (1.18),

where m = k2/a.
2. WP-Bailey Pairs

In this section we shall establish certain WP-Bailey pairs.

(i) Taking αr(a, k; q) =
[a, q

√
a,−q

√
a, b; q]r

[q,
√

a,−
√

a, aq/b; q]r

(
1

b

)r

in (1.3) and using (1.4) we

get,

βn(a, k; q) =
[k, kb/a; q]n

[q, aq/b; q]nbn
.

Thus we find that

αr(a, k; q) =
[a, q

√
a,−q

√
a, b; q]n

[q,
√

a,−
√

a, aq/b; q]n

(
1

b

)n

(2.1)

and

βn(a, k; q) =
[k, kb/a; q]n

[q, aq/b; q]nbn
. (2.2)

is a WP-Bailey pair.

(ii)Taking αr(a, k; q) =
[a, q

√
a,−q

√
a, b, c, a2q/bck; q]r

[q,
√

a,−
√

a, aq/b, aq/c, bck/a; q]r

(
k

a

)r

in (1.3) and using

(1.5) we get,

βn(a, k; q) =
[k, aq/bc, kb/a, kc/a; q]n

[q, aq/b, aq/c, kbc/a; q]nbn
.
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Thus

αr(a, k; q) =
[a, q

√
a,−q

√
a, b, c, a2q/bck; q]n

[q,
√

a,−
√

a, aq/b, aq/c, bck/a; q]n

(
k

a

)n

(2.3)

and

βn(a, k; q) =
[k, aq/bc, kb/a, kc/a; q]n

[q, aq/b, aq/c, kbc/a; q]nbn
. (2.4)

is a WP-Bailey pair. This pair was first obtained by Singh U.B. [4]
(iii) If we take b=a/k in (2.1) and (2.2) we get another WP-Bailey pair,

αn(a, k; q) =
[a, q

√
a,−q

√
a, a/k; q]n

[q,
√

a,−
√

a, kq; q]n

(
k

a

)n

(2.5)

and
βn(a, k; q) = δn,0. (2.6)

(iv) If we take αr(a, k; q) = δr,0 in (1.3) then

βn(a, k; q) =
[k, k/a; q]n
[q, aq; q]n

.

Thus,
αn(a, k; q) = δn,0. (2.7)

and

βn(a, k; q) =
[k, k/a; q]n
[q, aq; q]n

. (2.8)

from a WP Bailey pair.
3. Main Results

In this section we shall construct new WP Bailey pairs.
(A) (i) Using the WP-Bailey pair given in (2.1) and (2.2) in theorem 1; (1.7)-(1.8),
we get new WP-Bailey pair,

α′n(a, k; q) =
[a, q

√
a,−q

√
a, b, ρ1, ρ2; q]n

[q,
√

a,−
√

a, aq/b, aq/ρ1, aq/ρ2; q]n

(
k

mb

)n

(3.1)

β′n(a, k; q) =
[k, k/m, mq/ρ1, mq/ρ2; q]n

[q, mq, aq/ρ1, aq/ρ2; q]n
×

×
∞∑

n=0

(
1−mq2r

1−m

)
[m,mb/a, ρ1, ρ2, kqn, q−n; q]rq

r

[q, aq/b,mq/ρ1, mq/ρ2, mq1−n/k, mq1+n; q]rbr
, (3.2)
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where m =
kρ1ρ2

aq
.

(ii) Using the WP-Bailey pair given in (2.1) and (2.2) in theorem 2; (1.9)-(1.10),
we get new WP-Bailey pair

α′n(a, k; q) =
[m; q]2n

[k; q]2n

(
k

m

)n
[a, q

√
a,−q

√
a, b; q]n

[q,
√

a,−
√

a, aq/b; q]nbn
(3.3)

β′n(a, k; q) =
n∑

r=0

[k/m; q]n−r

[q; q]n−r

(
k

m

)r
[m, mb/a; q]r
[q, aq/b; q]rbr

=
[k/m; q]n

[q; q]n

n∑
r=0

[m, mb/a, q−n; q]r
[q, aq/b,mq1−n/k; q]r

(q

b

)r

, (3.4)

where m = a2q/k.
(iii) Using the WP-Bailey pair given in (2.1) and (2.2) in theorem 3; (1.11)-(1.12)
we get another new WP-Bailey pair,

α′n(a, k; q) =

(
1− σk1/2

1− σk1/2qn

)(
1− σm1/2qn

1− σm1/2

)
[m; q]2n

[k; q]2n

(
k

mb

)n

× [a, q
√

a,−q
√

a, b; q]n
[q,
√

a,−
√

a, aq/b; q]n
, (3.5)

β′n(a, k; q) =

(
1− σk1/2

1− σk1/2qn

)
[k/m; q]n

[q; q]n

n∑
r=0

(
1 + σm1/2qr

1 + σm1/2

)
×

× [q−n; q]r
[mq1−n/k; q]r

[m, mb/a; q]r
[q, aq/b; q]r

(q

b

)r

, (3.6)

where m = a2/k and σ ∈ (−1, 1).
(iv) Using the WP-Bailey pair given in (2.1) and (2.2) in theorem 4; (1.13)-(1.14)
we get the new WP-Bailey pair.

α′n(a2, k; q2) =
[a, q

√
a,−q

√
a, b; q]n

[q,
√

a,−
√

a, aq/b; q]nbn
, (3.7)

β′n(a2, k; q2) =
[−mq; q]2n

[−aq; q]2n

[k/m2; q2]n[k; q2]n
[q2; q2]n[m2q2; q2]n

(m

a

)n
n∑

r=0

(
1−mq2r

1−m

)
×

× [m, mb/a; q]r[kq2n, q−2n; q2]r
[q, aq/b; q]r[m2q2−2n/k, m2q2+2n; q2]r

, (3.8)
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where m=k/aq.
(v) Using the WP-Bailey pair given in (2.1) and (2.2) in theorem 5; (1.15)-(1.16)
we get the new WP-Bailey pair.

α′n(a2, k; q2) = q−n

(
1 + aq2n

1 + a

)
[a, q

√
a,−q

√
a, b; q]n

[q,
√

a,−
√

a, aq/b; q]nbn
(3.9)

β′n(a2, k; q2) = q−n [−mq; q]2n

[−aq; q]2n

[k/m2; q2]n[k; q2]n
[q2; q2]n[m2q2; q2]n

(m

a

)n
n∑

r=0

(
1−mq2r

1−m

)
×

× [m,mb/a; q]r[kq2n, q−2n; q2]r
[q, aq/b; q]r[m2q2−2n/k, m2q2+2n; q2]r

(
amq2

bk

)
, (3.10)

where m=k/a.
(vi) Using the WP-Bailey pair given in (2.1) and (2.2) in theorem 6; (1.17)-(1.18)
we get the new WP-Bailey pair.

α′2n(a, k; q) =
[a, q2

√
a,−q2

√
a, b; q2]n

[q2,
√

a,−
√

a, aq2/b; q2]nbn
, α′2n+1(a, k; q) = 0 (3.11)

β′n(a, k; q) =
[mq; q2]n
[aq; q2]n

[k, k/m; q]n
[q, mq; q]n

(
−k

a

)n n/2∑
r=0

(
1−mq2r

1−m

)
×

× [q−n; q]2r[kqn; q]2r[m, mb/a; q2]r
[mq1−n/k; q]2r[mq1+n; q]2r[q2, aq2/b; q2]r

(amq

bk2

)r

(3.12),

where m = k2/a.
(B) (vii) Using the WP-Bailey pair given in (2.3) and (2.4) in theorem 1; (1.7)-
(1.8), we get the new Bailey pair,

α′n(a, k; q) =
[ρ1, ρ2; q]n

[aq/ρ1, aq/ρ2; q]n

[a, q
√

a,−q
√

a, b, c, a2q/bcm; q]n
[q,
√

a,−
√

a, aq/b, aq/c, bcm/a; q]n

(
k

a

)n

(3.13)

β′n(a, k; q) =
[k, k/m, mq/ρ1, mq/ρ2; q]n

[q, mq, aq/ρ1, aq/ρ2; q]n

n∑
r=0

(
1−mq2r

1−m

)
[ρ1, ρ2; q]r

[mq/ρ1, mq/ρ2; q]r
×

× [q−n, kqn; q]rq
r[m, aq/bc,mb/a,mc/a; q]r

[mq1−n/k, mq1+n; q]r[q, aq/b, aq/c, mbc/a; q]r
, (3.14)

where m = kρ1ρ2/aq.
(viii) Using the WP-Bailey pair given in (2.3) and (2.4) in theorem 2; (1.9)-(1.10),
we get the new Bailey pair,

α′n(a, k; q) =
[m; q]2n

[k; q]2n

(
k

a

)n
[a, q

√
a,−q

√
a, b, c, a2q/bcm; q]n

[q,
√

a,−
√

a, aq/b, aq/c, bcm/a; q]n
(3.15)
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β′n(a, k; q) =
[k/m; q]n

[q; q]n

n∑
r=0

[q−n; q]rq
r[m, aq/bc,mb/a,mc/a; q]r

[mq1−n/k; q]r[q, aq/b, aq/c, mbc/a; q]r
, (3.16)

where m = a2q/k.
(ix) Using the WP-Bailey pair given in (2.3) and (2.4) in theorem 3; (1.11)-(1.12),
we get the new Bailey pair,

α′n(a, k; q) =

(
1− σk1/2

1− σk1/2qn

)(
1 + σm1/2qn

1 + σm1/2

)
[m; q]2n

[k; q]2n

×

× [a, q
√

a,−q
√

a, b, c, a2q/bcm; q]n
[q,
√

a,−
√

a, aq/b, aq/c, bcm/a; q]n

(
k

a

)n

(3.17)

β′n(a, k; q) =

(
1− σk1/2

1− σk1/2qn

)
[k/m; q]n

[q; q]n

n∑
r=0

(
1 + σm1/2qr

1 + σm1/2

)
×

× [q−n; q]rq
r[m, aq/bc, mb/a,mc/a; q]r

[mq1−n/k; q]r[q, aq/b, aq/c, mbc/a; q]r
, (3.18)

where m = a2q/k and σ ∈ (−1, 1).
(x) Using the WP-Bailey pair given in (2.3) and (2.4) in theorem 4; (1.13)-(1.14),
we get the new Bailey pair,

α′n(a2, k; q2) =
[a, q

√
a,−q

√
a, b, c, a2q/bcm; q]n

[q,
√

a,−
√

a, aq/b, aq/c, bcm/a; q]n

(m

a

)n

(3.19)

β′n(a2, k; q2) =
[−mq; q]2n

[−aq; q]2n

[k/m2; q2]n[k; q2]n
[q2; q2]n[m2q2; q2]n

(m

a

)n
n∑

r=0

(
1−mq2r

1−m

)
×

× [q−2n, kq2n; q2]r[m, aq/bc, mb/a, mc/a; q]r
[m2q2−2n/k, m2q2+2n; q2]r[q, aq/b, aq/c, mbc/a; q]r

, (3.20)

where m=k/aq.
(xi) Using the WP-Bailey pair given in (2.3) and (2.4) in theorem 5; (1.15)-(1.16),
we get the new Bailey pair,

α′n(a2, k; q2) = q−n

(
1 + aq2n

1 + a

)
[a, q

√
a,−q

√
a, b, c, a2q/bcm; q]n

[q,
√

a,−
√

a, aq/b, aq/c, bcm/a; q]n

(m

a

)n

(3.21)

β′n(a2, k; q2) = q−n [−mq; q]2n

[−a; q]2n

[k/m2; q2]n[k; q2]n
[q2; q2]n[m2q2; q2]n

(m

a

)n
n∑

r=0

(
1−mq2r

1−m

)
×
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× [q−2n, kq2n; q2]r[m, aq/bc, kb/a, mc/a; q]n
[m2q2−2n/k, m2q2+2n; q2]r[q, aq/b, aq/c, mbc/a; q]n

(
maq2

k

)r

, (3.22)

where m = k/a.
(xii) Using the WP-Bailey pair given in (2.3) and (2.4) in theorem 6; (1.17)-(1.18),
we get the new Bailey pair,

α′2n(a, k; q) =
[a, q2

√
a,−q2

√
a, b, c, a2q2/bcm; q2]n

[q2,
√

a,−
√

a, aq2/b, aq2/c, bcm/a; q2]n

(m

a

)n

, α2n+1(a, k; q) = 0

(3.23)

β′n(a, k; q) =
[mq; q2]n
[aq; q2]n

[k/m, k; q]n
[q, mq; q]n

(
−k

a

)n n/2∑
r=0

(
1−mq2r

1−m

)
×

× [q−n; q]2r[kqn; q]2r

[mq1−n/k; q]2r[mq1+n; q]2r

(mq

k

)2r (a

k

)2r

×

× [m, aq2/bc, mb/a, mc/a; q2]n
[q2, aq2/b, aq2/c, mbc/a; q2]n

, (3.24)

where m = k2/a.
(C) (xiii) Using the WP-Bailey pair given in (2.7) and (2.8) in theorem 1; (1.7)-
(1.8), we get the new Bailey pair,

α′n(a, k; q) = δn,0 (3.25)

β′n(a, k; q) =

[
mq

ρ1

,
mq

ρ2

,
k

m
, k; q

]
n[

aq

ρ1

,
aq

ρ2

, q,mq; q

]
n

n∑
r=0

(
1−mq2r

1−m

)
×

× [ρ1, ρ2, q
−n, kqn; q]rq

r[m, m/a; q]r[
mq

ρ1

,
mq

ρ2

,
mq1−n

k
, mq1+n; q

]
r

[q, aq; q]r

, (3.26)

where m =
kρ1ρ2

aq
.

(xiv) Using the WP-Bailey pair given in (2.7) and (2.8) in theorem 2; (1.9)-(1.10),
we get the new Bailey pair,

α′n(a, k; q) = δn,0 (3.27)

β′n(a, k; q) =
[k/m; q]n

[q; q]n

n∑
r=0

[q−n; q]r[m, m/a; q]r
[mq1−n/k; q]r[q, aq; q]r

, (3.28)
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where m = a2q/k.
(xv) Using the WP-Bailey pair given in (2.7) and (2.8) in theorem 3; (1.11)-(1.12),
we get the new Bailey pair,

α′n(a, k; q) = δn,0 (3.29)

β′n =

(
1− σ

√
k

1− σqn
√

k

)
[k/m; q]n

[q; q]n

n∑
r=0

(
1 + σqr

√
m

1 + σ
√

m

)
×

× [q−n; q]rq
r[m, m/a; q]r

[mq1−n/k; q]r[q, aq; q]r
, (3.30)

where m = a2/k and σ ∈ (−1, 1).
(xvi) Using the WP-Bailey pair given in (2.7) and (2.8) in theorem 4; (1.13)-(1.14),
we get the new Bailey pair,

α′n(a2, k; q2) = δn,0 (3.31)

β′n(a2, k; q2) =
[−mq; q]2n[k, k/m2; q2]n
[−aq; q]2n[q2, m2q2; q2]n

(m

a

)n
n∑

r=0

(
1−mq2r

1−m

)
×

× [kq2n, q−2n; q2]r
[m2q2−2n/k, m2q2+2n; q2]r

(
amq2

k

)r
[m, m/a; q]r
[q, aq; q]r

, (3.32)

where m=k/aq.
(xvii) Using the WP-Bailey pair given in (2.7) and (2.8) in theorem 5; (1.15)-
(1.16), we get the new Bailey pair,

α′n(a2, k; q2) = δn,0 (3.33)

β′n(a2, k; q2) = q−n [−mq; q]2n[k, k/m2; q2]n
[−a; q]2n[q2, m2q2; q2]n

(m

a

)n
n∑

r=0

(
1−mq2r

1−m

)
×

× [kq2n, q−2n; q2]r
[m2q2−2n/k, m2q2+2n; q2]r

(
amq2

k

)r
[m, m/a; q]r
[q, aq; q]r

, (3.34)

where m=k/a.
(xviii) Using the WP-Bailey pair given in (2.7) and (2.8) in theorem 6; (1.17)-
(1.18), we get the new Bailey pair,

α′2n(a, k; q) = δn,0, α2n+1 = 0 (3.35)

β′n(a, k; q) =
[mq; q2]n[k/m; q]n[k; q]n
[aq; q2]n[q; q]n[mq; q]n

(
−k

a

)n

×
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×
n/2∑
n=0

(
1−mq2r

1−m

)
[q−n; q]2r[kqn; q]2r[m, m/a; q2]r

[mq1−n/k; q]2r[mq1+n; q]2r[q2, aq2; q2]r

(maq

k2

)2r

(3.36)

where m = k2/a.
(D) (xix) Using the WP-Bailey pair given in (2.5) and (2.6) in theorem 1; (1.7)-
(1.8), we get the new Bailey pair,

α′n(a, k; q) =
[ρ1, ρ2; q]n

[aq/ρ1, aq/ρ2; q]n

(
k

a

)n
[a, q

√
a,−q

√
a, a/k; q]n

[q,
√

a,−
√

a, kq; q]n
(3.37)

β′n(a, k; q) =
[mq/ρ1, mq/ρ2; q]n[k, k/m; q]n

[aq/ρ1, aq/ρ2; q]n[q, mq; q]n
, (3.38)

where m = kρ1ρ2/aq.
(xx) Using the WP-Bailey pair given in (2.5) and (2.6) in theorem 2; (1.9)-(1.10),
we get the new Bailey pair,

α′n(a, k; q) =
[m; q]2n

[k; q]2n

(
k

a

)n
[a, q

√
a,−q

√
a, a/m; q]n

[q,
√

a,−
√

a, mq; q]n
(3.39)

β′n(a, k; q) =
[k/m; q]n

[q; q]n
, (3.40)

where m = a2q/k.
(xxi) Using the WP-Bailey pair given in (2.5) and (2.6) in theorem 3; (1.11)-(1.12),
we get the new Bailey pair,

α′n(a, k; q) =

(
1− σk1/2

1− σk1/2qn

)(
1 + σm1/2qn

1 + σm1/2

)
[m; q]2n

[k; q]2n

×

×
(

k

a

)n
[a, q

√
a,−q

√
a, a/m; q]n

[q,
√

a,−
√

a, mq; q]n
(3.41)

β′n(a, k; q) =
[k/m; q]n

[q; q]n
, (3.42)

where m = a2/k and σ ∈ (−1, 1).
(xxii) Using the WP-Bailey pair given in (2.5) and (2.6) in theorem 4; (1.13)-
(1.14), we get the new Bailey pair,

α′n(a2, k; q2) =
[a, q

√
a,−q

√
a, a/m; q]n

[q,
√

a,−
√

a, mq; q]n

(m

a

)n

(3.43)
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β′n(a2, k; q2) =
[−mq; q]2n[k/m2; q2]n[k; q2]n
[−aq; q]2n[q2; q2]n[m2q2; q2]n

(m

a

)n

, (3.44)

where m=k/aq.
(xxiii) Using the WP-Bailey pair given in (2.5) and (2.6) in theorem 5; (1.15)-
(1.16), we get the new Bailey pair,

α′n(a2, k; q2) = q−n

(
1 + aq2n

1 + a

)
[a, q

√
a,−q

√
a, a/m; q]n

[q,
√

a,−
√

a, mq; q]n

(m

a

)n

(3.45)

β′n(a2, k; q2) =
[−mq; q]2n[k/m2; q2]n[k; q2]n
[−a; q]2n[q2; q2]n[m2q2; q2]n

(m

a

)n

(3.46),

where m = k/a.
(xxiii) Using the WP-Bailey pair given in (2.5) and (2.6) in theorem 6; (1.17)-
(1.18), we get the new Bailey pair,

α′2n(a, k; q) =
[a, q2

√
a,−q2

√
a, a/m; q2]n

[q2,
√

a,−
√

a, mq2; q2]n

(m

a

)n

α′2n+1 = 0, (3.47)

β′n(a, k; q) =
[mq; q2]n[k/m; q]n[k; q]n
[aq; q2]n[q; q]n[mq; q]n

(
−k

a

)n

, (3.48)

where m = k2/a.
4. Transformation and summation formulae for q-series

In this section we shall establish transformation and summation formulae for
basic hypergeometric series by making use of (1.3) and new WP Bailey pairs es-
tablished in previous section.
(i) Using the WP-Bailey pair of (3.1)-(3.2) in (1.3) we get the transformation
formula,

8Φ7

[
m, q

√
m,−q

√
m,mb/a, ρ1, ρ2, kqn, q−n; q; q/b√

m,−
√

m, aq/b, aq/ρ1, aq/ρ2, mq1−n/k, mq1+n

]
=

[mq, aq/ρ1, aq/ρ2, k/a; q]n
[aq, k/m,mq/ρ1, mq/ρ2; q]n

×

8Φ7

[
a, q

√
a,−q

√
a, b, ρ1, ρ2, kqn, q−n; q; aq/mb√

a,−
√

a, aq/b, aq/ρ1, aq/ρ2, aq1−n/k, aq1+n

]
(4.1)

where m =
kρ1ρ2

aq
.

(ii) Using the WP-Bailey pair of (3.3)-(3.4) in (1.3) we get the following transfor-
mation formula,

3Φ2

[
m, mb/a, q−n; q; q/b
aq/b, mq1−n/k

]
=

[k, k/a; q]n
[aq; q]n[k/m; q]n

×
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×10Φ9

[
a, q

√
a,−q

√
a, b,

√
m,−

√
m,

√
mq,−√mq, kqn, q−n; q; aq/mb√

a,−
√

a, aq/b,
√

k,−
√

k,
√

kq,−
√

kq, aq1−n/k, aq1+n

]
, (4.2)

where m = a2q/k.
(iii) Using the WP-Bailey pair of (3.5)-(3.6) in (1.3) we get the following transfor-
mation formula,(

1− σ
√

k

1− σqn
√

k

)
[k/m; q]n[aq; q]n

[k, k/a; q]n
4Φ3

[
m, mb/a,−σq

√
mq−n; q; q/b

aq/b, σ
√

m, mq1−n/k

]

= 10Φ9

[
a, q

√
a,−q

√
a, b, σ

√
k,−σq

√
m,

√
m,−

√
m,

√
mq,−√mq; q; aq/mb√

a,−
√

a, aq/b, σq
√

k,−σ
√

m,
√

k,−
√

k,
√

kq,−
√

kq

]
,

(4.3)
where m = a2/k and σ ∈ (−1, 1).
(iv) Using the WP-Bailey pair of (3.7)-(3.8) in (1.3) we get the following transfor-
mation formula,

[−mq; q]2n[k/m2; q2]n
[−aq; q]2n[m2q2; q2]n

(m

a

)n [a2q2; q2]n
[k/a2; q2]n

×

8Φ7

 m, q
√

m,−q
√

m,
mb

a
, qn

√
k,−qn

√
k, q−n,−q−n; q;

amq2

bk√
m,−

√
m,

aq

b
,

m√
k
q1−n,− m√

k
q1−n, mq1+n,−mq1+n


= 8Φ7

 a, , q
√

a,−q
√

a, b, q
√

k,−q
√

k, q−n,−q−n; q;
aq

bk√
a,−

√
a,

aq

b
,

a√
k
q1−n,− a√

k
q1−n, aq1+n,−aq1+n

 , (4.4)

where m=k/aq.
(v) Using the WP-Bailey pair of (3.9)-(3.10) in (1.3) we get the following trans-
formation formula,

[−mq; q]2n[k/m2, k; q2]n
[−a; q]2n[m2q2; q2]n

(
m

aq

)n

×

8Φ7

 m, q
√

m,−q
√

m,
mb

a
, qn

√
k,−qn

√
k, q−n,−q−n; q;

amq2

bk√
m,−

√
m,

aq

b
,

m√
k
q1−n,− m√

k
q1−n, mq1+n,−mq1+n


=

[k/a2, k; q2]n
[a2q2; q2]n

×
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= 10Φ9

 a, , q
√

a,−q
√

a, b, iq
√

a,−iq
√

a, qn
√

k,−qn
√

k, q−n,−q−n; q;
a2q

k√
a,−

√
a,

aq

b
, i
√

a,−i
√

a,
a√
k
q1−n,− a√

k
q1−n, aq1+n,−aq1+n

 ,

(4.5)

where m =
k

a
,

∣∣∣∣a2q

k

∣∣∣∣ < 1,

∣∣∣∣q2

b

∣∣∣∣ < 1.

(vi) Using the WP-Bailey pair of (3.11)-(3.12) in (1.3) we get the following trans-
formation formula,

[mq; q2]n[k, k/m; q]n
[aq; q2]n[mq; q]n

(
−k

a

)n [n/2]∑
r=0

(
1−mq2r

1−m

)
×

× [q−n, kqn; q]2r[m,mb/a; q2]r
[mq1−n/k, mq1+n; q]2r[q2, aq2/b; q2]r

(q

b

)r

=
[k, k/a; q]n

[aq; q]n

[n/2]∑
r=0

[q−n, kqn; q]2r

[aq1−n/k, aq1+n; q]2r

(aq

k

)2r

×

× [a, q2
√

a,−q2
√

a, b; q2]r
[q2,

√
a,−

√
a, aq2/b; q2]rbr

. (4.6)

(vii) Using the WP-Bailey pair of (3.13)-(3.14) in (1.3) we get the following trans-
formation formula,

[k/m, mq/ρ1, mq/ρ2; q]n[aq; q]n
[mq, aq/ρ1, aq/ρ2; q]n[k/a; q]n

×

10Φ9

 m, q
√

m,−q
√

m, ρ1, ρ2,
aq

bc
,
mb

a
,
mc

a
, kqn, q−n; q; q

√
m,−

√
m,

mq

ρ1

,
mq

ρ2

,
bcm

a
,
aq

b
,
aq

c
,
mq1−n

k
, mq1+n



= 10Φ9

 a, q
√

a,−q
√

a, ρ1, ρ2,
a2q

bcm
, b, c, kqn, q−n; q; q

√
a,−

√
a,

aq

ρ1

,
aq

ρ2

,
bcm

a
,
aq

b
,
aq

c
,
aq1−n

k
, aq1+n

 , (4.7)

where m =
kρ1ρ2

aq
.

(viii) Using the WP-Bailey pair of (3.15)-(3.16) in (1.3) we get the following trans-
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formation formula,

5Φ4

 m,
aq

bc
,
mb

a
,
mc

a
, q−n; q; q

mbc

a
,
aq

b
,
aq

c
,
mq1−n

k

 =
[k, k/a; q]n

[aq, k/m; q]n
×

12Φ11

 a, q
√

a,−q
√

a, b, c,
a2q

bcm
,
√

m,−
√

m,
√

mq,−√mq, kqn, q−n; q; q

√
a,−

√
a,
√

k,−
√

k,
√

kq,−
√

kq,
aq

b
,
aq

c
,
bcm

a
,
aq1−n

k
, aq1+n

 , (4.8)

where m =
a2q

k
.

(ix) Using the WP-Bailey pair of (3.17)-(3.18) in (1.3) we get the following trans-
formation formula,(

1− σ
√

k

1− σqn
√

k

)
[k/m; q]n

[q; q]n
6Φ5

 m,
aq

bc
,
mb

a
,
mc

a
,−σq

√
m, q−n; q; q

mbc

a
,
aq

b
,
aq

c
,−σ

√
m,

mq1−n

k


=

[k, k/a; q]n
[q, aq; q]n

×

14Φ13

 a, q
√

a,−q
√

a, b, c,
a2q

bcm
, σ
√

k,−σq
√

m,
√

m,−
√

m,
√

mq,−√mq, kqn, q−n; q; q

√
a,−

√
a,
√

k,−
√

k,
√

kq,−
√

kq,
aq

b
,
aq

c
,
bcm

a
, σ
√

m,−σq
√

k,
aq1−n

k
, aq1+n

 ,

(4.9)

where m =
a2

k
and σ ∈ (−1, 1).

(x) Using the WP-Bailey pair of (3.19)-(3.20) in (1.3) we get the following trans-
formation formula,

[−mq; q]2n[k/m2; q2]n[k; q2]n
[−aq; q]2n[q2; q2]n[m2q2; q2]n

(m

a

)n

×

10Φ9

 m, q
√

m,−q
√

m,
mb

a
,
mc

a
,
aq

bc
, qn

√
k,−qn

√
k, q−n,−q−n; q; q

√
m,−

√
m,

bcm

a
,
aq

b
,
aq

c
,
mq1−n

√
k

,−mq1−n

√
k

, mq1+n,−mq1+n


=

[k, k/a2; q2]n
[q2, a2q2; q2]n

×
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×10Φ9

 a, q
√

a,−q
√

a, b, c,
a2q

bcm
, qn

√
k,−qn

√
k, q−n,−q−n; q; q

√
a,−

√
a,

bcm

a
,
aq

b
,
aq

c
,
aq1−n

√
k

,−aq1−n

√
k

, aq1+n,−aq1+n

 (4.10)

where m=k/aq.
(xi) Using the WP-Bailey pair of (3.21)-(3.22) in (1.3) we get the following trans-
formation formula,

[−mq; q]2n[k/m2; q2]n[k; q2]n
[−a; q]2n[q2; q2]n[m2q2; q2]n

(
m

aq

)n

×

10Φ9

 m, q
√

m,−q
√

m,
mb

a
,
mc

a
,
aq

bc
, qn

√
k,−qn

√
k, q−n,−q−n; q; q

√
m,−

√
m,

bcm

a
,
aq

b
,
aq

c
,
mq1−n

√
k

,−mq1−n

√
k

, mq1+n,−mq1+n


=

[k, k/a2; q2]n
[q2, a2q2; q2]n

×

×12Φ11

 a, q
√

a,−q
√

a, b, c,
a2q

bcm
, qn

√
k,−qn

√
k, q−n,−q−n, iq

√
a,−iq

√
a; q; q

√
a,−

√
a,

bcm

a
,
aq

b
,
aq

c
,
aq1−n

√
k

,−aq1−n

√
k

, aq1+n,−aq1+n,−i
√

a, i
√

a


(4.11)

where m=k/a.
(xii) Using the WP-Bailey pair of (3.23)-(3.24) in (1.3) we get the following trans-
formation formula,

[mq; q2]n[k, k/m; q]n
[aq; q2]n[q, mq; q]n

(
−k

a

) [n/2]∑
n=0

(
1−mq2r

1−m

)
×

× [m, aq2/bc, mb/a, mc/a; q2]r[kqn; q]2r[q
−n; q]2rq

2r

[q2, aq2/b, aq2/c, mbc/a; q2]r[mq1+n; q]2r[mq1−n/k; q]2r

=
[k, k/a; q]n
[q, aq; q]n

[n/2]∑
r=0

[q−n, kqn; q]2r

[aq1−n/k, aq1+n; q]2r

×

× [a, q2
√

a,−q2
√

a, b, c, a2q2/bcm; q2]rq
2r

[q2,
√

a,−
√

a, aq2/b, aq2/c, bcm/a; q2]r
, (4.12)
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where m = k2/a.
(xiii) Using the WP-Bailey pair of (3.25)-(3.26) in (1.3) we get the following trans-
formation formula,

8Φ7

[
m, q

√
m,−q

√
m,m/a, ρ1, ρ2, kqn, q−n; q; q√

m,−
√

m, aq, mq/ρ1, mq/ρ2, mq1−n/k, mq1+n

]

=
[mq, aq/ρ1, aq/ρ2, k/a; q]n

[aq, k/m,mq/ρ1, mq/ρ2; q]n
, (4.13)

where m =
kρ1ρ2

aq
.

(xiv) Using the WP-Bailey pair of (3.27)-(3.28) in (1.3) we get the Saalschiitzian
summation formula,

3Φ2

[
m, m/a, q−n; q; q
aq, mq1−n/k

]
=

[k, k/a; q]n
[k/m, aq; q]n

, (4.14)

where m =
a2q

k
.

(xv) Using the WP-Bailey pair of (3.29)-(3.30) in (1.3) we get,

4Φ3

[
m, m/a,−σq

√
m, q−n; q; q

aq,−σ
√

m, mq1−n/k

]
=

[k, k/a, σq
√

k; q]n

[aq, k/m, σ
√

k; q]n
, (4.15)

where m = a2/k and σ ∈ (−1, 1).
(xvi) Using the WP-Bailey pair of (3.31)-(3.32) in (1.3) we get,

8Φ7

 m,
m

a
, q
√

m,−q
√

m, qn
√

k,−qn
√

k, q−n,−q−n; q; q

aq,
√

m,−
√

m,
m√
k
q1−n,− m√

k
q1−n, mq1+n,−mq1+n


=

[−aq; q]2n[m2q2; q2]n[k/a2; q2]n
[−mq; q]2n[k/m2; q2]n[a2q2; q2]n

( a

m

)n

, (4.16)

where m=k/aq.
(xvii) Using the WP-Bailey pair of (3.33)-(3.34) in (1.3) we get,

8Φ7

 m,
m

a
, q
√

m,−q
√

m, qn
√

k,−qn
√

k, q−n,−q−n; q; q2

aq,
√

m,−
√

m,
m√
k
q1−n,− m√

k
q1−n, mq1+n,−mq1+n





70 J. of Ramanujan Society of Math. and Math. Sc.

=
[−a; q]2n[m2q2; q2]n[k/a2; q2]n

[−mq; q]2n[k/m2; q2]n[a2q2; q2]n

(aq

m

)n

, (4.17)

where m=k/a.
(xviii) Using the WP-Bailey pair of (3.35)-(3.36) in (1.3) we get,

[n/2]∑
r=0

(
1−mq2r

1−m

)
[m, m/a; q2]r[q

−n; q]2r[kqn; q]2rq
2r

[q2, aq2; q2]r[mq1−n/k; q]2r[mq1+n; q]2r

=
[aq; q2]n[mq; q]n[k/a; q]n(−a/k)n

[mq; q2]n[k/m; q]n[aq; q]n
, (4.18)

where m = k2/a.
(xix) Using the WP-Bailey pair of (3.37)-(3.38) in (1.3) we get,

8Φ7

[
a, q

√
a,−q

√
a, a/m, ρ1, ρ2, kqn, q−n; q; q√

a,−
√

a, mq, aq/ρ1, aq/ρ2, aq1−n/k, aq1+n

]

=
[aq, mq/ρ1, mq/ρ2, k/m; q]n
[mq, k/a, aq/ρ1, aq/ρ2; q]n

, (4.19)

where m =
kρ1ρ2

aq
.

(xx) Using the WP-Bailey pair of (3.39)-(3.40) in (1.3) we get,

10Φ9

 a, q
√

a,−q
√

a,
a

m
,
√

m,−
√

m,
√

mq,−√mq, kqn, q−n; q; q

√
a,−

√
a,
√

k,−
√

k,
√

kq,−
√

kq, mq,
aq1−n

k
, aq1+n


=

[aq, k/m; q]n
[k, k/a; q]n

, (4.20)

where m =
a2q

k
.

(xxi) Using the WP-Bailey pair of (3.41)-(3.42) in (1.3) we get,

12Φ11

 a, q
√

a,−q
√

a,
a

m
, σ
√

k,−σq
√

m,
√

m,−
√

m,
√

mq,−√mq, kqn, q−n; q; q

√
a,−

√
a,
√

k,−
√

k,
√

kq,−
√

kq, mq,−σ
√

m, σq
√

k,
aq1−n

k
, aq1+n


=

[aq, k/m; q]n
[k, k/a; q]n

, (4.21)
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where m =
a2

k
and σ ∈ (−1, 1).

(xxii) Using the WP-Bailey pair of (3.43)-(3.44) in (1.3) we get,

8Φ7

 a,
a

m
, q
√

a,−q
√

a, qn
√

k,−qn
√

k, q−n,−q−n; q; q

mq,
√

a,−
√

a,
a√
k
q1−n,− a√

k
q1−n, aq1+n,−aq1+n


=

[−mq; q]2n[a2q2; q2]n[k/m2; q2]n
[−aq; q]2n[k/a2; q2]n[m2q2; q2]n

(m

a

)n

, (4.22)

where m=k/aq.
(xxiii) Using the WP-Bailey pair of (3.45)-(3.46) in (1.3) we get,

= 10Φ9

 a, , q
√

a,−q
√

a, a/m, iq
√

a,−iq
√

a, qn
√

k,−qn
√

k, q−n,−q−n; q; q
√

a,−
√

a, mq, i
√

a,−i
√

a,
a√
k
q1−n,− a√

k
q1−n, aq1+n,−aq1+n

 ,

(4.5)

=
[−mq; q]2n[a2q2; q2]n[k/m2; q2]n
[−a; q]2n[k/a2; q2]n[m2q2; q2]n

(m

a

)n

, (4.23)

where m=k/a.
(xxiv) Using the WP-Bailey pair of (3.47)-(3.48) in (1.3) we get,

8Φ7

 a,
a

m
, q2

√
a,−q2

√
a, kqn+1, kqn, q−n, q1−n; q2; q2

mq2,
√

a,−
√

a,
aq1−n

k
q1−n,

aq2−n

kq1−n
, aq1+n, aq2+n


=

[mq; q2]n[aq, k/m; q]n
[aq; q]n[mq, k/a; q]n

(
−k

a

)n

, (4.24)

where m = k2/a.
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