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Abstract: In these study, we proposed new generalized Shehu transform of frac-
tional order called “fractional Shehu transform” of order 0 < α < 1. This transform
is applicable for functions which are differentiable but by fractional order. By using
the definition of fractional order Shehu transform we prove fundamental properties
of these integral transform. Finally, we have obtained convolution and inversion.
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1. Introduction
We all are familiar about the applications of integral transform for finding the

solution of different differential and integral equations [4, 16]. It is best tool to
find the solutions of many of these problems. Shehu transform is the Laplace type
integral transform moreover it is generalization of Laplace and Sumudu transform
[2, 10] which is widely used for solving differential equations with efficient and more
convenient way. If p(z) is continuous and continuously differentiable then by using
regular definitions of different integral transform, we solve differential equations
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of function p(z) but if p(z) is continues and differentiable by fractional order α,
then these definitions doesn’t work, in that case, we use the definition of fractional
order Shehu transform to find the solution of differential equations in particular
fractional order differential equation of function p(z).

Authors worked in these area, to develop some integral transform [12, 15],
use that generalized concepts to derive new methods [13, 14] to find solution of
fractional differential equations.

In these paper their are three main sections, particularly in second section
we list basic definitions, like definition of Shehu transform, Mittag-Leffler function,
fractional derivative and so on. In the third section we define fractional order Shehu
transform and prove some important results and properties. Further in the final
section we have included derivation of convolution theorem and inversion formula
and solve some examples of fractional differential equations using fractional Shehu
transform.

2. Background of Shehu Transform and Fractional Derivatives
First, we list definitions of Shehu transform, fractional order derivative in the

finite difference form and other related definitions.

Definition 2.1. Shehu transform [2, 6, 7, 10].
The Shehu transform of function p(z) of exponential order define over the set,

A = {p(z)/∃K, τ1, τ2 > 0, |p(z)| ≤ Ke|z|/τi , if z ∈ (−1)i ∈ [0,∞)}

where K is finite constant and τ1, τ2 may be finite or infinite.
is the integral equation,

S[p(z)] = P (v, w) =

∫ ∞
0

e−vz/wp(z)dz (1)

where v > 0 and w > 0.
The Shehu inverse integral transform [6, 7, 10] is define as,

S−1[P (v, w)] = p(z) =
1

2πi

∫ µ+i∞

µ−i∞

1

w
e(vz/w)P (v, w)dv. (2)

Definition 2.2. Derivative of Shehu transform [2, 6, 10].
If the function p(n)(z) is the nth derivative of the function p(z) ∈ A with respect to
z then it’s Shehu transform is defined as,

S[p(n)(z)] =
vn

wn
P (v, w)−

n−1∑
k=0

(
v

w
)n−(k+1)p(k)(0)
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where n ∈ N.

Definition 2.3. Shehu transform of Mittag-Leffler function [2],

Eα,β(z) =
∞∑
k=0

zk

Γ(αk + β)

α, β ∈ C and Re(α), Re(β) > 0 is given by,

S[zτ−1Eα,β(ζzα)] =
vβ−1

wβ−1
(1− ζ(

v

w
)α)−τ (3)

Where Re(α), Re(β), Re(τ) > 0 and ζ ∈ C.

Definition 2.4. Definition of Fractional order derivative in finite Difference form[5].
Let p : R→ R denotes a continuous function and h > 0 denote content discretiza-
tion span then,
define the forward operator FW (h) by the equality,

FW (h)(p(z)) = p(z + h).

Then fractional order derivative of order α,where 0 < α < 1 of p(z) is,

∆αp(z) = (FW − 1)α =
∞∑
k=0

(−1)kCα
k p(z + (α− k)h). (4)

Fractional derivative of order α is the limit,

p(α)(z) = lim
h→0

∆αp(z)

hα
. (5)

Definition 2.5. Let a, α and z ∈ R with α>0, z>a then the operator,

Dα[p(z)] =
1

Γ(n− α)

dn

dzn

∫ t

a

p(t)

(z − t)α+1−ndt, n− 1<α<n

is called Riemann-Liouville fractional derivative of order α [11], and

Dα
∗ [p(z)] =

1

Γ(n− α)

∫ t

a

p(n)(t)

(z − t)α+1−ndt, n− 1<α<n

is called Caputo fractional derivative of order α [11].
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Definition 2.6. Fractional derivative of Shehu transform [10, 11].
If the function p(z) ∈ A, is of exponential order then Shehu transform of Riemann-
Liouville fractional derivative of p(z) with order α is defined as,

S[p(α)(z)] =
vα

wα
P (v, w)−

n−1∑
k=0

(
v

w
)α−(k+1)[DkI(n−α)p(z)]z=0 (6)

where α ∈ R.
Shehu transform of Caputo fractional derivative of p(z) with order α is defined as,

S[p(α)
∗ (z)] =

vα

wα
P (v, w)−

n−1∑
k=0

(
v

w
)α−(k+1)p(k)(0) (7)

where α ∈ R.

3. Main Result

Definition 3.1. Shehu transform of fractional order α of non-negative function
p(z), denoted by Sα[p(z)], and defined as,

Sα[p(z)] = Pα(v, w) =

∫ ∞
0

Eα(
−vαzα

wα
)p(z)(dz)α (8)

where v ∈ C, and Eα(z) is Mittag-Leffler function Eαp(z) =
∑∞

k=0
zα

Γ(αk+1)
.

Theorem 3.1. Existence Theorem of Fractional order Shehu Transform.
If function p(z) is non-negative piecewise continuous in interval 0 ≤ z ≤ ζ and it
is of exponential order α then its fractional Shehu transform Pα(v, w) exist.
Proof. Suppose that,

∫ ∞
0

Eα(
−vαzα

wα
)p(z)(dz)α =

∫ ζ

0

Eα(
−vαzα

wα
)p(z)(dz)α +

∫ ∞
ζ

Eα(
−vαzα

wα
)p(z)(dz)α.

(9)
Since p(z) is pricewise continuous in interval [0, ζ] with 0 ≤ z ≤ ζ then first integral
of RHS of (9) exist, since p(z) is of exponential order α for ζ < z, to check the
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existence we concentrate on second term of RHS of (9) then,

|
∫ ∞
ζ

Eα(
−vαzα

wα
)p(z)(dz)α| ≤

∫ ∞
ζ

|Eα(
−vαzα

wα
)p(z)|(dz)α

≤
∫ ∞
ζ

Eα(
−vαzα

wα
)|p(z)|(dz)α

≤
∫ ∞
ζ

Eα(
−vαzα

wα
)CEα(uαzα)(dz)α

= C

∫ ∞
ζ

Eα(
−(v − uw)αzα

wα
)(dz)α

= C lim
n→∞

∫ n

ζ

Eα(
−(v − uw)αzα

wα
)(dz)α

=
−Cwα

(v − uw)α
lim
n→∞

Eα(
−(v − uw)αzα

wα
)]nζ

=
−Cwα

(v − uw)α
[0− Eα(

−(v − uw)αζα

wα
)]

But as ζ → 0 then we get the existence of Second term of RHS also,

|
∫ ∞
ζ

Eα(
−vαzα

wα
)p(z)(dz)α| ≤ Cwα

(v − uw)α
. (10)

This completes the proof.
Now we prove basic properties related to fractional order Shehu transform,

Theorem 3.2. Linearity property.
Let functions ap(z), bq(z) ∈ A then ap(z) + bq(z) ∈ A where a and b are nonzero
arbitrary constants and,

Sα[ap(z) + bq(z)] = aSα[p(z)] + bSα[q(z)]. (11)

Proof. By using definition in equation (8) for LHS in Equation (11) we get,

Sα[ap(z) + bq(z)] =

∫ ∞
0

Eα(
−vαzα

wα
)[ap(z) + bq(z)](dz)α

= a

∫ ∞
0

Eα(
−vαzα

wα
)p(z)(dz)α + b

∫ ∞
0

Eα(
−vαzα

wα
)q(z)(dz)α

= aSα[p(z)] + bSα[q(z)]
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This is the complete proof.

Theorem 3.3. If p(z) ∈ A and Dα
v is the derivative of a function with respect to

v of order α then,

Sα[
zα

wα
p(z)] = −Dα

vSα[p(z)]. (12)

Proof. By using definition of fractional Shehu transform in (8) then,

Dα
vSα[p(z)] = Dα

vPα(v, w) = Dα
v

∫ ∞
0

Eα(
−vαzα

wα
)[p(z)](dz)α

=

∫ ∞
0

Dα
vEα(

−vαzα

wα
)[p(z)](dz)α

=

∫ ∞
0

Eα(
−vαzα

wα
)p(z)(

−zα

wα
)(dz)α

= −
∫ ∞

0

Eα(
−vαzα

wα
)(
zα

wα
)p(z)(dz)α

= −Sα[
zα

wα
p(z)]

This is the final proof of above equation.

Theorem 3.4. Change of scale property of fractional order Shehu trans-
form.
Let p(az) ∈ A , where a be any constant then,

Sα[p(az)]v = (
1

a
)αSα[p(z)]v/a. (13)

Proof. By using definition of fractional Shehu transform,

Sα[p(az)]v =

∫ ∞
0

Eα(
−vαzα

wα
)[p(az)](dz)α

Put az = x then z =
x

a
then,

=

∫ ∞
0

Eα(
−vαxα

wαaα
)[p(x)]

(dx)α

aα

= (
1

a
)α

∫ ∞
0

Eα(
−vαxα

wαaα
)[p(x)](dx)α

= (
1

a
)α

∫ ∞
0

Eα(
−vαzα

wαaα
)[p(z)](dz)α

= (
1

a
)αSα[p(z)]v/a
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is the complete proof.

Theorem 3.5. Shifting property.
Let p(z) ∈ A then for p(z − b) ∈ A where b is constant, following holds,

Sα[p(z − b)] = Eα(
−vαbα

wα
)Sα[p(z)]. (14)

Proof. By using definition of fractional Shehu transform,

L.H.S. = Sα[p(z − b)] =

∫ ∞
0

Eα(
−vαzα

wα
)p(z − b)(dz)α

Put z − b = x then z = x+ b then,

=

∫ ∞
0

Eα(
−vα(x+ b)α

wα
)p(x)(dx)α

=

∫ ∞
0

Eα(
−vαxα

wα
)Eα(

−vαbα

wα
)p(x)(dx)α

= Eα(
−vαbα

wα
)

∫ ∞
0

Eα(
−vαxα

wα
)p(x)(dx)α

= Eα(
−vαbα

wα
)

∫ ∞
0

Eα(
−vαzα

wα
)p(z)(dz)α

= Eα(
−vαbα

wα
)Sα[p(z)] = R.H.S.

is the complete proof.

Theorem 3.6. Let Eα(z) be the Mittag-Leffler function and p(z) ∈ A then,

Sα[Eα(
−cαzα

wα
)p(z)] = Sα[p(z)]v+c. (15)

Proof. By using definition of fractional Shehu transform,

L.H.S. = Sα[Eα(
−cαzα

wα
)p(z)]

=

∫ ∞
0

Eα(
−vαzα

wα
)Eα(

−cαzα

wα
)p(z)](dz)α

=

∫ ∞
0

Eα(−[
vαzα

wα
+
cαzα

wα
])p(z)(dz)α

=

∫ ∞
0

Eα(
−(v + c)αzα

wα
)[p(z)](dz)α

= Sα[p(z)]v+c.
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Theorem 3.7. Let p(z) ∈ A then,

Sα[Dα
z p(z)] =

vα

wα
Sα[p(z)]− Γ(1 + α)p(0). (16)

Proof. Using the definition of fractional order Shehu transform,

Sα[Dα
z p(z)] =

∫ ∞
0

Eα(
−vαzα

wα
)Dα

z p(z)(dz)α.

By using the definition of fractional integration by part formula we get,

L.H.S. = Γ(1 + α)p(z)Eα(
−vαzα

wα
)|∞0 −

∫ ∞
0

Dα
zEα(

−vαzα

wα
)p(z)(dz)α

= −Γ(1 + α)p(0)− (
−vα

wα
)

∫ ∞
0

Eα(
−vαzα

wα
)p(z)(dz)α

= −Γ(1 + α)p(0) + (
vα

wα
)

∫ ∞
0

Eα(
−vαzα

wα
)p(z)(dz)α

= −Γ(1 + α)p(0) + (
vα

wα
)Sα[p(z)]

= (
vα

wα
)Sα[p(z)]− Γ(1 + α)p(0).

Theorem 3.8. Let p(z) ∈ A then,

Sα[

∫ z

0

p(t)dtα] = Γ(1 + α)−1(
v

w
)−αSα[p(z)]. (17)

Proof. By using the definition of fractional order integral transform of Laplace
transform [5],

Lα[

∫ z

0

p(t)dtα] = Γ(1 + α)−1(s)−αLα[p(z)].

Using the duality of Laplace-Shehu transform,

Sα[

∫ z

0

p(t)dtα] = Γ(1 + α)−1(
v

w
)−αSα[p(z)].

4. Convolution theorem of fractional order Shehu transform

Theorem 4.1. If the convolution of order α of two functions p(z) and q(z) is
define by the integral of the form,

(p(z) ∗ q(z))α =

∫ z

0

p(z − u)q(u)(du)α.
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Then we can write,

Sα[[p(z) ∗ q(z)]α] = Sα[p(z)]Sα[q(z)]. (18)

Proof. We starts from definition,

Sα[[p(z) ∗ q(z)]α] =

∫ ∞
0

Eα(
−vαzα

wα
)

∫ z

0

[p(z − u)q(u)](du)α(dz)α

By substituting t = z − u, and taking limits from zero to infinite we get,

Sα[[p(z) ∗ q(z)]α] =

∫ ∞
0

Eα(
−vα(t+ u)α

wα
)

∫ ∞
0

[p(t)q(u)](du)α(dt)α

= [

∫ ∞
0

Eα(
−vαtα

wα
)p(t)(dt)α][

∫ ∞
0

Eα(
−vαuα

wα
)q(u)(du)α]

= [

∫ ∞
0

Eα(
−vαzα

wα
)p(z)(dz)α][

∫ ∞
0

Eα(
−vαzα

wα
)q(z)(dz)α]

= Sα[p(z)]Sα[q(z)]

Is the final proof.

4.2. Inversion formula for fractional Shehu Transform

Definition 4.1. The Dirac’s distribution [8] also known as generalized function,
δα(z) of order α, where α ∈ (0, 1), is define as,∫

R
p(z)δα(z)dzα = αp(0). (19)

Example 1. The fractional Shehu transform of δα(z−a) can be written as follows,

Sα[δα(z − a)] =

∫ ∞
0

Eα(
−vαzα

wα
)δα(z − a)(dz)α

= αEα(
−vαaα

wα
)

Particularly for the value of a=0 then, Sα[δα(z)] = α.

Lemma 4.2. The equality,

α

(ϑα)α

∫ +∞

−∞
Eα(i(−ρz)α)(dρ)α = δα(z). (20)
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[8] holds where ϑα is the period of complexed value Mittag-Leffler function defined
by the equality, Eα(i(ϑα)α) = 1.
Proof. From equation (19) we can write,

α =

∫
R
Eα(i(ρz)α)δα(z)dzα.

By using the value δα(z) to LHS of the above equation we get,

=

∫
R
Eα(i(ρz)α)

α

(ϑα)α

∫ +∞

−∞
Eα(i(−uz)α)(du)αdzα

=

∫
R

α

(ϑα)α

∫
R
Eα(i(ρz)α)Eα(i(−uz)α)(du)αdzα

=

∫
R

∫
R

α

(ϑα)α
Eα(i((ρ− u)z)α)(du)αdzα

=

∫
R

∫
R

α

(ϑα)α
Eα(i(ϕz)α)(dϕ)αdzα

=

∫
R
δα(z)dzα.

4.3. Inversion Theorem of Fractional Order Shehu Transform

Lemma 4.3. Fractional Shehu transform define in definition (7),

Sα[p(z)] = Pα(v, w) =

∫ ∞
0

Eα(
−vαzα

wα
)p(z)(dz)α. (21)

then its inversion formula is,

p(z) =
1

(ϑα)α

∫ −i∞
+i∞

Eα(
vαzα

wα
)Pα(v)(dv)α. (22)
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Proof. By substituting equation (8) in (22) and using (19) in (20) we get,

p(z) =
1

(ϑα)α

∫ −i∞
+i∞

Eα(
vαzα

wα
)

∫ ∞
0

Eα(
−vαtα

wα
)p(t)(dt)α(dv)α

=
1

(ϑα)α

∫ ∞
0

p(t)(dt)α
∫ −i∞

+i∞
Eα(

vαzα

wα
)Eα(

−vαtα

wα
)(dv)α

=
1

(ϑα)α

∫ ∞
0

p(t)(dt)α
∫ −i∞

+i∞
Eα(
−vα(t− z)α

wα
)(dv)α

=
1

(ϑα)α

∫ ∞
0

(ϑα)α

α
p(t)δα(z − t)(dt)α

=
1

α

∫
R
p(t)δα(z − t)(dt)α

=
1

α
αp(z) = p(z).

Example 4.4. Fractional differential equation,

Dα
∗ [p(z)] = 0 with p(k)(0) = Tk, where k = 0, 1, 2, 3... (23)

Dα
∗ shows Caputo derivative of order α.

Solution. Appying fractional Shehu transform on both sides to the equation (23),

vα

wα
P (v, w)−

n−1∑
k=0

(
v

w
)α−(k+1)p(k)(0) = 0

By rearranging,

P (v, w) =

∑n−1
k=0( v

w
)α−(k+1)p(k)(0)

( v
w

)α

P (v, w) =
n−1∑
k=0

(
v

w
)−(k+1)p(k)(0)

using initial conditions,

P (v, w) =
n−1∑
k=0

(
v

w
)−(k+1)Tk

Taking inverse fractional Shehu transform of about equation gives,

p(z) =
n−1∑
k=0

Tkz
kEα,k+1(zα)
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is the final solution.

Example 4.5. Fractional differential equation [11],

Dα
∗ [p(z)] = f(z) with p(k)(0) = Tk, where k = 0, 1, 2, 3... (24)

Dα
∗ shows Caputo derivative of order α.

Solution. Using fractional Shehu transform on both sides to the equation (24),

vα

wα
P (v, w)−

n−1∑
k=0

(
v

w
)α−(k+1)p(k)(0) = F (z)

By rearranging,

P (v, w) =
F (z) +

∑n−1
k=0( v

w
)α−(k+1)p(k)(0)

( v
w

)α

P (v, w) =
F (z)

( v
w

)α
+

∑n−1
k=0( v

w
)−(k+1)p(k)(0)

( v
w

)α

using initial conditions,

P (v, w) =
F (z)

( v
w

)α
+

∑n−1
k=0( v

w
)−(k+1)

( v
w

)α
Tk

Taking inverse fractional Shehu transform,

p(z) = zα−1Eα,α(zα)f(z) +
n−1∑
k=0

Tkz
kEα,k+1(zα)

is the final solution.

5. Conclusion
From the above study we have developed fractional Shehu transform. Fractional

Shehu transform satisfy properties of integral transform with main results like
convolution and inversion theorem. Even they gives analytic solution of linear
fractional differential equations, for further study one can try to find solution of
non-linear fractional differential equations using fractional Shehu transform.
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