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Abstract: Fuzzy graph was introduced by Kaufmann [7] in 1973. In this paper,
we introduced the concept of the complete product of two fuzzy graphs with an
[lustrative example. We proved the result that If G : (o, ) = (U, Ey), H : (1,9) =
(V.Ev), G’ : (¢',p) = (U, Ey) and H' : (7',9") = (V', Ey+) are any four fuzzy
graphs such that G : (o,u) = G : (o/,p/) and H : (1,9) =2 H' : (7/,79) under the
fuzzy graph isomorphisms f and h respectively, then G xp H = G’ xp H'. As
the proof is too long, we have demonstrated the result in two by parting into two
hypotheses.
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1. Introduction

The concept of a Graph is introduced for the first time by Leonhard Euler [4]
in the year 1736. It is quite well known that graphs are simply models of relations.
A graph is a convenient way of representing the information involving relationship
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between objects. The objects are represented by vertices and relations by edges.
When there is vagueness in the description of the objects or in its relationships or
in both, it is natural that we need to design a ‘Fuzzy Graph Model’. Application
of fuzzy relations are widespread and important in the field of clustering analysis,
neural networks, computer networks, pattern recognition, decision making and
expert systems. In each of these, the basic mathematical structure is that of a
fuzzy graph. We know that a graph is a symmetric binary relation on a nonempty
set V. Similarly, a fuzzy graph is a symmetric binary fuzzy relation on a fuzzy
subset. The first definition of a fuzzy graph was by Kaufmann [7] in 1973, based
on Zadeh’s fuzzy relations [13]. But it was Azriel Rosenfeld [9] who considered
fuzzy relations on fuzzy sets and developed the theory of fuzzy graphs in 1975.
Later on, so many Mathematicians produced various results on Fuzzy Graphs in
various aspects.

In this paper, we introduced the concept of the complete product of two fuzzy
graphs with an Illustrative example. We proved the result that If G : (o, u) =
(U,Ey), H: (1,9) = (V,Ev), G : (o', p) = (U, Ey) and H' : (7/,9") = (V', Ey)
are any four fuzzy graphs such that G : (o, u) = G": (o', /) and H : (1,9) = H' :
(7/,¢') under the fuzzy graph isomorphisms f and h respectively, then G xp H &
G' xp H'. As the proof is too long, we have demonstrated the result in two by
parting into two hypotheses.

2. Preliminaries

In this section we have given the definitions and examples related to the concepts
which are discussed in the introduction.

Definition 2.1. [5] A graph G is a triplet consisting of a vertex set V(G), an
edge set E(G), and a relation that associates two vertices with each edge. The two
vertices called its endpoints (not necessarily distinct). Graphically, we represent
a graph by drawing a point for each vertexr and representing each edge by a curve
joining its endpoints.

Definition 2.2. [9, 13] Let S be a non-empty set. Let pn: S x S — [0,1] and
o:8 —[0,1] be any two fuzzy sets. Then p is said to be a fuzzy relation on o if

plz,y) <o(z)No(y)vVe,y € 5.
Note: o(z) No(y) = min{o(x),o(y)}.

Definition 2.3. [9, 13] (i) A fuzzy relation p on a fuzzy set o is called symmetric
if wz,y) = ply,x),Ve,y € S. (i) A fuzzy relation p on a fuzzy set o is called
reflezive if p(z,x) = o(x),Vr € S.

Definition 2.4. [9, 13] A fuzzy graph G is a pair of functions G : (o, ) where o
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1S a fuzzy subset on a non-empty set V and o is a symmetric fuzzy relation on o.
The underlying crisp graph of G : (o, ) is denoted by G (V, E) where E CV X V.

Example 2.5. Here we have given an example for fuzzy graph.

(1) 0.7 D
[ [ ]
0.5 0.4 0.3  Here ‘o’ values are written in the brackets at the vertices
And ‘w’ values are written in the middle of the edges.
| ]
(0.6) 0.5 0.5)
Figure 1: Fuzzy graph

Note 2.7: In any fuzzy graph G : (o, ) on G % (V, E), we assume that V' is finite
and g is reflexive on o. Also, we ignore the loops and parallel edges.

Definition 2.8. [3] Let G : (o, 1) be a fuzzy graph on G x (V, E). Let ox = {z €
V/o(x) > 0}. Then G is said to be a Uniform vertex fuzzy graph if o(x) = k¥z € ox
where k is some positive real such that 0 < k < 1.

Example 2.9. Here we have given an example for Uniform vertex fuzzy graph.

(0.6) 0.4 (0.6)
[ ] ]
0.2 0.3 Here ‘o’ values are written in the brackets at the vertices
And ‘p’ values are written in the middle of the edges.
L J o
(0.6) 0.5 (0.6)
Figure 2: Uniform vertex fuzzy graph

3. The Complete Product of Two Fuzzy Graphs

Definition 3.1. Let G : (o,p) and H : (1,9) be any two fuzzy graphs with Gx :
(U,Ey) and Hx : (V : Ev). Then the Complete product of G and H is defined as
a fuzzy graph

GxpH:(ocxpr,uxpd)=(UXxXV,E)
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whereE:E1UE2UE3UE4UE5UE6UE7UE8.

Such that

Ey = {((u1,v1), (ug,v2)) : ugy =uy and (vy,v) € Ev} and

Ey = {((u1,v1), (ug,v2)) : uy =uy and (vi,v2) ¢ Ev} and

E3 = {((u1,v1), (ug,v2)) : v1 = vy and (uy,us) € Ey} and
(w1, u2)

Uy, U2 ¢EU} and

: (u1,u2) € By and

) )
(u1,v1) )
(u1,01) )
(ug,v1), (ug,v2)) : v1 =ve and
( ) ) v1,v2) & By} and
( ) )
(u1,v1) )

) )

(
Es = {((u1,v1), (ug,v2)) : (ur,us) ¢ Ey and (vi,v2) € Ev} and
E; = {((u1,v1), (ug,v9)) : (ug,uz) € Ey and (v1,v2) € Ey}
Es = {((u1,v1), (ug,v2)) : (ur,us) ¢ Ey and (vi,vs) ¢ Ev}
With o xp 7(u,v) = o(u) A7(v) V(u,v) € U X V and
(o (u1) AV (vy,v9), if weE,
o(uy) AT(v1) A T(v2), if we Ey
ugul,)uQ) y g V1), . if we Es
o(u ug) A T(vy if we FE,
(i p ) (w) = p(ug, ug) A 7(vr) A T(ve), if weFEs
o(ur) A o(ug) A vy, v2), if we FEg
,ugul,uz) Vv, v9), if we FEy

L o(ur) Ao(ug) A7(v1) AT(va), if we Eg
where w = ((uq,v1), (uz, v2)).

Example 3.2. Consider the following two fuzzy graphs

Uy 40.7) 22 (0.5)
0.6 0.4 0 d 0.2 *,
(0.3) (0.5)
usz (0.8)
Figure 3: G Figure 4: H

where wy = (uy,v1) = 0.5, we = (u1,v9) = 0.3, wy = (ug,v1) = 0.5, wy = (ug,v2) =
0.3, ws = (u3,v1) = 0.5, wg = (us, vy) = 0.3.

Note. The crisp graph (G xp H))* of a complete product of two fuzzy graphs
G and H is always a complete graph as it contains an edge between every pair of
vertices.
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Now we are going to prove some important properties of G xp H.

The following diagram represents the complete product of the above two fuzzy graphs G and H.

w1
0.2) (0.2) (0.5)
(0.5)
1] (0.2) W3
(0.2) (0.
(0.3) (0.4)
(0.2)
w, (0.2) ws
0.3)
(0.3) 0.2) (0.2)
We
Figure 5: G xpH

Theorem 3.3. Let G : (o,u) = (U, Ey), H : (1,9) = (V,Ey), G' : (o)) =
(U, Ey) and H' : (7)) = (V' Ev/) are any four fuzzy graphs such that G :
(o) = G 2 (o/,1) and H : (1,9) = H' : (7',9') under the fuzzy graph isomor-
phisms f and h respectively.

Let B = E1U EQU EgU E4U E5U E6 U E7 UEg and B’ = EiU EéU EéU EQU
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ELU E| UEL UEY be the edge sets of G xp H and G' xp H' respectively. Then
w 21 (2(101»21)7(1!2:@2)) € Ei implies w'" = ((f(u1), h(v1)), (f(u2), h(v2))) € E} ¥
Proof.
Case I. Let w = ((u1,v1), (ug,v2)) € Ey. Then uy = uy and (vy,v9) € Ey.
= uy = ug and V(vy,ve) # 0. = f(u1) = f(ug) and V' (h(vy), h(ve)) # 0. (since
V' (h(v1), h(ve)) = V(v1,v2)) = f(ur) = f(uz) and ¥ (h(vy),h(ve)) € By = ' =
((f (ua), h(v1)), (f (uz), h(v2))
Case II. Let w = ((uy,v1) € FEy. Then u; = up and (vy,v2) ¢ Ey.
= u; = ug and (vy,v2) = 0. = f(uy) = f(uz) and J'(h(vy), h(ve)) = 0. (since
V' (h(v1), h(ve)) = I(v1,v2)) = f(u1) = f(uz) and ¥'(h(vy), h(va)) ¢ Eyi. = w' =
((F(u). (o)), (F(u2). (22)
Case III. Let w = (
' = () ). (1
Case IV. Let w = (
= w' = ((f(u1), h(v1)),
10).
Case V. Let w = ((u1,v1), (u2,v9)
Ey. = p(uy,us) # 0 and 9(vq,vo
V' (h(v1), h(v2)) = V(vy,v2) = 0. = (
= w' = ((f(ur), h(v1)), (f (uz), h(ve )))
2)

Uz, V) € F3. Then vy = vy and (ug,us) € Ey.
) € EY (The proof is similar to that of case I).
)) € Ey. Then vy = vy and (u1,us) ¢ Ey.
)) € E} (The proof is similar to that of case
) € E5. Then (uj,us) € Ey and (vy,vy) ¢
) = 0. = plur,ug) = p'(f(u), f(uz)) and
f(ur), f(uz)) € Eyr and (h(v1), h(vz)) & Evr.
) € LY.

€ Es. Then (u1,us) ¢ Ey and (vy,v2) ¢ Ey.
)) € Ef (The proof is similar to that of case

Case VI. Let w = ((u1,v1), (uz, vs)
So u = ((f (), h(en)), (f (), h(o
V).

Case VII. Let w = ((u1,v1), (ug,v2)) € Er. Then (uy,us) € Ey and (vq,v2) € Ey.
= p(uy, uz) # 0 and 9(vy,v9) # 0. = /' (f(uy), f(uz)) # 0 and V' (h(vy), h(ve)) # O.
= (f(u1), f(u2)) € Eyr and (h(v1), h(v2)) € Evr. = w' = ((f(u1), h(v1)), (f (u2),
h(ve))) € EX.

Case VIII. Let w = ((ug,v1), (uz,v2)) € Eg. Then (uj,us) ¢ FEy and (vy,vs) ¢
Ey. = p(up,ug) = 0 and d(vy,v2) = 0. = p/(f(w1), f(ug)) = 0 and &' (h(vq),
Wvg)) = 0. = (f(u), fuz)) & Epr and (h(v1), h(ve)) ¢ Evr. = w' = ((f(w)
h(v1)), (f(u2), h(v2))) € Ef. Hence the proof.

Theorem 3.4. Let G : (o,u) = (U, Ey), H : (1,9) = (V,Ev), G’ : (o')) =
(U',Ey) and H' : (7'0") = (V', Ey/) are any four fuzzy graphs such that G :
(o,p) =G (o) and H : (1,9) = H' : (7/,9") under the fuzzy graph isomor-
phisms f and h respectively.

Let E = E\U E,U EsU E U EsU EgU E; UEg and E' = E}U ELU E{U EJU
ElU E{ UE7 UE{ be the edge sets of G xp H and G' xp H' respectively. Then

Y



The Complete Product of two Fuzzy Graphs and its Relationship ... 271

GXPH%JG/XPHI.

Proof. Define fxph : UxV — U'x V' such that f xph(u,v) = (f(u), h(v)). Now
fxp h(ug,v1) = f Xp h(ug, v2) < (f(ur), h(v1)) = (f (u2), h(v2)) < f(u1) = f(us)
and h(v1) = h(ve) < uy = up and v; = vy (since f and h are one to one mappings).
By the above observation it is clear that f x ph is a well-defined and one to one map-
ping. Now let (u/,v") € U'xV’. then as f and h are surjective mappings Ju € U and
v € V such that f(u) = v" and h(v) = v'. Now fxph(u,v) = (f(u),h(v)) = (', 0).
Therefore f xp h is surjective.

To show that (o xp 7)(u,v) = (¢/ xp 7")(f(u), h(v))

(0" xp 7)(f(u), h(v)) = o' (f(w)) AT (h(v)) = o(u) AT(v) = (0 xp 7)(u,v)
(since f, h are isomorphisms)
To show that (u xp J)((u1,v1), (uz,v2)) = (' xp V) ((f(ur), h(v1)), (f (u2), h(v2)))

Case I. Let w = ((uq,v1), (ug, v2)) € Ej.
Then
(nxp)(w) =0o(uy) A (v, vs) (3.1)

since w € Fy, by Lemma-3, we have

w' = ((f(wr), h(v1)), (f(u2), h(v2))) € EY
= (1 xp ) (W) = (1 xp O)((f(wr), h(v1)), (f(u2), h(v2)))
o' (f(w)) NI (h(v1), h(v2))
= o(u1) A I(vy,v)
= (u xp ) (w). (by using (3.1))

Therefore (1 xp 9)((ur,v1), (uz, v2)) = (1" xp ) ((f (u1), h(v1)), (f (u2), h(v2)))

Case II. Let w = ((ug, v1), (uz,v2)) € Es.
Then

(1 xp ) (w) =0o(uy) A71(vy)7(v2) (3.2)

since w € Fy, by Lemma-3, we have

((f(u ) h(vi)), (f(u2), h(v2))) € Ey

(1 xp ") ((f(wr), h(v1)), (f(u2), h(v2)))
o'(f ( 1)) AT (h(v1))7 (h(v2))
o(ur) AT(vi) AT(va)

= (u xp ) (w). (by using (3.2))

= (1 xp ) (w )
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Therefore (p xp 0)((u1,v1), (ug, v2)) = (' xp 9 )((f(u1), h(v1)), (f(uz), h(vz)))

Case III. Let w = ((uy,v1), (ug, v2)) € Es.
Then

(1 xp V) (w) = p(ur, uz) A 7(vy) (3.3)

since w € F3, by Lemma-3, we have

((f (u), A(v1)), (f (u2), h(v2))) € Ej
(W xp 9)((fur), h(v1)), (f(uz), h(v2)))
1 (f (ur), f(u2)) AT (h(v1)
p(ug, ug) A 7(vy)
= (xpd)(w). (by using (3.3))
(W'

Therefore (p x p 9)((u1,v1), (u2,v2)) = (1" X p F')((f (1), h(v1)), (f (u2), h(v2)))

Case IV. Let w = ((uy, v1), (ug,v2)) € Ey.
Then

= (1 xp ) ()

(1 xp ) (w) =0(uy) Ao(ug) A7(vq) (3.4)

since w € Fy4, by Lemma-3, we have

((f(ur), h(w1)), (f (u2), h(v2))) € By
(1 xp F)((f (ua), h(v1)), (f (u2), h(v2)))
o' (f(ur)) Ao’ (f (uz)) A 7' (R(v1))

o(u1) Ao(ug) A7(vy)  (since f and h are isomorphisms)

(1 xpd)(w). (by using (3.4))

Therefore (1 xp 0)((u1,v1), (uz, v2)) = (1" xp ) ((f(u1), h(v1)), (f (u2), h(v2)))

Case V. Let w = ((uq,v1), (u2,v9)) € Es.
Then

= (W xp ) (w )

(1 xp ) (w) = pur, uz) AT(v1) AT(02) (3.5)

since w € Fs5, by Lemma-3, we have

((f(ur), h(v1)), (f (u2), h(v2))) € By

(1 xp ) ((f (ua), (1)), (f (u2), h(v2)))

"(f(wa), f(uz)) A7 (R(v1)) A7/ (h(v2))
A

0
pug, ug) A7m(vy) A7(ve)  (since f and h are isomorphisms)
= (uxpd)(w). (by using (3.5))

= (1 xp ) (w )
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Therefore (1 xp 9)((ur,v1), (uz, v2)) = (1" xp ) ((f(u1), h(v1)), (f (u2), h(v2)))

Case VI. Let w = ((ug, v1), (uz, v2)) € Eg.
Then
(u xp ) (w) =0c(ur) A o(ug) A (v, v2) (3.6)

since w € Fg, by Lemma-3, we have

((f (u), h(v1), (f (u2), h(v2))) € Eg
(' xp ) ((f(wa), (1)), (f (u2), h(v2)))
o' (f(ur)) Ao’ (f (uz)) A (h(v1))(A(v2))

o(ur) A o(ug) ANd(vy,v9)  (since f and h are isomorphisms)
= (uxpd)(w). (by using (3.6))

Therefore (p1 xp9)((u1,v1), (u2,v2)) = (1 Xp ¥ )((f(u1), h(v1)), (f(uz), h(v2)))

Case VII. Let w = ((u1,v1), (u2,v2)) € Ex.
Then

= (p' xp?)(w )

(1 xp D) (w) = plur, uz) Ad(vi, v2) (3.7)

since w € F;, by Lemma-3, we have

w' = ((f(ur), h(v1)), (f(u2), h(va))) € E7
= (W xp ) (w') = (1" xp 9)((f(wr), h(v1)), (f(uz), h(va)))
ug)) A (h(v1))(h(v2))

Y(vy,v9)  (since f and h are isomorphisms)

(by using (3.7))

) = (' xp 0")((f (ur), h(vr)), (f (u2), h(v2)))

Case VIIL. Let w = ((u1,v1), (u2,v2)) € Eg.
Then

Therefore (X p 9)((uq,v1), (uz, ve

(1 xp ) (w) = o(uy)o(uz) A71(vy) A7(ve) (3.8)

since w € Eg, by Lemma-3, we have

((f (1), h(v1)), (f (u2), h(v2))) € Eg
(1 xp 0)((f (ur), h(v1)), (f (u2), h(v2)))
//(f( 1)) Ao’ (f (u2)) A7/ (h(wr) A 7' (h(v2))
up)o(ug) AT(v1) AT(vy)  (since f and h are isomorphisms)
(570 9)(0).  (by using ()

= (1 xp ) (w )
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Therefore (p xp 0)((u1,v1), (ug, v2)) = (' xp 9 )((f(u1), h(v1)), (f(uz), h(vz)))

Therefore, in all the above cases we have shown that

(10 xp 0)((ur,v1), (uz,v2)) = (' xp I)((f(ur), h(v1)), (f(uz), h(v2)))

Hence G xp H = G' xp H' under the fuzzy graph isomorphism f X p h.
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