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Abstract: In this document an expansion formula for g- analogue of multivari-
able I-function have been given by the applications of the g-Leibniz law for the
g-derivatives of multiplication of two functions. Expansion formulas concerning
the basic I-function of two variables, q - analogue H function of two variables, ba-
sic analogue Meijer G-function of two variables, basic I-function of one variable,
basic analogue H-function of one variables, basic analogue Meijer G-function of one
variables were given as special cases of the main formula.
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1. Introduction

The origin of fractional calculus is as old as calculus, because this idea came to
existence by L’Hospital, when he asked to Leibniz in 1695 [16] that “what if the
order of derivative is a fraction number instead of an integer 7”. After that it has
been came to notice that fractional calculus has a vast application in various fields
of mathematics ([14], [16], [17], [23]). The q - calculus has also evolved in twentieth
century by Slater [27], Exton [8], Gasper [11] and a thesis [9]. The q - analogue of
ordinary fractional calculus is termed as fractional g-calculus.

Al-Salam given the concept of fractional g-calculus, like q analogue of Cauchy’s
formula ([1], [5], [6]). Agarwal [3] studied certain fractional g-integral operators
and ¢-derivatives. Further, Isogawa et al. [13] studied some basic properties of
fractional g-derivatives. Rajkovic et al. [20] generalized the notion of the left frac-
tional g-integral operators and fractional g-derivatives. Garg et al. [10] introduced
g-analogues of hyper-Bessel type Kober fractional derivatives. Further, Saxena et
al. [26] and Yadav et al. ([35]) have obtained values of many g- functions with
the help of fractional g- operators. Recently, Purohit and Yadav [19] have defined
g-extensions of the Saigo’s fractional integral operators [22]. By inducing these
ideas several mathematicians have used these operators for different funtions to
evaluate fractional order derivative [9]-[11], [24] and [25], [30]-[35]. In this paper,
we study the Kober fractional g-integral operator [10] and Riemann-Liouville frac-
tional g-integral of the multiple basic analogue of multivariable I-function defined
by Prathima et al. [18].

In this paper, we have established three theorems involving the fractional g-
integral and g-derivative operator, which generalizes the classical definitions.

In the theory of g-series, for real or complex a and |g| < 1, the ¢-shifted factorial
is defined as :

n—1

(a;q)n = [J(1 = ag’) = ((aﬂ n e N. (1.1)

i1 44" @)oo’
so that (a;q)o = 1, or equivalently

Fgla+n)(1—q)"

o) (a#£0,—-1,-2,---). (1.2)

((l, q)n =
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The ¢-gamma function [8] is given by

_ (@21 =9)" [ =dlar _ (@@a (L0 4 o
L) = e g T mget g @FOTL )
(1.3)

The basic analogue of well known Riemann-Liouville fractional integral operator
of a function f(x) due to Al-Salam [6], is given by

I{f (@)} =

T, (1) /0 (x —tq)u—1.f(t)dgt (Re(a) > 0, |q| < 1). (1.4)

also

o= b= [T [ 2], (1.5)

S L1 = (y/z)gm+e

Also the basic integral, see Gasper and Rahman [11] are given by

/0 gt =21 - 0) St f () (1.6)

The equation (1.4) in connection with (1.6) gives the following operator in series
form.

1 () 1 - q Zq 1 f (). (1.7)
Now, for f(z) = 2*~!, we obtain (see [30]).
I (a2 = %xw—l. (1.8)

2. Main Results
Now, we will deduce fractional g-integral formulae for the - analogue of mul-
tivariable I-function defined by Prathima [18].

G(q") = [H(l - qa*”)] = (qa'lq)oo' (2.1)

We have

Recently I-function of several variables has been introduced and studied by Prathima
et al. [18], it’s an extension of the H-function of several variables defined by Srivas-

tava and Panda [28, 29]. In this paper, we define a new function, the ¢ - analogue
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of multivariable I-function defined by Prathima et al. [18].
We note

RN ey (r). .
Z1 (aj,ozj o Ay
0,n:my,ny - My, Ny

I(z1, ooy zeiq) = L0000 g " .
Zr (b]7/6j y T 7/6] ;Bj>1,q/ :

1 r r r
(Cg)’ 7 C( )) Lpyi (5)’%()’0( ))1,pr

(dé'l)’ 53('1); Di)igs- (d(r) 0D ) 1,gr

J 27 7

o(t triq 0i(ti;q)z dty - - - dt, 2.2
27rw /L1 / (f, H Dzt (22)

where ¢(t1, -+ ,t:5q),0:(t;;q),i =1,--+ ,r are given by:

H;l 1@( 1—a;+377 4 ay)Ajfj)

i trid) = T 50 , (2.3)
§=n+1G(qa] i Atj) j= 1G(q1_bf+zi:15j Bits)
O] i) ~(1) (3) _ s(4) (1)
. Hm G( 1—c; +’Y] cy' t)H] 1G(d -5 D} t)
ei (t’u q) = OENG) 7

_ (i) (1) 4 5(8) ()
P Gl T G [T, 1 Glg ™% H5 PG (1 — gt sint
(2.4)

where z; are not zero and an empty product is interpreted as unity. Also n,p, ¢, m;,
ni, pi, ¢;(i = 1,--- ,r) are all positive integers such that 0 <n < p,0 < ¢,0 <m; <

4550 <n; <pgi =1,--- ,r). The letters A, B;,C”, D and a7, j”,'yﬁ”,éji’(z’ _
1,---,r) and are all p081tlve numbers and the letters aj,b],cj) ,dj are complex

numbers. The contour L; is in the s-plane and runs from —woo to +woo with loops,
if necessary, to ensure that the poles of , G(g% ) 5(1)D(Z)tﬂ)(j =1,---,M,) are to the
right and all the poles of G (¢'~%2i=1% )A )i =1,---,N), G(q1 CE)HCJ(‘Z)”),(]‘ =
L,---, N;) lie to the left of L;. For large values of |$1|, Re(silog(zi) —logsinws;) <
0,2 =1,---,r. The integrand has simple poles.

We will use following notations throughout in this work:

X =my,ng; o 5me,ns V =D1,q15 5 Pry G (2.5)
1 r
A= (azall, DA, (2.6)

B= (b B, BBy (2.7)
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C = 51 7% 70 2 ) Lpiy """ ;(CE'T)a’YJ('T)S C(T))l,p,«- (2.8)
D= <d] ’651)’D 1)> Lagir " (d] 76](T 7D(r ) 1,qr- (29)

3. Main Theorems
Now, we will deduce two fractional basic integral formulae for the basic ana-
logue of multivariable I-function.

Theorem 3.1. Let Re(u) > 0,|q| <1, p; > 0(i =1,--- ,r) being any positive inte-
gers, the Riemann Liouville fractional g-integral of a product of two basic functions
exists an under

2z P A:C
Iyy | ] = (1— gz
2, TPr B:D

leﬂl (1_)\7p177pT71)7AC
0,n+1;X . . .
Ly | g ; (3.1)
2, xPr B,(1=X—p;p1,-+,p31): D
where Re(t;log(z;) —logsinmt;) <0,(i=1,---,71).

Proof. To deduce above theorem, we take the left hand side of equation (3.1) (say
L) and make use of the definition (1.4) and (2.2), we obtain

L:](/;{ oy / / Dt triq He tryq)2lixXimPitid oty o d,t,

(3.2)
interchanging the order of integrations, justified under the above given conditions,
we obtain

1
L:/ / 7ot b 0:(ti;q k ;EZ =1 PilitA=L L gty dyt,.
(2mw)" Jr, i ( H }

We use the formula (1.8) and obtain
. (qi=1 Pttt i g)
G(tr, - triq) 1:[ 0i(ti; ¢)z" (i PittA g dgt -+ - gty

(3.4)
Now, explicating the g-Mellin-Barnes double contour integral in terms of the basic
analogue of I-function of several variables, we obtain the required equation (3.1).
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If we put —p in place of p and apply in the following operator as :

I7(@) = Digf@) = U@} = s [ = v SO, 35)

where Re(p) < 0 and we get the result as follows.

Theorem 3.2. For Re(u) > 0,|q| < 1,p;(i =1,--- ,r) being any positive integers,
the Riemann Liouville fractional q-integral of a product of two functions are as

211! A:C
DS 2|t | = (1—q) Fa? !
b B:D

z1 2P (1_>\7:017 7pr;1)7A:C
0,n+1;X . . .
[p—i-l,q/—i-l;V . 14 . y (36)
T B,(1=X+u;p1,---,pes1) 2 D
where Re(\ + p) > 0, Re(t;log(z;) — logsinnt;) < 0,(i=1,---,r).
The deduction of the theorem 3.2 is similar that of theorem 3.1.
4. Leibniz’s Application
In view of Agarwal [3], we have basic extension of leibniz rule of fractional g-

derivatives for a multiplication of two basic functions in form of an infinite series
including the fractional g-derivatives as follows:

Lemma 4.1.

* U }zz

n—=

n n(n+1)

q)[ T (2 D2 (W (@)}, (A1)

where U(x) and V(x) are reqular functions.
We have the formula

Theorem 4.1. For Re(u) < 0,p;(i = 1,--- ,r) being any positive integers, the Rie-
mann Liouville fractional q-integral of multiplication of two basic functions exists
and which gives

211 (I=Xpp,--,p DA C
0,n+1;X . .
pHLg+1V | - 4
e B,(1=A+p;p1,---,pp1): D
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. " ) 21z (0301, ,pr;1),A: C
y 4in 70,n+1;X . . .
Z (q; Q)n p+1,¢d +1;V : q) ’
n= 2, xPr B, (n;p1, - ,pr1): D
(4.2)

n n)\Jr

where Re(t;log(z;) — logsinwt;) < 0,(i=1,---,7).
Proof. On taking in the g-Leibniz rule U(z) = 22! and

2 TP! A:C
V(e)=Ly |+ 4]
2, xPr B:D
We get (see Lemma 4.1).
z1zht A:C - )
1" nA+——5—1[,,—pu. .
PRl I _y () la"s4]
| - (¢ Dn
2, TPr B:D n=0
XDle’;n(an)A_lDz,q{](lepl7 “ e 7ZTxPr; q>}' (4'3)

Using the theorem 3.1 and let A = 1, we obtain
ng{f(zlgnpl7 P )} = (1= )

z P! (0501, ,pr3 1), A: C
0,n+1; X . . .
X[p+:q/;v : iq| o . (4.4)
2T B, (n;p1,-+ ,pm1): D

Now using the equations (4.4) and (1.8), we obtain the theorem 4.1 .
5. Particular Cases

Remark 5.1. If C](-i) = Dj@ = 1, then - analogue of multivariable I-function
changes in q- analogue of multivariable H-function by Srivastava and Panda [28,
29].

If r = 2, the g- analogue of multivariable I-function changes in g- analogue of
[-function of two variables [15]. Let

A={(a;a;, A A hps A" = {(ei B Ed) bpyy {965 Gy Gi) s - (5.1)

B = {(bi; Bi, B;; Bi) Y1413 B = {(fi; Fis Fi) }1.g00 { (his Hi; Hi) }1 g, (5.2)
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We have,

Corollary 5.1. For Re (u) > 0, p and o being any positive integers, the Riemann
Liouwille fractional g-integral of a product of two basic function is

/
212 (1=Xp,0;1),A: A
0,n1;m2,n2,m3,n3

P1,91:;P2,92;P3,93 : 14

2917 B,(1=X+up,0;1): B

(q‘ q)n p1+1,q1+1;p2,92;p3,93 3 q
b

o

00 ) n/\+n<n 1)[ 4 gl z1x”
Z q 734 IO n1+1;ma,n2,m3,n3

(O;p,a;l),A:A/ )

B, (n;p,031): B’
(5.3)

29T

where Re(slog(z1) — logsinms) < 0 and Re(tlog(ze) — logsinmt) < 0.

Remark 5.2. We obtain the same relations with the fractional operators I* and
Ky If A; = E; = F; = Gy = H; = 1, then the q - analogue of generalized I-
function of two variables given by Kumari et al. [15] reduces to basic of generalized

of H-function of two variables [12] defined by Saxena et al. [25], we get the same
results given by Yadav et al. [33].

Cy = {(ai; i, Ai) }ipy; D2 = {(ei5 Bi) }1pa, {(965 Gi) F1ps- (5.4)

E, = {(bz’;ﬁi, Bi)}l,qls Fy = {(fi; Fi)}l,qza {(hi; Hi)}l,%' (5-5)
This gives

Corollary 5.2.

2P (1 =X p,0;1),Cy; Dy

0,n1;ma,n2,m3,n3

P1,q15P2,423P3,G3 : 4
o . . .

2% Ey,(1 =X+ p;p,0:1) : Fy

A n(n—1) . 21$p (Op

Z n n * 2 [q M7q]n 0,n1+1;ma,n2,m3,n3 . ok

N q Q)n p1+1,q1+1;p2,92;p3,93 " 4
) 22X EQ, (TL pP,0):

(5.6
H;

under the conditions verified by the corollary 5.1 and A; =E; =F; = G; =
1.

We suppose

(@)1, = (A)11 = (Ej)1pe = (Gi)1ps = Bi)rs = (Bij)r,gs = (Fj)1,go = (Hj)1,g5 = 1.
(5.7)
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The basic g-analogue generalized H-function of two variables reduces to basic
generalized g-analogue of two variables Meijer’s G-function defined by Agarwal [2],
we use the following notations:

Ay = (aj)1p, : By = (€j) 1,95 (95)1,p5- (5.8)
Cy = ()10 : Dy = (fi)1.00> (h5)1,65- (5.9)

We obtain the formulas as follows:

Corollary 5.3.

212 (1 =X p,0;1), Ay; By

0,n1;m2,n2,m3,N: .
Gpl#;l ;p;q;;pafqa ’ 1 q , ’
ZQ‘,EU 027(1_)‘+/L;p70';1):D2
(0;p,0), Ay : By )
Cy, (n;p,0) = Dy
(5.10)
If r = 1, the q - analogue of multivariable I-function turns in q - analogue of

I-function given by Rathie [21].
Let A; = (aj,a;j : Aj)1,p: Br = (bj, B : Bj)1,4, we obtain the following result:

) Apnn=D) z1aP
_ (=1D)"q" > [q u7q]nG0,n1+1;m2,n27m3,n3 .
- § : (q‘ q) p1+1,q1+1;p2,92;p3,93 : 14
n=0 )y A/ zox?

Corollary 5.4.

1-\p;1),A 00 oS W (it D I
I N B BN O | et /T
qd 21x" 54 - ( - )
By, (1 =A+u1) n=0 G Un
» (0,p:1), Ay
g4l | AT , (5.11)
Bla (na P; 1)

under the condition verified by the theorem 4.1 and r = 1.

If r =1 and (4;), = (B;)y = 1, the basic analogue I-function of one variable
reduces to ¢ - analogue H-function of one variable given by Saxena et al. [24], we

get the same equation.

Corollary 5.5.
(1 - >\7 10)7 Al

n(n—1) _
K

o ()g
Bi, (1= X+ p) g (¢ 9)n

’
m7n .
Hp q/ Zl'rp )
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, " (07 p)a Al
Hy | s g : (5.12)
Bl7 (n7 p)
under the condition verified by the corollary 5.4 and (A;), = (Bj); =1.
Now, (a;)1p = (8j)1, = 1, the basic of one variable H-function changes to

basic analogue of Meijer’s G- function. Let A] = (a;);, and B} = (bj)1.4> We get
the following results:

Corollary 5.6.
(1 - )\7 p)? Alll

’ o — 1\ g AM T [k "
Gm,rlz P g _ Z ( ) q 2 [q aq]
P4 ” (¢ On
By, (1= XA+ p) n=0
’mn/_’_1 <O7p>7A/1/
Gl | 217° 5q ) : (5.13)
Bl ) (na p)

under the condition verified by the corollary 5.5 and (o)1, = (85), 4 = 1.

6. Conclusion

The results obtained in this paper are most general results, therefore a result
obtained gives various results by putting specific values to the parameters and
variables. These results can be written as q - analogue of various functions [35] in
the field of mathematics and mathematical physics.
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