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1. Introduction and Preliminaries

The Banach contraction principle [4], which is a useful tool in the study of
many branches of mathematics and mathematical sciences, is one of the earlier
and fundamental results in fixed point theory. Because of its importance in non-
linear analysis, a number of authors have improved, generalized and extended the
basic result either by defining a new contractive mappings in the context of com-
plete metric space or by investigating the existing contractive mappings in various
abstract spaces.

In particular, Geraghty [8] obtained a generalized of Banach contraction prin-
ciple in the setting of complete metric space by considering a auxiliary function.

Later Amini Harandi and Emami [2] characterised the result of Geraghty in the
context of partially ordered complete metric space. Cabellero et al. [5] discussed
the existence of the best proximity of Geraghty contraction.
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Recently, Samet et al [10] obtained remarkable fixed point results by defining
the notion of « — v-contractive mappings.Karapinar and Samet [13], introduced
the concept of generalized o — 1-contractive mappings, which was inspired by the
notion of o — v-contractive mappings. Later Seong et al. [15] defined the concept
of a—Geraghty contraction type maps in the setting of a metric space. Moreover
they proved the existence and uniqueness of a fixed point theory of such maps in
the context of complete metric space.

Very recently Chandok, S. C et al [6] introduced the recent fixed point results
in ordered metric as well as ordered metric spaces and established a much shorter
and nice proofs.

Dosenovi, T. M et al [7] have considered various contractive conditions in b-
metric spaces and Abbas, M. et al [1] have established a common fixed points of
Suzuki type (o —W¥)-multivalued operators on b-metric spaces. They have discussed
about the Limit shadowing property, well posedness and ULam-Hyers stability
of solution of fixed point problem and developed results on existence of solution
of differential inclusions involving Suzuki type multivalued mappings on b-metric
spaces. Further in future we can extend the result for Best proximity point on
Geraghty contractions using b—metric spaces.

Definition 1.1. Let T : X — X be a map and o : X x X — R be function. Then
T is said to be a-admissible if a(x,y) > 1 implies a(Tx, Ty) > 1.

Definition 1.2. An a-admissible map T is said to be triangular o-admissible if
a(z,z) > 1 and a(z,y) > 1 implies that a(z,y) > 1

Lemma 1.3. Let T : X x X be a triangular a-admissible map. Assume that there
exists x1 € X such that a(xq, Tzy) > 1.

Define a sequence x, by x,.1 = Tx,. Then we have a(x,,x,,) > 1 for all
m,n € N with n <m.
We define by .# the faculty of all functions 3 : [0,00) — [0, 00) which satisfies the
condition lim,, .. 5(t,) = 1 implies lim,_,ot, = 1.
By using such maps Geraghty [8] observed the following interesting results.

Theorem 1.4. Let (X, d) be a metric space, and let T : X — X be a map. Suppose
that there exists 5 € F such that for all z,y € X,d(Tz, Ty) < B(d(z,y))d(x,y).
Then T has a unique fized point x* € X, and T"x* converges to x* for each v € X.

Definition 1.5. Let (X, d) be a metric space, and let o : X x X — R be a function.
Amap T : X — X is called a generalized a-Geraghty contraction type map if there
exists f € F such that for all z,y € X, a(z,y)d(Tz,Ty) < B(M(z,y))M(z,y),
where M (z,y) = max {d(z,y),d(z, Tx),d(y, Ty)}.



Best Proximity Point Theorems for a Geraghty Contraction ... 427

Remark 1.6. Since the functions belonging to .F are strictly smaller than one. It
implies that d(Tx, Ty) < M(x,y) for any x,y € X with x # y.

Definition 1.7. Ay = {z € A;d(z,y) = d(A, B), forsomey € B}.
By ={y € A;d(z,y) = d(A, B), forsomex € A}.
where d(A, B) =inf {d(z,y) : v € A,y € B}.

Definition 1.8. Let (A, B) be a pair of nonempty subsets of metric spaces (X, d)
with Ag # ¢. Then the pair (A, B) is said to have p-property if and only if for any
x1,T9 € Ao and y1,y2 € By d(z1,y1) = d(A, B) and d(z2,y2) = d(A, B) implies
that d(xy1,11) = d(x2,y2).

It is easy to see that for any nonempty subset A of X, the pair (A, A) has the
p-property. Also it has been shown that in [14], that any pair (A, B) of nonempty
closed convex subsets of a Hilbert space H satisfies the p-property. It is shown in
[14], that strict convexity is equivalent to p-property.

Definition 1.9. LetT : X — X be a map and o : X x X — R be a function. Then
T is said to be a-orbital admissible if a(x, Tx) > 1 implies that o(Tz, T?x) > 1.

Definition 1.10. Let (X, d) be a metric space. Let A and B be a nonempty closed
subsets of a complete metric space (X,d) and let v : X x X — R be a function. A
mapping T : A — B is said to be generalized a-Geraghty contraction if there exists
B € .F such that

alz,y)d(Tx, Ty) < (M (z,y))M(x,y), forany x,y € A (1.1)
where M(‘Ta y) - maxd(x, y)v d(fL‘, TﬁL‘) - d<A7 B)7 d(y7 Ty) - d(Av B)
2. Main Results

Theorem 2.1. Let (A, B) be a pair of nonempty subsets of a metric space (X, d)
satisfying the p-property such that Ay # ¢ and let a : X x X — R be a function,
T:A— B be a map satisfying T(Ag) C By.

Suppose the following conditions are satisfied:

1) T is a generalized a-Geraghty type map.

2) T is a triangular a-admissible.

3) There exists x1 € A such that a(xy, Txq) > 1.

4) T is continuous.

Then there ezists a unique * € A such that d(x*,Tz*) = d(A, B).

Proof. Choose zy € A

Since Txg € T(Ap) C By.

there exists x1 € Ag such that

d(l’l, TI()) = d(A, B)
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Since Tx; € T(Ap) C By.

we determine x5 € Ag such that

d(z1,Txg) = d(A, B)

We define a sequence (x,) C Ay satisfying

d(xps1, Txy,) = d(A, B).

Suppose that z,, = x,,4+1 for some ng € N

Then it is clear z,,, is a best proximity point of 7.
By the p-property,

we assume x, # x,.; for each n € N d(zp41, Tni2) = d(Txy, TTpyq)
where x, # x,,, for alln € N

By lemma 1.3, we have

a(Tyxpy) >1 forall neN (2.1)
By (1.1) we have

d(pi1, Tni2) = d(Txy, Topg) < (@, Tp1)d(Tay, Trpgr) X

X B(M (2, Tpi1))M(Tp, Tpy1) forall ne N
(2.2)

where

M (2, Tpy1) = max {d(zp, xpi1), d(xn, Tx,) — d(A, B),d(xy. 1, Txn) — d(A, B)}

S maxr {d<xn7 I‘n+1), d(‘/L‘TU xn+1) + d(xn—l-la Txn) - d<A7 B)7 d(xn—l-la xn+2)
—+ d(l’n+2, T:Cn+1) — d(A, B)

S max {d(xna wn—i—l)a d(xnv xn+1)7 d(xn—i-la wn+2) (23>

A(Tnt1, Tnt2) < B(M (2, Tni1)) M (20, Tt

< B(maw {d(xn’ xn-&-l)? d(xn-l-lv xn+2)})max {d(xm $n+1)> d<wn+1v xn+2)}
If d(anrla xn+2) Z d(xna anrl)

d(Tpi1, Tnyo) < B(d(Tni1, Tng2))d(Tng, Tnyz) from (2.3)

< d<xn+17 xn+2) since ﬁ(tn) =1

which is contradiction

Therefore d(zp41, Tni2) < d(Tp, xpi1) for alln € N

Hence sequence {d(x,,x,+1)} is nonnegative and non increasing.
consequently there exists » > 0 such that

d(xy,, Tz,) — d(A, B) < d(x,,x,.1) and

d(zpi1, Tan) —d(A, B) < d(xp11, Tnte) < d(Tp, Tpy)

we have M(x,.zp41) = d(xy, Tpit)
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Hence from (2.2) we have

d n N

Aetttots) < B(M (1, 0 41)) < 1

Since the sequence is non increasing and continuous

limp— 100 B(M (2, Tpyi1)) =1
Owing to the fact, § € . we have

limp oo M (2, Tpy1) =0 (2.4)
Hence we conclude that
7= limp_io0od(Tp, Tpi1) =0 (2.5)

we observe that
Mz, x,) = max{d(zm, ), d(xm, TTy) — d(A, B),d(z,, Tx,) — d(A, B)}
= max {d(Tm, Tn), A(Tm, Tmi1) + A(Tmg1, TTm) — d(A, B), d(Ty, Tni1)
+d(zpy1, Tx,) — d(A, B)}
< max{d(xm, n), d(Tm, Tmi1), d(Th, Tni1) }
Since d(xy,, pi1) — 0.
we have
LM s 400 SUPM (X, 1) = Ui, 100 SUPA (T, T1,) (2.6)

we assert that (z,) is a Cauchy sequence.
By using the triangular inequality and since
d(xpi1, Tny2) = d(Txy, Txpyq) and

d(xpi1, Tmy1) = d(Txy, Txpy,)

d(xma xn) S d<xna xn-{—l) + d(T(L’n, Txm) + d(fL’m+1, xn)
=d(xn, 1) +d(Txp, Tam) + d(Tmi, Tn) (2.7)

Combining (1.1) and (2.7) we have

d(xp, Tpi1) + d(Txy, Txy) + d(Tme, Tn)
(.an, xn+1) + d(xma ZEn)d(TIn, Txm) + d($m+1> mn)
(s Tnt1) + BIM (T, ©0)) M (T, Tn) + d(Zins1, Tn) (2.8)

Together with (2.5), (2.6) and (2.7) we have

Limm s 00 SUPA( Ty Tnt1) < UMy n—s 400 SUPB(M (21, 1))

L s 00 SUPM (24, )i 1y 100 SUPB (M (X1 T ) )i 1—s 4 00 SUPA(T 1y, Ty
which implies that lim, oo SUpM (2, ) = 0

d(Tpm, Tp)

<d
<d
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and hence 1im,, oo SuUpd(z,,, Tm) =0

Therefore (x,) is a cauchy sequence.

Since A is a closed subset of the complete metric space (X, d), (x,) — x* for some
x* e A

since 7' is continuous

we have Tx,, — Tz*

This implies that d(z,.1,Tx,) = d(z*, Tx*)

Taking into account, we deduce that

d(z*,Tz*) = d(A, B)

For the uniqueness

Suppose that r; and x5 are best proximity points of 1" with x; # xs

This means that d(x;, Tx;) = d(A, B) for i = 1,2

Using the p-property we have

d(xy,29) = d(Txy, Txy)

and using the fact that T is a generalized a-Geraghty type map, we have

d(xq1,29) = d(Tx1, Txs)
< afd(zy, x2))d(Txy, Txs)
< B(M (21, 29)) M (21, 22)

we have

d([El, 172) S B(M(Il, [L’Q))M(Il, LUQ)

< B(d(z1, 22))d(x1, 2)
< d($1,372)

which is contraction
This completes the proof.

Example 2.2. Let X = [0,00] and Let d(z,y) = |z —y|, forall z € A,y € B
Let 3(t) = 135 for all t > 0.
Then it is clear that f € .Z.
We deﬁnela mapping from 7' : A — B by
T = { 5:13 (x > 1)
and a function o : X x X — [0,00) by

afz,y)=q 1 (0<z,y<1)
0 otherwise
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condition (3) of the theorem 2.1 is satisfied with x; = 1.
condition (4) of the theorem 2.1 is satisfied with z,, = 7"z, = <.
Let z,y € X such that o(z,y) > 1.

Then z,y € [0,1] and so Tx € [0,1]Ty € [0,1] and o(Tz, Ty) = 1.
Hence T is a-admissible and hence condition (2) is satisfied.

we show that the condition (1) of the theorem 2.1 is satisfied.

If 0 <zy <1, then a(z,y) =1 and

we have

Bld(z,y))d(z,y) — a(z,y)d(Tz, Ty)
= B(d(z,y))d(z,y) — d(Tx, Ty)
_ eyl 1
Tltlz—y 2" yl
_le—ylA -z —y))

2(1+ |z —yl)

>0

hence 0 < z,y <1

a(z, y)d(Te, Ty) < pd(x,y))d(z,y) — d(A, B)

If 0 <z <1andy>1then a(z,y) =0 and we have

Thus all the hypothesis of the theorem 2.1 are satisfied and 7" has a best proximity
point.

References

[1] Abbas, M., Ali, B. Nazir T., Dedovic, N., Bin-Mohsin, B. and Radenovic, S.,
Solutions and Ulan-Hyers stability of differential inclusions involving Suzuki

type multivalued mappings on b -metric spaces, Vojnotechnicki glasnik/ Mil-
itary Technical courier, 68(3) (2020), 438-487.

[2] Amini-Harandi, A., Emami H., A fixed point theorem for contraction type
maps in partially ordered metric space and application to ordinary differential
equation, mom-linear anal, 72 (2010), 2238-2243.

[3] Arul Ravi, S., Anthony Eldred, A., Best proximity point for generalized a—1-
Geraghty contractive mapping using a-orbital admissible map, IRJPA, 10(3)
(2020), 1-5.



432

[4]

[10]

[11]

[12]

[13]

[14]

[15]

South FEast Asian J. of Mathematics and Mathematical Sciences

Banach, S., Sur les operations dans ensembles abstraits et lens applications
aux equations integrals, Fundam. math 3 (1922), 133-181.

Cabellero, J., Hanjani, J. Sadaragani, K., A best proximity point theorem for
Geraghty contractions, fixed point theory Appl. (2012), Article ID 231(2012).

Chandok, S. C., Jovanovic, M. S. and Redenovic, S. N., Ordered b-metric
spaces and Geraghty type contractive mappings, Vojnotehnicki glasnik/ Mil-
itary Technical courier, 65(2) (2017), PP. 331-345.

Dosenori, T. M., Pavlovic, M. V. and Radenovic, S. N., Contractive condi-
tions in b metric spaces, Vojnotehnicki glasnik/ Military Technical courier,

65(4) (2017), 851-865.

Geraghty, M., On contractive mapping, Proc. Am. Math. Soc. 40 (1973),
604-608.

Karapinar, E., Kumam, P., Sclimi, P., a—-meir-leelar contractive mappings,
Fixed point theory Appl. (2013), Article ID 94(2013).

Karapinar, E., Samet, B., Generalized («—1))-contractive type mappings and
related fixed point theorems with applications, Abstr. Appl. Anal, (2012),
Article ID 793486(2012).

Ovidu. P., Some New fixed point theorems for a-Geraghty contractive type
maps in metric spaces, Fixed point theory and Applications, (2014), 2014;190.

Rhoades, B. E., A comparison of various definition of contractive mapping,
Trans. Am. MathSoc. 226 (1977), 257-290.

Samat, B., Vetro, C., Verto, P., Fixed point theorems for oo — v-contractive
type mappings, Nonlinear Anal. 75 (2012), 2154-2165.

Sankar Raj, V., A Best Proximity point theorem for weakly contractive map-
pings, Nonlinear Analysis, 74 (2011), 4804-4808.

Seong-Hoon Cho, Jong-Sook Bae, Karapinar, E., Fixed point theorems for
a-Geraghty contractive type maps in metric spaces, Fixed point theory and
Applications, (2013), 2013;329.



