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Abstract: In this paper, we define a new subclass of M(«, A, B,p, T) of p-valent
analytic functions associated with Hilbert Space operator. For this new subclass
of functions, we determine the coefficient estimate, growth and distortion bounds
along with extreme points. Furthermore, we consider applications of fractional
calculus on functions in this subclass.
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1. Introduction and Preliminaries
Let A, denote the class of p-valent analytic functions defined on the open unit
disk A = {z € C : |z| < 1} having the Taylor series expansion

= n+ p7
f(z) zp+Za 2Pz e A

n=1

about the origin. Denote by T A, the subclass of functions in A, of the form

fz) =2 - Zan—i—pznﬂ;a nyp 2 0. (1)
n=1
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Let H be a Hilbert space over the complex field C and T be a bounded linear
transformation on H. For a complex analytic function f on the unit disk A, let
f(T) denote the operator on H defined by the Riesz-Dunford integral [2]

Fm) =L /C (1~ )" f(2)dz

- 27

where I stands for the identity operator on ‘H and C is a positively-oriented simple
closed rectifiable contour containing the spectrum of T in its interior domain [3].
The operator f(T) can also be defined by the following series [4]:

X f(n)
sy =y 0 )

n

which converges in the norm topology.

Several researchers in the past have defined and studied various subclasses of
analytic functions defined on the unit disk A using the Hilbert space operator. For
more details, one may refer to [4 — 11]. Xiaopei [13] defined and studied p-valent
analytic functions using Hilbert space operator.

In this paper, we define a new subclass of p-valent functions using Hilbert space
operator and prove several interesting results for functions in this class.

We begin with the following lemma which is used to define our subclass.

Lemma 1.1. For f in T A, given by (1), 0 < p <1, 0 <8 <1, if the operator
Mg,u : TA, = TA, defined by

t

_ 1 T ()
MZ’“JC(Z)_F(Qqu)(l—u)o*p/O e f(zt)dt.

then
/\/lg#f(z) = 2P =3 E(n,p, p, 0)an 2" P

I'(6+p+n)
'(0+p) (1

n

— )"
Remark 1.2. For p=1, the operator M%u reduces to the Rafid operator Rz intro-
duced by Atshan and Rafid [1].

We now define a subclass of T A, using the Hilbert space operator.
Definition 1.3. A function f of the form (1) is said to be in the class M(«, A,B,p,T)
if

where E(n,p, u,0) =

T(M?, f(T)) + aT2(M{, f(T))" 1+ AT
(1 —a)(M?,f(T)) + aT(M?, f(T)) ~ 1+ BT

(3)
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for0<a<1,0<B<1, —B<A<B, and all operators T with ||T|| <1 and
T # O, where Q@ denotes the zero operator on H.

2. Main Results

Theorem 2.1. An analytic p — valent function f of the form (1) is in the class
M(a, A, B,p,T) if and only if

[e.9]

Y [aB+1)(n+p)?+(1+(1—a)B—(A+2)a)(n+p)

(A4 1)1~ )] Bl p. Oy
<aB+1)p*+(1+(1—a)B—(A+2)a)p—(A+1)(1—a). (4)
Proof. Assume that (3) holds. Then

T(M,, f(T)) +aT*(M],f(T))" 1+ Aw(T)
(1 —a)(Mg,f(T)) +aT(M;,f(T)) 1+ Buw(T)

where w(0Q) = O where O is as in Definition 1.3 and ||w(T)|| < 1 for all operators
T # O. Thus we have

l—ap*+(2a—1)p+1—al TP+ [aln+p)>+(1—20)(n+p)+a—1]E(n, p, 1, 6)T" Pa, |

n=1

< ||[[aBp*+ (B(1 — a) — aA)p + A(a — 1)]T?

+ Z[_QB(TL +p)2 + (AO( - B+ aB)(” +p> + (1 - O‘)A]E(napvl/ﬁ Q)an+an+p|’

n=1
Choosing T =el, (0 < e < 1) we get

[—ap® + (2a — 1)p+ 1 — aleP+

o0

S aln+p) + (1= 20)(n + p) + @ — 1E@, p, ,0)™ Pans,

n=1

< [aBp® + (B(1 —a) — aA)p + A(a — 1)]e?

+ Z[—ozB(n +p)?+ (Aa— B+aB)(n+p)+ (1 —a)A] x E(n,p, 1, 0)a, e

n=1



38 South FEast Asian J. of Mathematics and Mathematical Sciences

letting e — 1 we get (4).

Conversely, assume that the inequality (4) holds. Then

I(1 = a)[(M,, f(T) = T(My,f(T))] — aT*(M , f(T))"|

—I\@B’W(M(’ S(T) + (B~ @A)T(M‘) F(T)Y = A1 - a)(My, f(T))|

= (1= a)(1 = p)T? + S5, (0 + p — D E(n,p, 1, 0)an, T — ap(p — 1)T?

+3 a(n+p)(n+p—1)En,p,p,0)a,, T

n=1

—|l(aBp* — aBp + Bp — aAp — A + aA)T?P

=SBt Pt p= 1)+ (B = ad)n+ p) = A0 = @B O T

i (B+1)(n+p)*+(14+(1—a) B—(A+2)a) (n+p) — (A+1)(1—a) ]| E(n, p, 1, 0) s,

—a(B+1)p*+(1+(1—-a)B—(A+2)a)p—(A+1)(1 —a)

<0

Hence f(z) € M(«o, A, B,p,T).

Corollary 2.2. If f of the form (1) is in the class M(a, A, B,p,T) then

< aB+1)p? +[(1+(1—a)B—(A+2)alp— (A+1)(1 —a) .
"= aB+1D)(n+p)2+[1+ (1 —a)B—(A+2)a](n+p) — (A+ 1)(1 —a))E(n,p, 1, 0)

The result is sharp for the function
fe) =2 -

aB+1)p*+[(1+(1—a)B—(A+2)alp— (A+1)(1 —«a) ;
(a(B+1)(n+p)2+[1+(1—-a)B=-(A+2)a](n+p)— (A+1)(1 - a)E(n,p, u,0)

Theorem 2.3. If f of the form (1) is in the class M(a, A, B,p,T) then
IF (D) = IT)P—

aB+1)p*+[1+(1—-a)B—(A+2)alp— (A+1)(1—-a)

n-+p

p+1
CBIp )T 1T 0B (AT 2am+ 1) = A1 —a)E0p e
and
1F (D[ < IT["+
aB+1)p*+1+(1—-a)B—(A+2)alp— (A+1)(1-a) oy

[@(B+ 1)(p+ 12 + [+ (1 a)B — (A+2)al(p+ 1) — (A+ (1 - a)]E(Lp, 1.0)
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The result is sharp for

£z) =2

a(B+1)p*+[1+(1-a)B—(A+2)alp— (A+1)(1—a) 1
[a(B+1)(p+1)2+[1+(1-a)B—(A+2)a](p+1) - (A+1)(1 - a)E(L,p,p,0)"

Proof. By Theorem 2.1

(B+1)(p+1)°+[1+(1-a)B-(A+2)al(p+1) — (A+ 1)1 - )]EQL,p,1.0) > anty

<aB+1)pP*+[1+(1—=a)B—(A+2)alp— (A+1)(1-a)

which gives
o <
D net Gntp <

a(B+1)p*+[1+(1-a)B—(A+2)alp— (A+1)(1—a) (5)
@B+ 1)p+1)?+[1+(1-a)B=(A+2)al(p+1) - (A+ 1)1 - a)lEp,p,0)

Now, . .
LA = ITIP = anp I TP 2 (TN = TP angy
n=1 n=1
and . -
LA < TP+ Y anpI TP < TP+ TP angy.
n=1 =1
Using (5), in the above two inequalities we get the result.

Theorem 2.4. If f of the form (1) is in the class M(a, A, B,p,T) then
(M= pIT|P~" -

(p+D[a(B+1)p*+[1+(1—a)B—(A+2)alp— (A+1)(1 —a)|E(1,p,u,0)
aB+1)(p+1)2+[1+(1-a)B—(A+2)a](p+1) - (A+1)(1 - a)

i

and
|F(T)I < plIT|P +

(p+ DB+ 1)p*+[1+(1-a)B—(A+2)alp— (A+1)(1 —a)]E(,p, u,0)
aB+1)(p+124+1+(1—-a)B—(A+2)a](p+1)— (A+1)(1—0)

The result is sharp for f(z) = z2P—

[T}

aB+1)p*+[1+(1—a)B—(A+2)alp— (A+1)(1—a) L
a(B+1D(p+12+[1+(1-a)B—(A+2)a](p+1)— (A+ 1)1 —a)|E(L,p,ub)
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Proof. Note that

n+p
p+1

[B+1D(1+pP+(1+(1—-a)B—(A+2)a)(1+p)— (A+1)(1—-a)]

<[a(B+1)(n+p)?+(1+(1—a)B—(A+2)a)(n+p)—(A+1)(1—a)|E(1,p,u,0).
Using Theorem 2.1
Z?ﬂ(” + D)y

(p+DaB+1)n+p)2+(1+(1-a)B—(A+2)a)(n+p) — (A+1)(1—a)E1,p,ub)

= aB+1)(1+p)?+(1+(1—-a)B-(A+2)a)(l+p)—-(A+1)(1-0a) é
By (1) N "
1/ () < pITIP + TP D (n+ p)ans,

and .
LA (T > plI TP~ ~ ||T||p§;(n + P)antp-

Using (6), we get the result.

Theorem 2.5. Let fo(z) = 2P and
fn(z) = 2P—

aB+1)p*+1+(1—a)B—(A+2)alp— (A+1)(1—a)
[@(B+1)(n+p)?+[1+ (1 —-a)B—(A+2)a|(n+p) = (A+ 1)1 - a)|E(n,p,pu,0)

forn > 1. Then f € M(«, A, B,p,T) if and only if it can be expressed as

Zner

Y

F(2) =D Mafal2)

where A\, > 0,(n=0,1,2,...) and >~ A\, = 1.
Proof. Suppose that

f(Z) = ZZOZO )\nfn(z) = P

aB+1)p*+1+(1—-a)B—(A+2)alp—(A+1)(1—a)

i An PR
— TaB+1)(n+p)?+ 1+ (1-a)B—(A+2)al(n+p) - (A+1)(1 - a)|E(n,p,p0)

Then

i [(B+1)(n+p)?+[1+(1—-a)B—-(A+2)a](n+p)— (A+1)(1—a)|E(n,p,ub)
a(B+1)p2+(1+(1-a)B—(A+2)a)p— (A+1)(1—-a)

n=1
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" Ala(B+1)p?+(1+(1-a)B—(A+2)a)p— (A+1)(1 —a)]
[a(B+1)(n+p)P+[1+(1—-a)B—(A+2)a|(n+p)— (A+1)(1—a)]En,p,pu0)

ZZZ'O:anl—Aoél.

Conversely, let f € M(a, A, B,p,T).
By Corollary 2.2,

" < aB+1)p*+[(1+(1—a)B—(A+2)a)p— (A+1)(1 —«a)
"= 1a(B+D(n+p)?+[1+(1—a)B—(A+2)a](n+p) — (A+ 1)1 — )|E(n, p, 1, 0)

Setting

[(B+1)(n+p)*+[1+1-a)B—(A+2)al(n+p) - (A+1)(1 - a)|E(n,p, p,0)

An = B P+ [+ (1—a)B—(A+Dalp— A+ (1 —a) Antp

and \g =1—3""° A\, > 0, the result follows.

Theorem 2.6. Let f € M(a, A, B,p,T). Then f is close-to-convex of order 0,

(0 <6 < 1) in the disc |z| <11, where

r = )

infoa [(p—§)[a(B+1)(n+p)2+(1+(1—a)B—(A+2)a)(n+p)—(A—i—l)(l—a)]E(n,p#ﬁ)} "
= (n+p)[a(B+1)p*+(1+(1—a)B—(A+2)a)p—(A+1)(1—a)

Proof. Let f € M(«, A, B,p, T) be close-to-convex of order ¢, then

[T f(T) — pll <p 0. (7)
Using (1)
1T f/(T) = pll <Y (n+ p)ans, || T|".
n=1
This expression is less than p — § if
|| T < 1. 8
> Tl < 0

By Theorem 2.1

i [(B+1)(n+p)?+ 1+ (1—-a)B-(A+2)a)(n+p) = (A+ 1)1 = a)|E(n,p, p,0)aniy
— aB+1D)p2+(1+(1—a)B—(A+2)a)p— (A+1)(1 —a)
(9)
< 1.
Thus (8) is true if
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T <

[@(B+1)(n+p)2?+(1+(1—-a)B—(A+2)a)(n+p)— (A+1)(1—a)En,p,ub)
aB+1)p2+(1+(1—-a)B—(A+2)a)p— (A+1)(1—a)

which gives

3=

and

IT| < (p—8)[o(B+1)(n+p)?+(1+(1—a) B—(A+2)a) (n4p)— (A+1)(1—a) | E(n,p,u.0)
o (n+p)[a(B+1)p2+(1+(1—a) B—(A+2)a)p—(A+1)(1—a)

hence the result follows.
Theorem 2.7. Let f € M(«a, A, B,p,T). Then f is starlike of order §, (0 < 0 < 1)

in the disc |z| < rq, where
o =

3=

infuz2 (ntp—3)[a(B+1)p*+(1+(1—a) B—(A+2)a)p—(A+1) (1—a)]
Proof. Since f € M(a, A, B,p, T) is starlike of order §, we have

H Tf'(T)
f(T)

(p—6)[a(B+1)(n+p)?2+(1+(1—a) B—(A+2)a) (n+p)—(A+1)(1—a)]| E(n,p,u,0) ]

—pH <p-0. (10)

Using (1)

Tf/(T °°
H H S0+ DansyITI"
n=1

This expression is less than p — § if

“n+p—10 "
ZﬁaprTH <1 (11)

n=1

By Theorem 2.1

i [@(B+1)(n+p?+1+(1-a)B—(A+2)a)(n+p)—(A+1)(1—a)En,p,u0)aniy
— aB+1)pP+(1+(1—-a)B=—(A+2)a)p—(A+1)(1 - «)

(12)
< 1.
Thus (11) is true if

(22220 )i

B+ +p?+ 1+ (1 -a)B—(A+2)a)n+p) — (A+ 11— a)]E(n,p,p,0)
- a(B+1)p*+(1+(1-a)B-(A+2)a)p—(A+1)(1-a)
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which gives

S

(n+p—98)[a(B+1)p2+(1+(1—a) B—(A+2)a)p—(A+1)(1—a)
and hence the result follows.
Theorem 2.8. Let f € M(«, A, B,p,T). Then f is convex of order 6 (0 <0 < 1)

in the disc |z| < rs, where
s =

T < (p—5)[a(B-l-l)(n+p)2+(1+(1—a)B—(A+2)a)(n+p)—(A+1)(1—a)]E(n7p7M79)]

S

inf p(p—=0)[e(B+1)(n+p)*+(1+(1-) B—(A+2)a) (n4p) — (A+1) (1—a) | E(n,p,1,0)
n=2 (n+p—0)(n+p)[a(B+1)p>+(1+(1—a) B—(A+2)a)p—(A+1)(1—w)

Proof. Since f in M(«, A, B,p, T) is convex of order § we have

Tf// (T)
f(T)

H1+ —pH <p—>é. (13)

Using (1)

RS N [ > LR
f(T) p— anl(n + p)an, | T|I™
This expression is less than p — d if

i n+p n—l—p J)
n=1

=3 || )" < 1. (14)

By Theorem 2.1

Z a(B+1)(n+p)*+ 1+ A —-a)B—(A+2)a)(n+p) = (A+1)(1 = Q)]E®,p, 1, 0)anip
— aB+1)p?2+(1+(1—a)B—(A+2)a)p— (A+1)(1—a)
(15)
< 1.
Thus (14) is true if

n n ) n
(et

< [a(B+1)(n+p)?+(1+(1—-a)B—(A+2)a)(n+p)— (A+1)(1—a)|E(n,p,u,b)
- a(B+1)p2+(1+(1—a)B—(A+2)a)p— (A+1)(1-a)

which gives

S=

HTH < p(p—9)[a(B+1)(n+p)%+(1+(1—a) B—(A+2)a) (n+p)—(A+1)(1—a)| E(n,p,u,0)
= (n+p—0)(n+p)[a(B+1)p*+(1+(1—a)B—(A+2)a)p—(A+1)(1—a)

and hence the result follows.
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3. Application of Fractional Calculus
In this section we use the definition of fractional calculus operators defined in

[3].
Definition 3.1. The fractional integral operator of order k of an analytic function
f defined in a simply connected domain containing the origin is defined by

D) = g [ 1m0

Definition 3.2. The fractional derivative operator of order k of an analytic func-
tion f defined in a simply connected domain containing the origin is defined by

1
k - /
where g(z fo ARFt2) (1 —t)7kdt, (0<k<1).
Theorem 3.3. Let f defined by (1) be in the class M(«, A, B,p,T). Then

— I 1
IDF*F(DI 2w TP~

C(p+1)[a(B+1)p*+[1+(1—a) B—(A+2)alp—(A+1)(1-a)] ”THp+k+1
D(p+k+1)[a(B+1)(p+1)2+[1+(1—a) B—(A+2)a](p+1) = (A+1) (1—-a) | E(1,p,u,0)
and
D" f(T)]| < pﬁﬁl |||+

L(p+1)[(B+1)p*+[14+(1—a) B—(A+2)a]p—(A+1)(1—a)] |THp+k+1

T (p+k+1)[a(B+1) (p+1) 241+ (1—a) B—(A+2)a](p+1)—(A+1) (1—a)|E(1,p,11,0) |

for k > 0 and all invertible operators T with (Té)* (']I‘%) = (T%)(T%)*,

(g € N)|IT|| < 1 and rop(T)re,(T™Y) < 1, where r4,(T) is the radius of spectrum
of T.

Proof. Using (1),

_ L(p+1) = T(n+p+1)
D k T) = Tp—&-k_ . rI[wH—p-Hc
ERAC Al v oy y Zf(n+p+k‘+1)a >

which gives

F<T):Tp_if(n+p+1)F(p+k+l)

Qp+ Tn+p
—~T(n+p+k+1I(p+1) "
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where F(T) %HH_)I T kD f( )

T (n+p+1)0(p-+k+1)
T(n+p+h+1)I(p+1)
domeqla(B4+1)(n+p)* +(1+ (1 —a)B —

n k
(A+2)a)(n+p) — (A+1)(1 - a)|E(n, p, p, 6) KetwtIIo ki,

Since 0 < < 1,

<aB+1)p*+(1+(1—-a)B—(A+2)a)p—(A+1)(1—a)
= F(T) € M(a, A, B,p, T).
By Theorem 2.3

IDE* F(T)I| = i TR T —

(p+k+1)

L(p+1)[e(B+1)p*+[14+(1—a) B—(A+2)a]p—(A+1)(1—a)] HTkHHTHpH
D(p+k+1)[(B+1)(p+1)*+[1+(1—a) B—(A+2)a)(p+1)— (A+1)(1—a) | E(1,p,u.0)

and

IDE* F(D)I| < g I T INTIP+

T(p+k+1)

L(p+1)[a(B+1)p*+[1+(1—a) B—(A+2)a]p—(A+1)(1-a)] HTkHHTHpH
L (p+k+1)[(B+1)(p+1)*+[1+(1—a) B—(A+2)a](p+1)— (A+1) (1—a) | E(1,p,u,0)

Using the argument in (13) we get the result.
Theorem 3.4. Let f € M(a, A, B,p,T). Then

IDEF(T)| > s TP+~

(p+1)[a( B4+1)p?+[1+(1—a) B—(A+2)alp—(A+1)(1—a)]T(p+1) |
[a(B+1)(p+1)*+[1+(1-a) B—(A+2)a](p+1)— (A+1)(1-a)| E(1,p,u,0)'(p+1-F)

and

IDEF(T)| < rpry TP+

I'(p+1-k)

VEHP+1—k

(p+1)[a(B+1)p? +[1+(1-a) B—(A+2)alp—(A+1)(1-a)|T'(p+1) T ‘p—kl—k
[a(B+1)(p+1)*+[1+(1—-a) B—(A+2)a](p+1)—(A+1)(1-a)| E(L,p,u.0)L (p+1-k :
Proof. Using (1)

F'(p+1) F'n+p+1) N
Dk: T) = Tnerk
r/(T) I'p+1—k) Z F'n+p+1-k)

An+4p
=1
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which gives

Z Fn+p+DI(p+1-k) ntp
n—i—pT
Fn+p+1—k)F(p+1)

where G(T) = SEEITEDEF(T).

[(p+1)
This gives
Fn+p+1DHl(p+1—k) N
G < ||T||” + ntpl| T)|" TP
IG)l < T Z ST A
and
~I(n+p+1I(p+1—k)
G| > ||T|P — nipl|T|| 1P
G 2 1T = 3 e el
Since 0 < II:EZTFZ i}ggiﬁ;;?; < n + p, the above inequalities becomes
G < ITIP+ TP D (0 + p)ansy
n=2
and .
G = I TI” = TP (0 +p)ansy.
n=2

Using (6), we get the result.

4. Conclusion

In the present work, we have defined a new subclass of p— valent analytic functions
on the unit disk using Hilbert space operator and certain properties of the functions
in this class has been studied.
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