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1. Introduction
Let C be a complex plane and M denote the collection of all meromorphic
functions f of the form

o0

f(z) = % +) a2, z€ D (1.1)
n=1

which are regular in punctured open unit disc D* =P/foy ={2 € C:0 < |z]| < 1}.
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Also let MS* () and MC(3) denote the well known families of meromorphic
starlike and meromorphic convex functions of order 5(0 < § < 1) respectively.

We first recall some basic notations and definitions which are used to prove our
main result.

Definition 1.1. (Convolution) [1] The convolution or Hadamard product of any
two meromorphic functions f and ¢ of the form (1.1), that are regular in D* is
given by

1 [e.9]
— =Y anbe, D*,
f(z)xg(2) Z+n:1a 2",z €

Definition 1.2. (Subordination) [6] For any two regular functions f and g in D, we
say that f is subordinate to g in D, i.e f < g, if there exists a Schwarz function w(z),
wich is regular in D with w(0) = 1 and |w(z)| < 1 such that f(z) = g(w(z)),z € D.
Definition 1.3. [6] For a non negative integer n and 0 < ¢ < p < 1, the (p,q)-
integer number [n),, is defined as
h%gzﬂlli
pP—q

and (p, q)-number shift factorial is given by

) 'Z{Mp’q[n_”pvq---[ZJp,unpvq, i >
P.q 1 if n=0

Definition 1.4. [6] The (p,q)- analogue of Jackson derivative of the function f is

given by
f(pz) — f(q?)

a0z 2#0,p#q 0<g<1 (1.2)

Dp,q(f(z)) =

Thus, the (p, q)- derivative of the function f € M of the form (1.1) is given by

o0

E pqan Y

Dp,q(f(z quQ —

In the present work , we use a new differential operator E%” (2) introduced by
Nandini and Latha [5] as

5+n+1
+Zp q" Ipa

Eé,m — Ré m — . n’ 13
P,q (Z) p,qf(z) *:up,qf(z pq n T 1] [ CL z ( )
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5,meNU{0}, 0<g<land p#q

_ (—i)m . iwnw”

n=1

" n|™ 10+ n+1],,!
b a [(E] ]p’f[[ ], Jpa , ngq be the (p, q)-Ruschweyh derivative
P T P.g

operator and is given by [1]

Where 1, =

oo

1 [0 4+n+ 1],
RS (f(2) ==+ P4 q,2", 6eN
P =S4 2 B T 1L

and  p' f(2) is given by
- ™ - m_mf[, 1m n
,ugqu(z) = pmqszp,q(S;'fq Lf(2) = % + Zp q [”]p,qanz , (meN),
n=1
where ' denote the (p, ¢)-Salagean differential operator [6] and is given by

m—1 _ (_1)m—1 - m—1 n
Sp,q f(z) - pmflqulz + Z[n]iﬂﬂ anz-

n=1

Now we define a subfamily MC, ,(A, B,d,m) of M by using the operator ﬁgf; as
follows.

Definition 1.5. Let -1 < B< A<1,6,m e NU{0} and0 < g<p<1. Then a
function f € M as in (1.1) is said to be in the class MC, ,(A, B,d,m) if it obeys
the condition s
_quM(ZDp,q('cp’,Z1 (2))) - 1+ Az
Dp,q(‘cgilnf(Z)) L+ Bz
Equivalently , a function f € M is said to belongs to the class MC, (A, B,d, m)
if and only if

(1.4)

qup,q(ZDp,q(Eg’,Zn (2))) + Dp7q(£g’,21 (2))
A(Dy o L35 (2)) + B(paDyp.q(2Dy (L5 f(2))))

<1 (1.5)
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2. The Main Results and Their Consequences
Theorem 2.1. Let f € M be given by (1,1) and obeys the inequality

ZPQ[n]nq (pQ[n]pvq(l + B) + (1 + A)) 1/’n|an| <A-B.

Then f € MC, (A, B,§,m).
Proof. To prove that f € MC,,(A, B,d, m), it is enough to show that

qup,q(ZDp,q(EZ’,ZLf(Z))) + Dp,q(ﬁi’,znf(z))
Aan(ﬁg”Z’f(z)) + quDPﬂ(ZDPﬂ(‘Cg,ZL (2)))

‘<1

consider

PADy (2D (LE™ f(2))) + Dy o (LM f(2)) '
ADp,q(ﬁg’,Z”f(Z)) + quDp,q@Dp,q(ngqn (2)))

m+

1 00
+ Z np, qwnan

n=1

pq22

(2.1)

m [e.9]

2 2 2 +Z pq¢nan

n=1

Z(pq [(]p.q + 1) [nlpgtnanz"""

n=1

(=)™ + Z(A + Bpg[nly) [0]p.gtnanz"""

n=1

—(A - B)
Pqz>

pqnlpq(Palnlpq + 1)nlan]

(A—B) - qu[n]p,q(A + Bpq(nlp,q)tn|an]

n=1

< <1, by (2.1)

which completes the proof.

]

Theorem 2.2. Let f € MC, (A, B,§,m) and has the form (1.1).Then for |z| =r

1 1
——rmm <|f)| < =-+rn
r r
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2]4!(A — B)
pm+1qm+1[5 + Loq[(S + 2]10 q(p‘J<1 + B) (1 + A)) .
Proof. Consider .
+ Z apz”

n=1

—l—ianz

n=

where 11 =

NI»—t

[y

since |z| =r < 1 we have ™ <r

similarly

from(2.1), we have

> pa[nlpg (palnlpq(1+ B) + (14 A)) tla,| < A— B.

But
m+1 _m+1 5 | 00
P D 2 By (A el
B2
< qu[n]pyq (pqnlp (1 + B) + (14 A)) Ynlan| < A—B.
n=1
thus

pm—|—1 m+1[5+2]pq

[0]p.4'[2]p.q! pa(1+B) + (1+A)] Y |a,| <A-B

n=1

27

(2.2)



28 South FEast Asian J. of Mathematics and Mathematical Sciences

therefore

g 2) (A~ B)
2 Vol S G 5+ 21 B (L5 )

n=1
So, we get the required result by substituting this in (2.2) and (2.3).
Theorem 2.3. If f € MC, (A, B,0,m) and has the form (1.1).Then for |z| =r

[Alp.g! A [Alp.q!
(pq)'yﬁ —TTre S |Dp7qf(2’)| S (pq)'yﬁ +rry
where R
A-B
ro = ( ) and v = Zj.

p" g+ (pg(1+ B) + (1 + A))
Proof. On application of (1.2)to the equation (1.1), we get

o

A
A _ (_1))\[)‘}1)@! [1]p.q! n—\ _ .
anf(z) = (pq)72A+1 + nzjl [TL — )\]pg!anz ,  where v = JZ:;]-

Since |z| = r < 1, we have r"™* < r for A < n. Thus

Ap.g! L[]
D) f(2)] < M +r — P g, 2.4
| pgf( )| N (PQ)VT)\H ; [” - )‘]p,qll ‘ ( )
and similarly
DA fe) 2 a5 et (25)
’ (pg) r it = [n— Ap!

from theorem (2.1), we have

g (pa(1+ B) + (1+A) Y nlan|

< S pally (pallpa(1 + B) + (1+ A))dnlan] < A — B

n=1

Therefore

> A— B
2 el < B AT A
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but certainly

- [nlp,q! -
an| < ——— > tulanl,
2 gt S g 2
which implies that
i (]! 0] < A-B |
= A T e (pg(1+ B) + (14 A))

Finally, using this in (2.4)and (2.5), we get the required result.
Theorem 2.4. Let f € MC,,(A, B,§,m).Then f € MC(B) for |z| < r*, where

= ((1 — B)[nlpq(paln]p (1 + B) + (1 + A))w )TLL
n(n + B)(A - B) n

Proof. We know that f is meromorphically convex of order [ if it obeys the

inequality o0
2" (z
SR et

r equivalentl
o 21/(2) + 2f'(2)
2f"(2) + 26f'(2)

Using (1.1) along with simple computation yields,

<1

S M o <1, 26)
=)

n=1

from (2.1) we have

> palnlpg (palnlpe(1+ B) + (14 A)

n=1
1

thus, the inequality (2.6) will be true if

qu{n]p,q (pg[n]pq(1+ B) + (1 + A))

- n(n—i—ﬁ) n+1 n=1
> Do+ < S ulas),

n=1
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which implies that

|n+1 < (1 = B)palnpq (pq(nlp,(1 + B) + (1 + A))
n(n + B)(A - B)

|2 ¥n

therefore,

1

(1 — B)pq[nlpq (pa[nlpg(1+ B) + (1+A)  \ ™
g <( n(n+ B)(A— B) 1/’11)

which completes the proof.

Theorem 2.5. Let f € MC, (A, B,6,m). Then f € MS*(B) for |z| < r**, where

o ((1 — B)palnlpq (pg[n]pq(1 + B) + (1 + A))) i
(n+1+ B)(A— B) :

Proof. Let f € MC,,(A, B,d,m). To prove that f € MS*(3), we need to prove
that )
—zf'(z
R >
SENE

2f'(2) + f(2)
2f'(z) = (1 =20)f(2)
using (1.1) and simplification yields

or equivalently

<1

o0

S D) e <1 (2.7)
(1-25)

n=1

From (2.1), we have

Unlan| < 1.

S pq[n]pq (palnlpq(l + B) + (1 + A))
2 "

Thus (2.7) will be true only if

Z Whn”d"“ < Z Pa[nlpq (Pa(nlpq(1 + B) + (1 + A))wnmnl <l

A-B

n=1

Therefore

1 < (1 = B)pglnlpq (palnlpq(1 + B) + (1 + A))

|2 (n+1+ B)(A - B)

Un
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Hence

(1 = B)palnlp (palnlye(1+ B) + (1+A)  \#
'Z'<< (n+1+0)(A-B) ¢“> =

The proof is completed.

The partial sum for f(z) € MC,,(A, B,d,m) is discussed in the following
theorem.
Let

z

g(z) =Ly f(z) = =)™ + ) Ynan2”
n=1

and its sequence of partial sum is given by

z

(D" N g
n=1
we obtain the lower bound for the ratio of real part
Dyq(9(2)) Dyq(9(2))
%(g(z)>’§ﬁ<gk(z)>7%< 2 and R ( 24 .
9k(2) 9(2) Dy q(9r(2)) Dy 4(9(2))
Theorem 2.6. If g(z) € MC, (A, B,§,m), then Vz € D

9(2) ) S1o b (2.8)

Ekt1

and

g’“(z)) = i’“? (2.9)
k+1

where &, = Palklp.q (Palklpq(1

Proof. For (2.8), consider
(-2
Skl (gk(z) ! €kt

k 0o
(D)™ 4> n@nz" + & ( > wnanZ”“)
n=1

n=k+1

k
(=1 + ) tppa”"
n=1
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if we put

(D" +wm(z) _ (=D" +o(z)
™+

then
o) = ED" ()~ us(2)
2(=1)™ 4+ ui(z) + u2(z)

S Y, alan|

n=k+1

2—2Z¢n‘an|—5k+1 Z V|l

n=k+1

0(2)] <1 <= 2614 Z Unlan)| <2—22¢n|an|

n=k+1

an|an| +£k+1 Z wn|an| <1

n=k+1

to obtain (2.8), it is enough to prove that the left hand side of this expression is

bounded above by Z Entn|an|

that is, i
k [e)
(1= &)tulanl + D (Erer — &a)vbalan| > 0.
n=1 n=k+1

To prove (2.9), consider

gr(2)  Grn }

SR [g<z> T

k o)
_1)m + Z ¢nanzn+1 - §k+1 Z ¢nanzn+l
n=1

n=k+1

—1)™ + Z Ypan 2"t
n=1
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(1+£k+1) Z 7vbnlanl

n=k+1

k )
2 — 2zwn|an| - (§k+1 - 1) Z ¢n|a"|
n=1

n=k+1

[v(2)] <

<1

if and only if

an’an’ +£k+1 Z wn‘an‘ < 1

n=k+1
to prove (2.9), it is enough to prove that the left hand side of this expression is

bounded by » ~ &,tbay|. that is,

n=1
k 00
(1= &)ulanl + D (Erer — &n)vbalan] > 0.
n=1 n=k+1
Theorem 2.7. If g(z) € MC, (A, B,§,m), then Vz € D
Dyq9(2) > [k +1]
RS >1 - — 2.10
<Dp,qgk(z) N Ek+1 ( )
and ( :
p,aJk\Z > k+1 211
( pqu) k1 + [k + 1pg (2.11)
whore 6, = Pilla (K14 B) + (14 2)

A-B
Proof. The proof is similar to the previous theorem.
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