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Abstract: Let G = (V (G), E(G)) be a simple graph. The Jewel graph Jn is a
graph with vertex set V (Jn) = {u, v, x, y, ui : 1 ≤ i ≤ n} and edge set E(Jn) =
{ux, uy, xy, xv, yv, uui, vui : 1 ≤ i ≤ n}. The domination polynomial of a graph
G of order n is the polynomial D(G, x) =

∑n
i=γ(G) d(G, i)xi, where d(G, i) is the

number of dominating sets of G of cardinality i. In this paper, we present various
domination polynomials of the Jewel graph Jn. Also we determine the same results
for the complement of the Jewel graph.
Keywords and Phrases: Domination polynomial, Jewel graph..
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1. Introduction

Let G = (V,E) be a simple graph with vertex set V = V (G) and edge set
E = E(G). A set D ⊆ V is a dominating set if every vertex in V −D is adjacent
to a vertex in D. The domination number γ(G) is the minimum cardinality of a
dominating set in G. A dominating set with cardinality γ(G) is called a γ-set. For
a detailed treatment of this parameter the reader is referred to [8].

A dominating set Di ⊆ V (G) is an independent dominating set [5] if the induced
subgraph ⟨Di⟩ has no edges. Independent domination number is the minimum size
of an independent dominating set of G and is denoted by i(G). A dominating
set Dt ⊆ V (G) is a total dominating set [5] if the induced subgraph ⟨Dt⟩ has
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no isolated vertices. The total domination number γt(G) of a graph G is the
minimum cardinality of a total dominating set. A dominating set Dc ⊆ V (G) is
a connected dominating set [10] if the induced subgraph ⟨Dc⟩ is connected. The
connected domination number γc(G) is the minimum cardinality of a connected
dominating set. A dominating set Dcl ⊆ V (G) is a dominating clique [6] if the
induced subgraph⟨Dcl⟩ is a complete graph. The clique domination number γcl(G)
of G is the minimum cardinality of a dominating clique. For a detailed treatment
of the above parameters the reader is referred to [9].

The complement Ḡ of a graph G also has V (G) as its vertex set, but two vertices
are adjacent in Ḡ if and only if they are not adjacent in G.
2. Preliminaries

Domination Polynomial in graphs was first introduced by Arocha and Llano
[3] in 2000. Later in 2014, Alikhani and Peng made a slight modification of that
definition and investigated its properties in [2]. The definition that we follow in
this paper is that of Alikhani and Peng. Alikhani and others have contributed a
lot to this concept by publishing many research articles and made this concept to
reach greater heights in the field of graph theory.
Definition 2.1. [2] The domination polynomial of a graph G of order n is the
polynomial D(G, x) =

∑n
i=γ(G) d(G, i)xi, where d(G, i) is the number of dominating

sets of G of cardinality i.
We need the following theorems to prove our main results. They have been proved
by S. Alikhani and Y. H. Peng [2].
Theorem 2.1. [2] If a graph G consists of m components G1, . . . , Gm then
D(G, x) = D(G1, x) . . . D(Gm, x).
Theorem 2.2. [2] Let G be a graph with |V (G)| = n. If G is connected, then
d(G,n) = 1 and d(G,n− 1) = n.
Lemma 2.1. [2] For every n ∈ N , D(Kn, x) = (1 + x)n − 1.
Theorem 2.3. [2] Let G1 and G2 be graphs of order n1 and n2 respectively. Then
D(G1 +G2, x) = ((1 + x)n1 − 1)((1 + x)n2 − 1) +D(G1, x) +D(G2, x).
Theorem 2.4. [11] Let G be a complete graph Kn of n vertices. Then
Di(Kn, x) = nx.
Theorem 2.5. [11] For any two graphs G1 and G2,
Di(G1 +G2, x) = Di(G1) +Di(G2).
Theorem 2.6. [11] Let G = G1 ∪G2. Then Di(G, x) = Di(G1, x)Di(G2, x).
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Theorem 2.7. [4] For a complete graph Kn with n ≥ 2 vertices,
Dt(Kn, x) =

∑n
i=2

(
n
i

)
xi.

Theorem 2.8. [4] Let G1 and G2 be two connected graphs without isolated vertices.
Then Dt(G1 +G2, x) = Dt(K|V1|,|V2|, x) +Dt(G1, x) +Dt(G2, x), where V (G1) = V1

and V (G2) = V2.
Theorem 2.9. [4] For a complete bipartite graph G ∼= Kr,s with r, s ≥ 2 vertices,
Dt(G, x) = Dt(Kr+s, x)−Dt(Kr, x)−Dt(Ks, x).
Theorem 2.10. [4] Let G1, G2, . . . , Gk be nontrivial connected graphs. Then

Dt(G1 ∪G2 ∪ . . . ∪Gk, x) =
k∏

i=1

Dt(Gi, x).

3. Main Results
Definition 3.1. The Jewel graph Jn is a graph with vertex set V (Jn) = {u, v, x, y, ui :
1 ≤ i ≤ n} and edge set E(Jn) = {ux, uy, xy, xv, yv, uui, vui : 1 ≤ i ≤ n}.
Example 1. The Jewel graph J2 is shown in Figure 1.
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Figure 1: J2

Observation 3.1. The complement Jn of the Jewel graph Jn has two components.
Let the vertex set be V (Jn) = V (Jn) and edge set be E(Jn) = {uv, xui, yui : 1 ≤
i ≤ n}. It can be written as Jn = (Kn + 2K1) ∪ P2 or Jn = (Kn−1 + P3) ∪ P2.
Example 2. The complement of the Jewel graph J2, J2 is shown in Figure 2.
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Figure 2: J2

Theorem 3.1. Let Jn be the Jewel graph and Jn be its Complement. Then
(i) D(Jn, x) = (1 + x)n+4 − (1 + x)n+2 + xn+2 + 2xn+1 − 2x.
(ii) D(Jn, x) = ((1 + x)n+2 − 1− 2x) (x2 + 2x).
Proof. (i) The Jewel graph has n+4 vertices. S = {u, v} is a minimum dominating
set and so γ(Jn) = 2. Let i be a natural number, 2 ≤ i ≤ n + 4. Any subset
D ⊆ V (Jn) with |D| ≥ 2 containing at least one of u, v is a dominating set of Jn.
Among the subsets of V (Jn)−{u, v}, there are only three sets which are dominating
namely, {u1, u2, . . . , un, x, y}, {u1, u2, . . . , un, x} and {u1, u2, . . . , un, y}. The first is
of cardinality n+ 2 and the other two are of cardinality n+ 1.
Hence for 2 ≤ i ≤ n, d(Jn, i) =

(
n+4
i

)
−
(
n+2
i

)
d(Jn, n+ 1) =

(
n+4
n+1

)
−

((
n+2
n+1

)
− 2

)
d(Jn, n+ 2) =

(
n+4
n+2

)
By Theorem 2.2, for i = n+ 3 and n+ 4, d(Jn, i) =

(
n+4
i

)
so,

D(Jn, x) =
n∑

i=2

((
n+ 4

i

)
−

(
n+ 2

i

))
xi +

((
n+ 4

n+ 1

)
−
((

n+ 2

n+ 1

)
− 2

))

xn+1 +
n+4∑

i=n+2

(
n+ 4

i

)
xi

= (1 + x)n+4 − 1− (n+ 4)x− (

(
n+ 2

2

)
x2 +

(
n+ 2

3

)
x3 + . . .

+

(
n+ 2

n

)
xn)− nxn+1

= (1 + x)n+4 − 1− (n+ 4)x− (1 + x)n+2 + 1 + (n+ 2)x−

nxn+1 +

(
n+ 2

n+ 1

)
xn+1 +

(
n+ 2

n+ 2

)
xn+2

D(Jn, x) = (1 + x)n+4 − (1 + x)n+2 + xn+2 + 2xn+1 − 2x.

(ii) The complement of the Jewel graph Jn is Jn = (Kn + 2K1) ∪ P2
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D(Kn, x) = (1 + x)n − 1
D(P2, x) = x2 + 2x
By applying Theorem 2.3, with G1 = Kn and G2 = 2K1, we get
D(Kn + 2K1) = ((1 + x)n+2 − 1− 2x)
Now, by Theorem 2.1, we have the result.
Theorem 3.2. Let Jn be the Jewel graph and Jn be its Complement. Then
(i) Di(Jn, x) = 2xn+1 + x2.
(ii) Di(Jn, x) = (x2 + (n+ 2)x)(2x) = 2x3 + (n+ 2)2x2.
Proof. (i) Note that S = {u, v} is the only minimum independent dominating
set and so i(Jn) = 2. Both u and v are adjacent with all the other vertices.
So, the subsets D ⊆ V (Jn) containing at least one of u, v is not a independent
dominating set. Among the subsets of V (Jn)−{u, v} there are only two sets which
are independent dominating namely, {u1, u2, . . . , un, x} and {u1, u2, . . . , un, y} with
cardinality n+ 1. Hence Di(Jn, x) = 2xn+1 + x2.
(ii) By applying Theorem 2.5, with G1 = Kn and G2 = 2K1 we get
Di(Kn + 2K1) = nx+ x2 + 2x and by Theorem 2.6, we have the result.
Theorem 3.3. Let Jn be the Jewel graph and Jn be its Complement. Then
(i) Dt(Jn, x) = (1 + x)n+4 − (1 + x)n+2 − x2 − 2x.
(ii) Dt(Jn, x) =

(∑n+2
i=2

(
n+2
i

)
xi − x2

)
x2

Proof. (i) Any subset D ⊆ V (Jn) with |D| = 2 containing one of u, v is a minimum
total dominating set and so γt(Jn) = 2. Both u and v are adjacent with all the other
vertices but these two are not adjacent. So {u, v} is not a total dominating set and
any subset D ⊆ V (Jn) with |D| > 2 containing both u and v is a total dominating
set of Jn. Among the subsets of V (Jn) − {u, v}, there is no total dominating set.
Hence for i = 2, d(Jn, i) =

(
n+4
2

)
−

(
n+2
2

)
− 1,

And for 3 ≤ i ≤ n + 2, d(Jn, i) =
(
n+4
i

)
−

(
n+2
i

)
Clearly for i = n + 3 and n + 4,

d(Jn, i) =
(
n+4
i

)
So,

Dt(Jn, x) =

((
n+ 4

2

)
−

(
n+ 2

2

)
− 1

)
x2 +

n+2∑
i=3

((
n+ 4

i

)
−
(
n+ 2

i

))
xi

+
n+4∑

i=n+3

(
n+ 4

i

)
= (1 + x)n+4 − (n+ 4)x− 1− (1 + x)n+2 + (n+ 2)x− x2

Dt(Jn, x) = (1 + x)n+4 − (1 + x)n+2 − x2 − 2x
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(ii) The complement of the Jewel graph Jn is Jn = (Kn−1 + P3) ∪ P2.
Dt(P3, x) = x3 + 2x2. By Theorem 2.7, Dt(Kn−1, x) =

∑n
i=2

(
n−1
i

)
xi. By Theorem

2.8, Dt(Kn−1 + P3, x) = Dt(Kn−1,3, x) + Dt(Kn−1, x) + Dt(P3, x) Now by Theo-
rem 2.9, we have Dt(Kn−1 + P3, x) = Dt(Kn−1+3, x) −Dt(Kn−1, x) −Dt(K3, x) +
Dt(Kn−1, x)+Dt(P3, x) = Dt(Kn+2, x)−Dt(K3, x)+Dt(P3, x) =

∑n+2
i=2

(
n+2
i

)
xi−x2.

Now by Theorem 2.10, we have the result.
Theorem 3.4. If Jn is the Jewel graph, then Connected domination polynomial of
Jewel graph Jn is
Dc(Jn, x) = (1 + x)n+4 − (1 + x)n+2 − x2 − 2x.
Proof. The proof is similar.
Theorem 3.5. If Jn is the Jewel graph, then Clique domination polynomial of
Jewel graph Jn is
Dcl(Jn, x) = 2x3 + (2n+ 4)x2.
Proof. Let S = {u, y} is a minimum clique dominating set and so γcl(Jn) = 2. For
i = 2, any subset D ⊆ V (Jn) with |D| = 2 containing one of u, v is a clique domi-
nating set. So, d(Jn, 2) =

(
n+4
2

)
−
(
n+2
2

)
−1. For i = 3, there are only two sets which

are clique dominating namely, {u, x, y} and {v, x, y}. So, d(Jn, 3) = 2. Trivially
there are no clique dominating sets for i ≥ 4. Thus Dcl(Jn, x) = 2x3 + (2n+ 4)x2.
Remark 3.1. Since the complement of the Jewel graph is not connected, connected
domination polynomial and clique domination polynomial of this graph does not
exist.
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