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1. Introduction

Let (X, d) be a metric space. A geodesic path joining x € X toy € X (or, more
briefly, a geodesic from z to y in X)) is a map ¢ from a closed interval [0,{] C R to
X such that ¢(0) = z,¢(l) =y, and d(c(t),c(t)) = |t —t| for all t,t € [0,1]. In
particular, ¢ is an isometry and d(z,y) = [ The image of ¢ is called a geodesic (
or metric) segment joining x and y. In case this geodesic segment is unique, it is
denoted by [z,y]. The space (X, d) is said to be geodesic space if every two points
of X are joined by a geodesic, and X is said to be uniquely geodesic if there is
exactly one geodesic joining x and y for each x,y € X. A subset Y C X is said to
be convex if Y includes every geodesic segment joining any two of its points.

A geodesic triangle A(xq,x9,23) in a geodesic metric space (X, d) consists of
three points xy, 25, x3 in X ( referred as the vertices of A) and a geodesic segment
between each pair of vertices (referred as the edges of A). A comparison trian-
gle for the geodesic triangle A(z,x9,23) in (X,d) is a triangle A(zy,x9,23) =
A(T1,73,73,) in the Euclidean plane E? such that dg=(7;,7;) = d(z;,x;) for
i,j €{1,2,3}.

A geodesic space is said to be a CAT(0) space if all geodesic triangles of appro-
priate size satisfy the following comparison axiom : Let A be a geodesic triangle
in (X,d) and let A be a comparison triangle for A. Then A is said to satisfy the
CAT(0) inequality if for all ,y € A and all comparison points Z,7 € A, such that

d(z,y) < dg2(T,7).

If 2,41, y2 are points in a CAT(0) space and if yq is the midpoint of the segment
[y1, y2], then the CAT(0) inequality implies

Aoyl < g p) + (e, ) — 1l )

On the other hand, Martinet [31] introduced the proximal point algorithm
(PPA) which is a method for finding a minimizers of convex lower semicontinu-
ous (Isc) function defined on Hilbert space. The proximal point algorithm since
become extremely popular among the various researchers inclination in the theory
of optimization and also exposed many challenging mathematical problems. The
rich literature on PPA has become too extensive (see e.g. [7-9, 12, 21, 24, 37, 38,
40]). In particular, the PPA has been studied in the framework of CAT(0) space
[8, 15-17, 36, 43|, Riemannian manifold [10, 20] and in Hadamard manifold [1, 3,
4, 11, 29, 44].

In 2017, Suparatulatorn et al. [43] has been introduced modified proximal
point algorithm in complete CAT(0) space (X, d) for nonexpansive mapping 1" as
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follows : Assume that f is convex, proper and lower semi-continuous function on
X. The modified proximal point algorithm is given by for x1,u € X and A\, >0

Tpr1 = apu ® (1 — a,)Thyn n & N.

Also it was proved that if f has minimizer and {\,}, {«.,} satisfy some conditions,
Then sequence generated by (1.1) strongly converges to its minimizer.

In 2018, Phuengrattana et al. [36] has been introduced modified proximal
point algorithm in complete CAT(0) space (X, d) for countably infinite family for
nonexpansive mapping 71" as follows : Assume that f is convex, proper and lower
semi-continuous function on X. The modified proximal point algorithm is given
by for z1,u € X and A\, >0

yn = argmin{f(y) + 5-d(y, z.)*}
Zn = apu @ (1 — an)Thyn (1.2)
Tpt1 = Bnxn @ (1 — Bn)Thzn n € N.

Also it was proved that if f has minimizer and {\,}, {a,}, {8.} satisfy some
conditions. Then sequence generated by (1.2) strongly converges to its minimizer.

Motivating and inspiring by the research in this direction, the following ques-
tion arises :
Question 1.Can we construct an iterative process for obtaining common fized
points of minimizers of proper, convez, lower semi-continuous function and count-
ably infinite family of nonexpansive mappings in complete CAT(0) spaces ¢

In this paper, we propose an iterative algorithm and then prove the strong con-
vergence of proposed algorithm in framework of CAT(0) space and Hilbert space for
approximating the common fixed point of countably infinite family of nonexpansive
mappings and minimizer of proper, convex, lower semicontinuous function. Then
we implement the proposed algorithm to solve constrained minimization problem
and system of linear equations. Our result generalizes the results of Bacak [8], Ba-
cak et al. [9], Cholamijak et al. [17], Phuengrattana et al. [36] and Suparatulatorn
et al. [43].

2. Preliminaries

Let (X,d) be a metric space and C' a nonempty subset of X. Then a mapping
T : C — (C'is called nonexpansive mapping, if d(Tx, Ty) < d(x,y) forall z,y € X.
An element z € X is called fixed point of T, if Tx = z. F(T) is the set of all
fixed point of T. In 2003, Kirk [26] studied the fixed point theory for CAT(0)
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space. Recently many authors worked on fixed point theory (see [2, 30, 33-35]) and
particularly in CAT(0) space for nonexpansive theory (see [17, 27, 28, 41]).

Let C' be a nonempty convex subset of CAT(0) space. Then the mapping f : C' —
Cis

(i) lower semi-continuous at the point z € C, if for each sequene {z,} such that
lim,,_, z,, = x, we have

f(z) < liminf f(z,).

n—oo

(ii) lower semi-continuous on C if f is lower semi-continuous at every point of C.
(iii) convex, if foy is convex, where v : [0,1] — C' is any geodesic.
The Moreau-Yosida resolvent of function f in the CAT(0) space is given by

, 1
Ja(r) = argmin, o | f(y) + ﬁd(y, x)?
for any A > 0 and for all z € C.
Remark 1. The resolvent Jy of function f is nonexpansive for all A > 0 (see [23]).
Remark 2. If f is convex, proper and lower semi-continuous function, then the set

of fixed point of the resolvent associated with f coincides with the set of minimizers
of f (see [7]).

Lemma 2.1. Suppose that (X,d) is a CAT(0) space. Then the following results
are true.

(i) For each y,z € X and X\ > 0 (see [23, 22])

ol 2 = grd(y, 2 + () < 1)~ fa).

(ii) For each y € X and X\ > >0 (see [5])

A—p Iz
Dy = (S e L),

Proposition 2.2. [43] Let (X,d) be a complete CAT(0) space. The mapping
f: X — (—00,00) is convex, proper and lower semi-continuous function. Assume
that T is nonexpansive mapping on X such that for all X, F(T)NF(J)) # ¢. Then
Fody = F(T)NF(Jy) for any A > 0.

Next, we will use the following lemma for proving our main results (see [39, 41]).
Lemma 2.3. Suppose that C' is nonempty convex subset of a complete CAT(0)

space (X,d) and T : C — C is nonexpansive mapping. Assume that uw € C' is
fized. For each T € (0,1), the mapping V, : C — C' given by Voo = te® (1—7)Tx
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for xz € C' has a unique fized point y, € C, i.e., y, = Voy, =12 ® (1 — 7)Ty,.

Lemma 2.4. Assume that T and C are as above lemma. Then {y,} remains
bounded as T — 0 if and only if F(T) # ¢ . Then the following results are true.
(i) {y-} converges to unique fixed point z of mapping T, where z is nearest point
to u.

(ii) d(u,y) < pnd(u,x,)* for all Banach limit p and all bounded sequences {z,}
with lim,, . d(z,, Tx,) = 0.

Aoyama et al. [6] in 2007 introduced the AKTT condition as follows:

Definition 1. Assume that C is nonempty subset of a complete CAT(0) space
(X,d) and {T,} is a countably infinite family of mappings from C into C. Then
{T,.} satisfies AKTT condition, if for each bounded subset D of C,

Zsup {d(TnHz,Tnz)} < 00.
n=1

—, 2€D

Remark 3. If C is closed subset of X and {7),} satisfies the AKTT condition.
Define the mapping T': C' — C' by Tx = lim,,_,, T,x for all x € C' and we can say
that ({7,,},T) satisfies AKTT condition.

Using the above definition, we get the following result from [6, Lemma 3.2].

Lemma 2.5. Assume that ({T,},T) satisfies AKTT condition, then lim,
sup,ep {d(Tz,T,2)} =0 for all bounded subsets D of C.

We know that [*° is Banach space of bounded and real sequences. Assume that
is continuous linear functional on [*° and (cy, co, ....) € [*°. Write u,(c,) in place of
p((c1,ca,..)). p is Banach limit, if p satisfies ||p|| = wu(1,1,...) = 1 and p,(c,) =
tn(Cny1) for each (cq,ca,...) € I°°. For a Banach limit p, we have liminf, ., ¢, <
tin (¢, <) limsup,,_, . ¢, for all (¢, ca,...) € 1. If (¢1, 2, ...) € [ with lim,, ¢, =
c*, then p,(c,) = c*; (see [14]).

Lemma 2.6. [42] Suppose that (cy,ca,...) € 1 with p,(c,) < 0 for all Banach
limit p. If limsup,,_, . (¢pi1 — ¢n) < 0, then limsup,,_, . ¢, < 0.

Lemma 2.7. [6] Suppose that {w,} is a sequence of nonnegative real numbers and
{an,} is sequence of real numbers in [0,1] with Y7 | a, = 0o, {y.} is sequence of
real numbers with limsup,,_, . 5, < 0. If

Wy < (1 — ap)w, + @By + Y0y, Y € N,

then lim,, ., w, = 0.
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The following condition for a geodesic metric space (X, d) to be a CAT(0) space:
For any x,y,z € X and « € [0, 1],

d(z,ay @ (1 —a)z)? < ad(z,y)? + (1 — a)d(z, 2)* — a(l —a)d(y,2)*>. (2.1
In particular, for any z,y,z € X and « € [0, 1],
d(z,ay @ (1 —a)z)? < ad(z,y)* + (1 — a)d(z, 2)*. (2.2)

The following are basic results of CAT(0) spaces.

Lemma 2.8. Suppose that (X,d) is a CAT(0) space. Then the following results
are true.

(a) (X, d) is uniquely geodesic (see [15]).

(b) If h : [0,1] — [y, 2] is a function given by h(a) = ay & (1 — a)z, then h is
continuous and bijective (see [19]).

(c) If p,y,z,€ X and o € [0,1], then (see [19])

d(ap @ (1 —a)y,ap® (1 —a)z) < (1 —a)d(y, 2).

(d) Lety,z € X. For each o € [0, 1], there exists a unique point x = ay @ (1 — a)z
such that

d(l’,y) = (1 - a)d(ya Z) and d(l’7 Z) = Oéd(g, Z) (866 /25/)
3. Main Results

Theorem 3.1. Let C be a nonempty closed onvex subset of a complete CAT(0)
space (X,d) and f : C — (—00,00) be a proper, convezr and lower semicontinuous
function. Suppose that u,z1 € C' are arbitrarily chosen and {x,} is a sequence of
a C generated by

w,, = argmin,.o{f(w) + ﬁd(w, r,)%}
Yn = QU D (1 — an)ann
Tnt1 = YnZn D (1 - 7n>TnZn neN,

(3.1)

where {T,} is a countably infinite family of nonexpansive mapping of C into itself
with @ = (Y2, F(T,) N argmingcc f(y) # 6 and {anh, {Bub b, (A} are the
sequences which satisfy the following axioms:

(A1) 0 < ap, < L 1limy, oo 0, = 0,377 0y = 00 and Y o0 Qg1 — | < 00.

(A2) B, € (b,1] for some b€ (0,1) and Y ", |Bny1 — Pul < 00.

(A3) v € (c,1] for some c € (0,1) and > )" | |Yns1 — Yn| < 00.
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(A4) Ny > X >0 for some X € (0,00) and > " | | A1 — An| < 00.

Suppose that {{T,,},T} satisfies the AKTT condition and F(T) = N, F(T,).
Then the sequence {z,} converges strongly to a point in Q@ which is nearest to u.
Proof. Let ¢ € Q and w,, = Jy, z,for all n € N. Then using Lemma 2.1, we have

d(Tni1,q9) < Ynd(zn,q) + (1 = v0)d(Thzn, q)
’Vnd(zna Q> + (1 - Vn)d@'m Q)
d(2n; q)

IN

< Bud(yn, @) + (1 = B)d(Toyn, q)

< Bud(yn, @) + (1 = Bn)d(yn, )

= d(yn,q)

< apd(u, q) + (1 — a)d(Thwy, q)

< ond(u, q) + (1 = o )d(w, q)

< apd(u,q) + (1 — an)d(Jy, Tn, q)

< d(u,q) + (1 — ay)d(xy, q)

< max{d(u,q),d(zs,q)}
d(pi1,q9) < max{d(u,q),d(x,,q)}

which implies that the sequence {x,} is bounded. Thus {y,}, {z.}, {w.}, {zn},
{Toxn} {Twyn}, {Thznt, {JIn,zn} and {Tx,} are bounded.
Let A, > \,_1, using Proposition 2.2 and Condition (A4), we have

d<wn7 wn71> < d(wru J)\nxnfl) + d(J)\nxnfla wnfl)

= d(J)\nxn7 J/\nxn—l) + d(J)\nmn—la J)\nflxn—l)

S d(l’n, .Z'nfl) + d(J)\n_l (g

n—1 >\ n—1
Irp T
. AnTn—1 D

)\n —Tp— 1) J/\n_lxn71>

— A1 An
o T T
. AnTn—1 D ,

[An _)\A"+1|d(J,\nxn_1, Tp_1)
A — A
A
By definition of {y,} and Lemma 2.8 (c), (d), we have
)

S d(xnaxn—l) + d<>\n

= )
N Tny Tn—1
= d(ajna xn—l) +

S d(xnvxnfl) + n+1|d(t])\nxn7171‘n71)-

Ad(WYns Ynt1) = d(anu @ (1 — ) Tywn, i 1u @ (1 — 1) T 1wn—1)
< d(apu @ (1 — o) Thwn, apu @ (1 — 1) Thwn—1)
+d(apu @ (1 — ap) Thw,—1, apu @ (1 — apq) Ty 1wp_1)
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+d(anu D (1 - an)Tn—lwn—17 Op—1U D (1 - an—l)Tn—lwn—l)
(1 - an)d(wn, wnfl) + (1 - Oén)d(annfb Tnflwnfl)
o, — ana|d(u, T ywn 1)
|)\n - )\n71|
(1 —ap)(d(xn, xn—1) + )\—d(J,\nxn,xn 1))
+(1 - an)d(ann—la Tn—lwn—l) + +|an - an—1|d(u n—1Wn— 1)
A — Ap—
(]- - an)(d(l‘na xn—l) + ’ \ 1|d(J)\nxn7 Tp— 1))
(u,

+(1 — ap)d(Thwy—1, Th—qwp—1) + +|on — p_1]d 1Wn_1).

Again by definition of {z,} and Lemma 2.8 (c), (d), we have

d<zn> ZnJrl)

Now,

d(.an, xn+1>

= d(Buyn © (1 = Bn)Ton, Brn-1Yn-1® (1 = Bn1)T1Yn-1)

< d(Bnyn ® (1 = B)Toln, Buyn © (1 = Bu-1)Tn1Yn—1)
+d(Bayn © (1 — Bn)Tn-1Yn—1, BnYn—1 @ (1 = Bu) T-1Yn-1)
+d(Bnyn © (1 = Bn)Tn-1Yn—1, Bn-1Yn—1® (1 = Bn1) T 1Yn—1)

< (1= B2)d(Toyns To-1Yn—1) + Bud(Yn, Yn—1)
+1Bn = Ba-1ld(Yn—1, Tn-1Yn-1)

< Bud(Yns Yn—1) + (1 = B )(d(Tayn; Totn—1) + d(Tnyn—1, Tn-1Yyn-1))
180 = Bu-ald(Yn—1, Tr-1Yn—1)

< Bud(Yn, Yn-1) + (1 = Bu)([d(Yn, Yn-1) + A(Toyn-1, Tn-1Yn-1))
+1Bn — Bu-1ld(Yn-1, Tn-1Yn-1)

< d(YnsYn-1) + (1 = Bo)d(ToYn—1, Tn-1Yn—1)
+|Bn = Bu-1ld(Yn—1, Tr-1Yn-1)-

= d(%ﬂnzn D (1 - 7n>Tnva Yn—12n—1 D (1 - fYnfl)Tn*lanl)

< d(Ynzn © (1 — v)Tnzn, Ynzn ® (1 — Yue1)Th12n-1)
+d(Vnzn @ (1 = Yn) L1201, Y201 @ (1 — ) Tn12n-1)
+d(Vnzn © (1 = Vn) Tn12n-1, Yn-12n-1 O (1 = Vn1)Tn-12n-1)

< (T =v)d(Thazn, Tn-12n-1) + Yad(2n, Zn-1)
v = Yn-1ld(zn-1, T12n-1)

< Yud(zn, 2n1) + (1= %) (d(Thzn, Tnzn-1) + d(Thzn—1, Tn-12n-1))

+|’Yn — Yn-1 |d(Zn—1a Tn—lzn—l)
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S '7nd(zn, Zn—l) + (1 - ’Yn)(d<zm Zn—l) + d(Tnzn—h Tn—lzn—1>)
+|’Yn - 7n71|d<2n717 Tnflznfl)
S d(Zn, Zn—l) + (1 - ’Vn)d(T Zn—hT —1Zn—1) + |’Yn Yn— 1|d(zn 17 —1”n— 1)
S d(y'm yn—l) (]- - ﬁn) ( nYn—1, Tn—lyn—l)) + |ﬁn - ﬁn—l’d(yn—th—lyn—l)
+(1 - ﬁYn)d(T Zn— 1>Tn 12n71) + h’n - ﬁ)/nflyd(znbenflznfl)
A — A
S 1 — Oy (d Ty Tp— 1 %d(;])\nl’n, xn71>>
(1 - an)d(T Wy, — 17 n—1Wnp— 1) + |an — Qp— l‘d(u Tn 1Wp— 1)
(1_Bn)d< nYn— 17 n—1Yn— 1)+ ’Bn anlyd(ynflaTnflynfl)
(]- - ’Yn)d(T Zn— 17 n—1”n— 1) + |’Yn 7n—1|d(zn—17Tn—lzn—1)
An —
< (- adan ) (1 a2t o, o,
180 = Buctl + [ = Y] ) M
+(1 - an)d(annflaTnflwnfl) (1 - ﬁn) ( nYn—1, Tnflynfl)
+(]- - ’Yn)d(TnZn—la Tn—lzn—l)
where

M = max{supd(JAnxn_l,xn_l),supd(u,Tn_lwn_1)7

n n

sup d(yn—la Tn—lyn—l)a sup d(zn—1, Tn—lzn—l) }

n

Assume that

An — Ap—
5”1 = <(]‘ - an)% + |an - O[n—1| + |6n - Bn—1| + h/n - /Yn—1|>M

+d(ann—17 Tn—lwn—l) + d(Tnyn—h Tn—lyn—l) + d(TnZn—h Tn—lzn—l)v
which implies that

Z S Z(l—an n_)\n 1|+|05n_05n—1|+|ﬁn_ﬁn—1|+|7n_7n—l|)

n=2

—i—Zsup{d 2w, T qw) cw € {zx}} + ZSUp{d (Thw, Th—qw) : w € {yp}}

n=2

+ Zsup{d(an,Tn_lw) cw € {wg}}

n=2
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Now, by conditions (A;) — (A4), Lemma 2.5 and AKTT condition, we have

lim d(zp41,2,) = 0. (3.2)

n—oo

Using Lemma 2.1, we have

1 s 1 2, 1 2

_d(wm Q) - _d(xm Q) + _d(xmwn) S f(Q) - f(wn)

An An An
Since f(q) < f(w,) for all n € N, therefore

d(wy, q)* < d(xn,q)* = d(za, wa)*. (33)

Now by (3.3) and definition of {z,}, we have

d(’ynzn EB (1 - an)TnZna Q)Z

YVl (20, 0)* + (1 = 1) d(T2n, @) — V(1 — Y)d (20, Trzn)?
d(z,q)*

d(ﬂnyn EB (1 - ﬁn)Tnym Q)2

d(Yn, q)*

d(apu @ (1 — ) Thwy, q)2

and(u,q)* + (1 — an)d(Thwn, q)* — an(l — ay)d(u, Thw,)?

(1 — an)d(Tpwn, q)* + ap (d(u, q)* — (1 — ay)d(u, ann)2>

d('rnJrl ) Q>2

IA A CIA

IN

IN A

(1 — ap)d(xy,, wy)

IA

(0, 0)* = (a1, 0)* + an (d(u,0)? = (. )°
(1 - ay)d(u, annf)

’d(mm q) - d(xn-i-lv Q) |d(xnv Q) + d(xn-i-la Q)

ta, (d(u, )% — d(xn,q)? — (1 — a)d(u, ann)2)
d(Tpy1,Ty) (d(xn, q) + d(xp41, q)) + ad(u, q)2

1 _lan (d(xTH—l? o )(d(Tn, q) + d(xpi1,q)) + and(u, q)2),

IA

IN

d(zy,w,)* <

Thus by (3.3) and condition (A;), we have

lim d(z,,w,) = 0. (3.4)

n—o0
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Since A\, > A > 0 and by Lemma 2.1, we have

d(Intn, wy) = d(mn, JA<)\")\_ A Ty @ %xn))

d(:z:n, </\n)\; )\) In, Tn B )%an)

<1 - )\_); (xmyn))

IN

IN

Therefore by (3.4)
lim d(Jy,xp,, w,) = 0.

n—oo

By condition (A;), we have

Ad(Yn, Thwy,) = d(apu @ (1 — ap) Thw,, Thw,) = apd(u, Tyw,) — 0.

Now

= (1 - ﬁn)d(Tnyna yy)
d(zn, yn) — 0.

Thus, by (3.6) and (3.7)
d(zp, Tywn) < d(2n, Yn) + d(Yn, Trwy) — 0.
Now, we have

d(anrl; Zn) = d(’}/nzn s> (1 - ’Yn)Tnzna Zn)
(1 — vn)d(zn, Trzn)

IA

+d(Thxns1, Tnzn)

IN

1-5b
d(xpi1,2n) < 5 <d(zn, Towy) + d(wy, x,) + d(x,, znﬂ)).

Therefore by (3.2), (3.3) and (3.8), we have

lim d(x,41,2,) = 0.
n—oo

(1 = b)d(z,, Thwy,) + d(Thwy, Tyxy,) + d(Thxn, TnTngt)

371

(1 = b)d(zpn, Thywy) + d(wy,, x,) + d(xn, Tpit) + d(Tpi1, 20)
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Now, using (3.2), (3.4), (3.8) and (3.9), we have

ATy, x,) < d(Thxn, Thwy) + d(Thwn, 2,) + d(2n, Tna1) + d(Tpg1, )
0. (3.9)

Thus, by (3.3), (3.5) and (3.9), we have

d(Thod\xp, x,) < d(T 0\, Thwy) + d(Tyw,, Thx,) + d(Thx,, x,)
S d(J)\JZn, wn) + d(wna mn) + d(TnIny xn)
— 0. (3.10)

Therefore, by Lemma 2.5 and (3.10), we have

d(ToJ\ty, x,) < d(ToJyzy,, Thodxxy,) + d(T,0J\2y, T4)
S Sup{d(Tqa TnQ) - q € {J)\l‘k}} + d<T0J>\xn7 xn)
0. (3.11)

Suppose that z,, for each 7 € [0, 1], is a unique point in C' such that z, = Tu ®
(1—-7)Vz,, where V= ToJ,. Therefore by Proposition 2.2, Lemma 2.4 and (3.11),
the sequence {z;} converges to a point z € F(V) = F(ToJ,) = F(T)NF(J)) =
N> F(T,) N F(Jy) =, which is the nearest to u. For all Banach limit p’s,

d(u, ) < pnd(u, z,)?
which implies that
fn (d(u, 2)2 —d(u,z,)) < 0.

nh_)nolo sup {(d(u, 2)? —d(u, 2py1)?) — (d(u, 2)* — d(u, xn)Q} =0. (3.12)

By (3.3) and (3.9), we have

d(xp,, Tywy,) < d(xy, Thxy,) + d(Thx,, Thw,)
< d(xn, Thry) + d(xpn, wy)
— 0. (3.13)

By Lemma 2.6 and (3.13), we have
lim sup{d(u, 2)* — (1 — au)d(u, Tow,)*}
n—oo
= lim sup{d(u, 2)* — d(u, w,)*}
n—oo

< 0. (3.14)



Fized Point Approzimation of Countably Infinite Family ... 373

Now we will show that
lim sup{d(z,,z) =0.

n—00
d(Vnzn © (1 — Y Tpzn, 2)%)
(2, 2)* + (1 = ) d(T 20, 2)°
d(zp, 2)?

d(Bnyn ® (1 = Bn)Tnn, 2 )

d($n+17 2)2

IA A IA

< Bnd(yna ) (1 - ﬁn) ( nlYn, Z )

< d(Yn, )

< (anu @ (1 — ayp)Thwy, 2)°

< apd(u, )2 + (1 — ap)d(Thwy, 2 )2 —ap(l - O‘N)d(u:ann)Q
< apd(u, 2)? + (1 — ap)d(wy, 2)? — an(1 — ay)d(u, Tyaw,)?

< apd(u, 2)? + (1 — ay)d(Jy, wn, ) — an(1 — ay)d(u, Tyaw,)?
< (1 —an)d(xy, 2)? + (d (1 — ap,)d(u, ann)Q).

By Lemma 2.6, (3.14) and ), o, = 00, we have

lim d(z,, 2)* = 0.
n—oo
Therefore {z,} strongly converges to z of €, which is the nearest to w.

The following result can be obtained from Theorem 3.1 because every Hilbert space
is CAT(0) space.

Corollary 3.2. Let C be a nonempty closed convex subset of a Hilbert space H and
f:C — (—00,00) be a proper, convex and lower semicontinuous function. Sup-
pose that u,xy € C are arbitrarily chosen and {x,} is a sequence of a C generated
by

wy, = argmin,o{f(w) + id(w, r,)%}

Yn = auu ® (1 — o) Thw,

Zn = Bnyn (1 - 5n) nYn

o1 = Ynzn ® (1 — ) Tnzn n e N,

(3.15)

where {T,,} is a countably infinite family of nonexpansive mapping of C into itself
with Q@ = (,_, F(T,) Nargmin e f(y) # ¢ and {an}, {Ba}, {m}, {Au} are the
sequences whzch satisfy the following axioms:

(A1) 0 < o, < Llimy yo0 0, =0, 07 vy =00 and Y~ i1 — ap] < 0.

(A2) B, € (b,1] for some b€ (0,1) and Y ", |Bns1 — Bul < 0.



374 South FEast Asian J. of Mathematics and Mathematical Sciences

(A3) v € (c,1] for some c € (0,1) and > )" | [Yns1 — Yn| < 00.

(A4) Xy, > X >0 for some A € (0,00) and >~ | | A1 — An| < 00.

Suppose that {{T,},T} satisfies the AKTT condition and F(T) = N0 F(T,).
Then the sequence {x,} converges strongly to a point in Q which is nearest to u.

4. Numerical Results for Proposed Proximal Point Algorithm
In this section, we will discuss the numerical results for proposed proximal point
algorithm. The software Scilab is used for solving the numerical results.

4.1. Solution of Constrained Convex Minimization Problem
The following result can be obtained by Theorem 3.2.

Theorem 4.1. Let C' be a nonempty closed convex subset of a Hilbert space H and
f:C — (—00,00] be a proper, convex and lower semicontinuous function such
that f attains minimizer. Suppose that u,z, € C are arbitrarilty chosen and {x,}
1s a sequence of a C' generated by

wy, = argmin, { f(w) + id(w, r,)%} (4.1)
Tpt1 = Qpzp + (1 — ap)w, ne€ N, '

where {ay,} and {\,} are the sequences which satisfy the folllowing axioms:
(A1) 0 < o, < 1 limy o0 0, = 0,307 vy = 00 and Yoo g1 — @] < 00.
(A2) A, > XA > 0 for some X € (0,00) and > 0" [Any1 — An| < 00.

Then the sequence {x,} converges strongly to minimizer of f.

Example 1. Consider the following minimization problem.
1
min [l + 3l + (4,5, ~6,7,6, -5, ~4)'x + 11 (4.2)
bS]

where x = (vy, , V2, V3, V4, U5, Vg, v7)" and —200 < vy, v9, V3, vy, V5, Vg, v7 < 200.
Suppose that

1
f(x) = min [x/|y + Zl1xll2 + (4.5, ~6,7,6, 5, —4)"x + 11.
pdS

Then it is clear that f is convex, proper and lower continuous function. Now, by
using soft threshholding operator [22] and proximality operator [18], we have

B(x) = argming o [£(w) + 5w~ x]]

= proxsx
x — (4,5, —6,7,6, 5, —4)*
- iy (2 L2870 5o
—4] -1 -5 —1
= (max{%ﬁ} sgn(v; — 1), {%,0} sgn(ve — 1),
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6| —1 -7 -1
{%,0} sgn(vs — 1), {%,O} sgn(vy — 1),

{—|U5 _26’ — 1,0} sgn(vs — 1), {%70} sgn(ve — 1),
,0} sgn(vy — 1))

{ |’U7 + 4| -1
2
where sgn(.) is signum function given by for § € R

1, 6>0
sgn(é)=<¢ 0, 0=0 (4.3)
-1 Jd<O.

We select the initial value x = (3,,7 — 8,6,4,—2,5)", u = (3,4,4,8,5,6,4)" and

o, = ﬁ. Then we have numerical results in Table 1. From Table 1, it is clear
Table 1: Numerical result for Example 1 with initial value z; = (3,,7 —
8,6,4,—2,5)

n Xn = (VI,vE v, vl vB vE, vB)t

1 3.000000000  7.000000000  -8.000000000  6.000000000  4.000000000  -2.000000000  5.000000000
2 0002210526 0001894737  4.496631579  1.501473684  1.504421053  0.506631579  0.007473684
3 0001105263  0.000947368 4498315789 1500736842  1.502210526  0.503315789  0.003736842
49 0.000046053  0.000039474  4.499929825  1.500030702  1.500092105  0.500138158  0.000155702
50 0.000045113  0.000038668  4:499931257  1.500030075  1.500090226 0500135338  0.000152524

68 0.000032993 0.00002828 4.499949725 1.500021995 1.500065986 0.500098979 0.000111548
69  0.000032508 0.000027864 4.499950464 1.500021672 1.500065015 0.500097523 0.000109907
70 0.000032037 0.00002746 4.499951182 1.500021358 1.500064073 0.50009611 0.000108314

that sequence {z,} strongly converges the point (0,0,5,1.5,1.5,0.5,0)" which is
minimizer of function f.

4.2. Solution of system of linear equations

Example 2. Assume that X = R® with the Euclidean norms and C' = {x =
(v1, V9, v3,04,05)" € R® 1 0 < vy, v9,v3,v4,v5 < 100}. Define the mapping T, for
each x = (v1,v9,v3,v4,v5)" € C as follows:

e <v1—|—5 vo—4dn+1 v3+11 vy wvs+7Tn
nX == ) ) ) )
™ In 13n " 17n" 19n

Define a mapping f :— (—o0, 00| by

)t Vn € N.

1
760 = 514 — b7,
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2 5 =78 9 48
1 4 2 3 —6 18
where A=1 9 -2 4 6 2 and b= | 43 | It is clear that the mapping
5 -3 9 5 7 65
5 7 =2 4 5 43

f is convex, proper and lower semi-continuous and the mapping 7;, is nonexpansive.
By [18],

. 1
Ji(x) = argming, . [f(w) + §HW —x|?
= prorsx

= (I+A"A) (x+ A'),
where [ is identity matrix. Thus the algorithm (3.15) becomes

w, = Jix, = (I + A'A)"!(x, + A'D)
Yn = qu® (1 - an)Tan

Zn, = BnYn S (1 - ﬁn)TnYn
X1 = YoXn + (1 — ) Tnzn n € N.

(4.4)

Consider ay, = g, f, = 7000 7, = =2, u = (2,7,4,6,4)". It is clear that all the

assumptions of Theorem 3.1 are satisfied. Take initial value z; = (1,1,4,6,2)", we
have the numerical results in Table 2.

Table 2: Numerical result for modified proximal point algorithm with initial value
r1=(1,1,4,6,2)"

n Xn = (V2,vE vE vE vB)t

1 1.000000000 1.000000000 4.000000000 6.000000000 2.000000000
2 0.171310107 1.584728790 2.511663762 5.002374445 2.003307657
3 0.677274751 1.809970545 2.779011014 5.000380611 2.000563415
4 0.802556501 1.878141412 2.857522366 5.000141169 2.000218585
5 0.858139232 1.910531053 2.894911652 5.000072935 2.000116979
6 0.889386246 1.929376730 2.916765928 5.000044899 2.000074087
7 0.909379373 1.941685507 2.931098452 5.000030762 2.000051964
8 0.923261869 1.950349551 2.941221310 5.000022637 2.000038999
9 0.933460682 1.956776481 2.948751302 5.000017523 2.000030699
10 0.941268952 1.961732577 2.954571379 5.000014083 2.000025031
50 0.989693099 1.993159073 2.991804811 5.000001136 2.000002331
58 0.991152297 1.994124388 2.992959004 5.000000945 2.000001953
99 0.991306151 1.994226231 2.993080814 5.000000926 2.000001914
60 0.991454746 1.994324603 2.993198482 5.000000907 2.000001876

It is clear that from Table 2 the sequence {z,} strongly converges to unique fixed
point (1,2,3,5,2)". The point (1,2, 3,5,2)" is solution of set of common fixed point
of countably infinite family of nonexpansive mappings.
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Now, consider the system of linear equations whose solution is (1,2,3,5,2)" as
follows.

201 + dvg — Tvz + 8vy +9v5 = 48

v1 + 4vy + 203 + vy — 6v5 18
9u; — 2vy + 4vs + 6v4 — 2v5 43
oU1 — 3vg 4+ ug + duy + Tvs = 65
Sy + Ty — 2v3 + 4vy 4+ dvs = 43.

4.3. Solution of constrained minimization problem
Assume that A is bounded linear operator on a subset C' of H and b € C.
Consider the constrained linear system

Az =b. (4.5)

Define a mapping f : C — (—o00, 0] by
1
f@) = 314z — b, (46)
and constrained convex minimization problem

1
i = min - || Az — b||%. 4.
min f(z) = min o || Az — b| (4.7)
Then by Theorem 3.1, 2’ is the solution of constrained convex minimization problem
(4.7) with minimizer equal to 0 if and only if 2’ is the solution of constrained linear
equation (4.5).

The following result can be obtained by using proximality operator [18].

Theorem 4.2. Let C' be a nonempty closed convex subset of a Hilbert space H and
A: C — C bounded and linear operator and b € C. Suppose that u,z, € C' are
arbitrarilty chosen and {x,} is a sequence in C generated by

Tpir = apu+ (1 — ) (I + A'A)(z, + A'D), Vn € N, (4.8)

where {ay,} is the sequences satisfies the condition :

(A1) 0 < app < L1imy o0, = 0,377 ayy = 00 and Y o0 |1 — | < 00.

If the equation (4.5) is consistent, then the sequence {x,} strongly converges to
solution of linear system.



(4.9)

(3.5, 2.7,

123
23
35
61

133
47
41

126
43
135
20
37

31
and b

0
)
Us
V4
Us
Vg
Cird

9 6

7
7 6
-1 5

t
(vi,v3,v3,vi, Ve, vg, vp)

4
—8

-2
(2.1,1.8,1.3,2.9,5.7,6.8,7.1)" and initial value 1,

2.8, 2.6, 5.5, 6.5, 6.3)". By algorithm (4.8) and Theorem 4.2, we have the numerical

results in Table 3.

Xn

7
)
-2
)
4

21}1 -+ 3U2 + 42}3 — 41}421}5 — 61)6 + 81}7
4

(% 5’02 + 4’03 + 31)4 - 21}5 - 21)6 + 7U7

-3
)
—2

8U1 - 61}2 - 5?]3 + 5U4 + 47)5 + 2U6 + vy =66
-3
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71)1 — 71]2 + 4’U3 + 4’1)4 — 27}5 + vg + 51)7

7U1 + 81}2 — 31)3 - 71}4 + 41]5 + 9U6 + 61}7
4v1 + 3vy — 2v3 — 204 + dvs + 6vg + vy

61)1 + 21}2 - 3?)3 - 5U4 - 8?}5 + 71)6 + 6U7

—6
3

2
-7

u

78

8

4

1

750n

Numerical result for algorithm 4.8 with initial value
(3.7,2.7,2.8,2.6,5.5,6.8,7.1)"

Example 3. Consider the following linear system:
subject to —250 < vy, vg, U3, V4, Vs, Vg, V7 < 250.

Take A
Select av,
Table 3:

378

AI=-AI-CO

AN

00O
LOLOWOOWOY

(2.2088214, 1.60681517, 1.095189,

3.621878, 4.831696, 6.9315527, 6.9807905)" is approximate solution of system (4.9).

From Table 3, it is clear that the point x43
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