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Abstract: This paper deals with reliability measure P(Y < X) using FGM copula,
when X and Y follow (a) Weibull and generalized gamma distributions, and (b)
Rathie-Swamee generalized folded logistic distributions. The use of copula is better
and widely employed than doing the classical joint distribution dependence. A few
particular cases are also indicated.
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1. Introduction

In literature, R = P(Y < X) is a measure of component reliability when the
component is subjected to a random stress Y and a random strength X. The
component fails when the applied stress exceeds the strength. In the book by [6],
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X and Y are assumed to be independent or having a joint distribution function.
The evaluation of R is more realistic when X and Y are assumed to be dependent.
The copula-based approach has been employed by [1, 2], and [10].

For positive X and Y, the measure R is given by

R=PY <X)= / / h(z,y)dxdy, (1)
o Jo
where

W, y) = e(F(x), G(y)) f(x)g(y)- (2)

In this article, we will use the Farlie-Gumbel-Morgenstern (FGM) copula den-
sity defined by

c(F(x),Gy)) = 1+ 0(1 = 2F(x))(1 - 2G(y))- (3)
Using (2) and (3) in (1), we arrive at the following expression for R:
R=R;+0D, (4)

where 6 is the dependency parameter,
Ry = /0 " Gl f(a)da (5)
and
D= [ @)1~ 61 - 2P @) f (o) ©)

For reliability analysis P(Y < X), bivariate distributions for strength and stress
considered were: bivariate normal [3], bivariate exponential [9], bivariate gamma
[8], bivariate Pareto [5] and bivariate log-normal [4]. The advantage of copula lies
in separating the dependence from joint distribution in a more general setting.

The reliability R = P(Y < X) has applications in physics, engineering, quality
control, economics, medicine, etc. See, for example, [12], [11] and [13].

This paper is written as follows: Section 2 presents some known results, defini-
tions of generalized gamma, Weibull and Rathie-Swamee generalized folded logistic
distributions. In Section 3, reliability P(Y < X) using FGM copula is obtained
for X and Y following (a) Weibull and generalized gamma distributions, and (b)
folded Rathie-Swamee distributions, respectively. A few particular cases of the
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main theorems are mentioned which involve Weibull and folded logistic distribu-
tions. In the last section, we conclude the paper by providing a few conclusions

and outline of possible future work.
2. Known Results and Statistical Distributions

The H-function (see [7]), is defined by

|: (a17A1)7-~~7(an,An)’(an+1’A’n+1)7"'7(ap7Ap)
Hm n
p9q b1 Bl bm Bm (bm+1 Bm+1) (bqulI)
/ bj — B;s) H . F(l —a; + A;s) s
27TZ H] m+1 b —|—B 8) j= nHF(aj—Ajs) ’

(7)

where A; and B; are assumed to be positive quantities and all the a; and b; may be
complex. The contour L runs from ¢ —ioco to c+ioo such that poles of I'(b; — B;s),

Jj =1,...,m, lie to the right of L and the poles of I'(1 —a; + A;s), j =1,...,n

lie to the left of L.
The H-function can be expressed in computable form as (see [7]):

When the poles of H;nzl ['(b; — Bjs) are simple, we have

ﬁ r (bj B Bj th+ I/)
m oo A 5
Hy () = ——

j=m+1 h
u b
Hr(1 a5+ 4, h”)
e B ) (—1)vzlnt)/By
P 'B ’
b ViDp
T r(o-a20")
‘ By,
Jj=n+1

)

for z # 0if 6 > 0 and for 0 < |z| <w if § = 0, where § =37, B; — >°"_| A; and

A B
w=[[_, A7/ TI-, B;”.
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When the poles of [T7_, T'(1 — a; + A;s) are simple, we have

(1 — aj — Ajl_j‘—};—i_y)

(@) =33 =

h=1 v=0 j=n+1 r <aj + Aj I_Z};—i_l/)
[T (54 BA)  Copymmenra

(9)

X

for x #0if 6 <0 and for |z| > w if 6 = 0.

@ﬁZ/zf%mF%“wMMy (10)
0

(using [7, p.60])

s A (1-4,530)
=\'a AH117’11 [ba N (2’1; } (11)
(using(8))
> F A\ (—ba~F)”
o\ —1 -5 S 1V —oa X
A ax§;r( oy ek (12)

valid for Re(a, b, \, A1, s) > 0.
Generalized-Gamma distribution has density and distribution functions given

by

Fle) = P et oxp (=g (13)
r(2)
and
F(z) = M1F1 <%; St —ﬁlﬁl) ; (14)
r (1 + %) 1N

respectively, where aq, £1, 71, © > 0.
Alternately, (14) may be written as

o0

F(x)=a Z a7t (15)

r=0
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where
e (16)
r(%)
and
_ (=B)
Ay = m (17)

7

Weibull distribution has density and distribution functions as
g(x) =Pay2x72 " exp(—fp27?) (18)
and
G(z) =1 — exp(—foa™), (19)

respectively, where (s, 72, © > 0.

For X ~ RS(a,b,p), a,b > 0 (both a and b are not zeros simultaneously),
p > —1,z € (0,00), the Rathie-Swamee [14, 15] density and distribution functions
are defined as

2[a + b(p + 1)aP] exp[—z(a + bzP)]

T8 = = ¥ explala + b2

(20)

and
1 —exp[—z(a+ba?)] 2
1 +exp[—z(a+bzr)] 14 exp[—z(a + baP)]
3. Reliability using FGM Copula

In this section, we derive two main theorems for the reliability R using FGM
copula given in (1) when (a) X has generalized gamma distribution and Y has

Weibull distribution and (b) X and Y have folded Rathie-Swamee distributions
with different parameters.

F(x) ~1 (21)

3.1. Reliability using Weibull and Generalized Gamma Distributions
The following theorem for reliability R = P(Y < X) is established in this
section:

Theorem 1. Let X ~ GG(ay, f1,71) and Y ~ GG (72, fa,v2) . Then
R=P(Y < X)=R;+6D, (22)
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where
g
_ 715171 V1,72
RI =1- (e ]0417/31752 (23)
(%)
and
o0 o0
_ V1,72 Y1,72 Y1,72 Y1,72
D = ma [[a1761762 - [a17ﬂ17232 —2a Z aT[2a1+W1T,,31,,32 + 2a Z aT[2a1+v17“761,252 ’
r=0 r=0

with I™\ | a, a, given respectively in (10), (16) and (17).

s,a,b’

Proof. From (5), (13) and (19), we have

Ri= [0 = exp(- ) 220 exp(- s
0

o
71 o0
_1_ 15 / o1l exp(—B1a™ — Box)dx
(3
7
g
¥
—1— 71611 J2

a a1,B1,082°
r(s)

Also, from (6), (13), (14) and (19) we get

D= / " G - @)1 - 2F ()] f(x)dx

0

= / [1 - eXp<_ﬁ2x'Y2)] exp(—ﬁgaj’m) (1 — 2a Z arx'h?drm)
r=0
"}/1&1‘04171 eXp(_ﬁlx’Yl )dl’

o0
— %a/ gt exp(—p1x" — Bax™?) [1 — exp(—/fox?)
0

—2a Z a, " 4 2 Z a,x" T exp(—ﬁgac”)] dx

r=0 r=0

o o

_ V1,72 T2 _ V1,72 V1,72

= Na [Ialﬁlﬁz '[0617517262 2a Z ar]20é1+’y1r,51 ,B2 +2a Z aTI?041+’YlT,51,252]
r=0 r=0
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The following particular case of Theorem 1 for X ~ GG(¢y,61,¢1) and Y ~
GG(p2, 05, po) can be derived or proved independently:

Corollary 1. For the Wewbull distributions, the reliability R is given by

R=R;+60D (25)
where
Ry =1-019:15"5%, (26)
and
D =b01¢n [21;?11,’55921,92 + 100 0, = 210050 oo, — Iotars, | (27)

3.2. Reliability using Folded Rathie-Swamee Distribution
In this subsection, we obtain the reliability R when X and Y follow generalized
folded logistic distribution.

Theorem 2. The probability P(Y < X), X ~ RS(ay,b1,p) andY ~ RS(az,bs,p),
15 given by

R=P(Y <X)=R;+0D, (28)
where
Ry =4I, —1 (29)
and
D =4(9115 — 6lap — 3/2 — 1211 3 + 8153 + 41y 3), (30)

with Io.g given in (33) with I in (10).
Proof. For X ~ RS(ay,by,p) and Y ~ RS(ag, by, p) with distribution functions
F(z) and G(y), respectively, D is given by

b= /OOO { 1+ exp[—x2(a2 + boa?)] 1} ’ {1 e eXP[—;(@ + bya?)] }
4 } 2ar + b (p + 1)27] exp[—z(a1 + bra)]

{3 1+ exp|—x(aj + byaP)] {1 + exp|—x(aj + byaP)]}?

(31)
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Let Dy =1+ exp[—x(a; + byaP)] and Dy = 1 + exp[—z(ay + bex?)], then

©rg9 g 19 8 4
Do |2_5 _5_ 4
/0 {DQ D? DD, | DID; DJ
[a1 + b1 (p + 1)aP] exp|—x(as + byaP)]
2 dx
1

=4 [l + b+ D exvla(or + )

9 6 3 12 . 8 n 4 J
— - — — — | dz
D,D? DD} D? D,D? DD} D}
:4[9[1,2 — 6[272 - 31072 - 12Il,?) + 8[2,3 + 4[0,3]7 (32)

where

I.p :/ {a1 + bi(p + 1)2] exp[—x(a; + b12?)]} D;"Dfﬁdas
0

-y (—117"!(04»2(—15(@5 /Ooo[al—l—bl(p—l—l)xp]

exp[—xz(ar + b12?) — ra(az + boa®?) — sx(ay + bya?)|dx

:ZZ (1) (),(B)s /Ooo[th by (p+ 1))

— rls!
exp{—x[ai(1+ ) + agr] — 2P b (1 + 8) + byr] }dx

S S @B [ e
- ax 1, a1(14s)+aar, bi(1+s)+bar

rls!
r=0 s=0
1Lp+1
+b1(p + 1)]p—fl, a1 (14s)+asr, b1(1+s)+b27"] . (33>

D;! = Z(—l)r exp[—rz(ag + bea?)], (35)
Dy? = (14 r)(=1)" exp[—ra(as + byz?)], (36)
D;? = Z(l + 5)(—1)° exp[—sz(a; + byz")], (37)

s=0
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DI =23 2+ 8)(1 +)(-1)" expl-sr(ar + bya?)] 39
:/mG
°°{ B } 2[a; + b1 (p + 1)aP] exp[—z(as + byzP)] I
o L1+exp[— (ag + boxP)] {1 + exp[—z(a; + byaP)]}?
= J, — Jo, (39)
where
B o0 l[a1 + by (p + 1)zP] exp[—x(a; + byaP)] .
=4 ) A expa(as + bae? 1 + expl—a(ar 1 ban) 2t~ Hz (40)
and
B ® [ay + by (p + 1)aP] exp[—x(ay + byaP)] . _
h= = 2hoa =1 (41
Hence,

RI - 4[1,2 - 1

For by = 0 = bs, in (33), we have

Lns = i i (=1)"*(a)(B)s 1Il p+1

1, a1(1+s)+azr, 0

rls!
r=0 s=0
o (D) (@) (B)s o
:(Il;; T!S! [a1(1 +S) +a2r] . (42)
For b = 0, we get
Iy =X "ta AT/ ). (43)

Corollary 2. For by = by = 0, we deduce the following result for the reliability for
folded logistic distribution:

P(Y < X) = R;+ 6D, (44)
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where
Rr=4I,5—-1
o (=) (1),(2)s 1, ptl
=43 > sl a1 ly s bar, 0T 0] -1
r=0 s=0
(using(43))
=4 (—=1)" (1 + s)ay[ar1 (1 + 5) + agr] 'T(1) — 1
r=0 s=0
=4 —1)ts —1 45
al;;( ) a1(1+s)—|—a2r ( )
and
D = 4[9]1 9 — 619 — 3/2 — 121 5+ 815 + 41y 3]
r+s
Z Z [a1(1 + s) + agr] ' A, — 6, (46)
r=0 s=0
where

Ars = [9(1)2(2)s = 6(2)r(2)s = 12(1)r(3)s + 8(2)r(3)s + 4(0)+(3)s]
=0rl(s+ 1) =6(1+r)!(1+s)! —6r1(2+ s)! +4(1 4+ r)!(2 + s)!

=3rls!B(s+1) —2(1+7)(1+s)—2(2+s)(1+s) + ;l(l +7)(2+5)(1+s)]
= rlsl(s + 1)(1 — 2r)(7 + 2s). (47)
Hence

_4alzz )+ lar(1+ s) 4+ agr] (s + 1)(7+2s)(1 —2r)] — 6. (48)

r=0 s=0

Corollary 3. For X and Y independent, we have
P(Y<X):R[:4[1’2—1, (49)

where

- (CDTM)A2)s T
11,2 :ZZ [ [1 51(1+s)+a27“ b1(14+s)+bar

rls!

1,p+1
+b1(p+ 1>Ip—f1 a1 (14s)+azr, b1(1+8)+b27‘} ) <50)
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with I b giwen in (10).
Forp =0 1in (50), we have

[S S ENe o]

r+s 1,1
Z Z + S) al[l a1(14s)+azr, bi(14+s)+bar + bl[l a1 (1+4s)+azr, b1(1+s)+b2r]
r=0

Z Z )r+8(]_ + S)(a1 + b1> ' (51)

—0 s—0 al + bl (1 + S) + (az + bg)?“

Thus with p =0, X and Y independent:

o

vl

P(Y < X) = 4(ay + by) 2; z; i bf)—(?:gljéi T 1. (52)

r=uU s=

Corollary 4. When by = by =0, and X and Y independent folded logistic distri-
butions, we have the following result on using (45):

P(Y < X) =4 3 D) 53
( < N GIZZ 1]_+S —|—a2r_ ' ( )

r=u s=

4. Conclusions

Mathematical expressions for the reliability measure P(Y < X)) are obtained
by using FGM copula when X and Y follow (a) generalized gamma and Weibull
distributions, and (b) Rathie-Swamee generalized folded logistic distributions. A
few particular cases of importance are mentioned.

In a future paper, the authors plan to apply FGM and other copulas to other
statistical distributions to calculate the reliability P(Y < X) and to analyze real
data sets as possible applications.
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