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1. Introduction and Preliminaries

During the last fifty years, fixed point theories in complex valued metric spaces
are emerging areas of works in the field of the complex as well as functional analy-
sis. The fixed point theorem, generally known as the Banach’s contraction mapping
principle [2] appeared in explicit form in Banach’s thesis in 1922. The famous
theorem states that “Let (X,d) be a complete metric space and T be a mapping
of X into itself satisfying d (Txz,Ty) < kd (x,y),Vz,y € X, where k is a constant
in (0,1). Then, T has a unique fixed point z* € X.” Banach’s fixed point theorem
plays a major role in the fixed point theory. Rajput & Singh [12] and Meena [§]
respectively proved some common fixed point theorems under rational type con-
traction mappings and intimate mappings in the set bicomplex numbers. Many
properties on the set bicomplex numbers C, are scattered over a number of books
and articles {cf. [5], [9]& [10]}. Searching for special algebras, Segre published a
paper [13] in which he treated an algebra whose elements were bicomplex numbers.
Rochon and Shapiro [10] presented some varieties of algebraic properties of both
bicomplex numbers and hyperbolic numbers in a unified manner. Elena et al. [5]
showed how to introduce elementary functions such as polynomials, exponentials
and trigonometric functions in this algebra as well as their inverses which is not
possible in the case of quaternions incidentally. They showed how these elementary
functions enjoy the properties that are very similar to those enjoyed by their com-
plex counterparts. Some interesting results on fixed point theory are established
by Tripathy et al.{[15]-[17]} using fuzzy metric. Azam et al. [1] made a general-
ization by introducing a complex valued metric spaces using some contractive type
conditions. Although there are several number of generalization such as rectangu-
lar metric spaces, pseudo metric spaces, fuzzy metric spaces, quasi metric spaces,
quasi semi metric spaces, probabilistic metric spaces, D-metric spaces and cone
metric spaces including bicomplex valued metric spaces, yet the area of research in
bicomplex valued metric spaces is not expanded to a remarkable stage compared
to the other metric spaces till now. Jebril et al. {[6] & [7]} and Choi et al. [4]
respectively investigated some fixed point theorems under rational contractions for
a pair of mappings and with two weakly compatible mappings in Cy. Recently
Rouzkard & Imdad [11] extended and improved the common fixed point theorems
more general than the result of Azam et al. [1].

We write regular complex number as z = z+iy where z and y are real and 2 = —1.
Let Cy and C; be the set of real and complex numbers respectively and z; , z5 € C;.
The partial order relation = on C; is defined as follows:

21 3 22 if and only if Re (21) < Re(z2) and Im (z1) < Im (22) .
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Thus z; 3 2o if one of the following conditions is satisfied

(1) Re (z1) = Re (22) and Im (21) = Im (23), (i) Re (z1) < Re (22) and Im (21) =
Im (z), (iii) Re (21) = Re(z9) and Im (z1) < Im(z2) and (iv) Re (21) < Re(23)
and Im (z1) < Im (22) .

We write 21 3 2 if 21 3 20 and 21 # 25 i.e., one of (44), (ii7) and (iv) is satisfied
and we write z; < 2o if only (iv) is satisfied.

Azam et al. [1] defined the complex valued metric space in the following way.

Definition 1.1. Let X be a non empty set whereas Cy be the set of complex
numbers. Suppose that the mapping d : X x X — Cy, satisfies the following
conditions

(dy) 0 2d(z,y), for allz,y € X and d(x,y) = 0 if and only if x = y;

(dy) d(z,y) =d(y,x) for all x,y € X;

(d3) d(z,y) 2d(z,z)+d(z,y), for all z,y,z € X.

Then d is called a complex valued metric on X and (X,d) is called a complex
valued metric space.

The space C, is the first in an infinite sequence of multicomplex spaces which
are generalization of C;.

The notion of the space Cy was defined by Segre [13] as

Co = {w : w = po +i1p1 + P2p2 + i112p3, pr € Co, 0 < k < 3}

ie., Co={w=2 +is2| 2,2 €C},

where z; = pg + i1p1, 22 = p2 + 11p3 and iy, i are independent imaginary units
such that 72 = —1 = 3. The product of i; and iy defines a hyperbolic unit j such
that j2 = 1. The product of all units is commutative and satisfies

’iliz - j, le - —iQ, ’lgj - —il.

The inverse of u = uy + ig ug exists if uf + u3 # 0 i.e., if [u? + w3| # 0 and it is
defined as ,
1 b w —u
wo=s = e
U uy + uj

Ifu= Do + ilpl -+ i2p2 + iligpg (pk c (Co; k= 0, 1, 2, 3), then

I (p0a+p15) . <p1a—]30ﬂ> . (p2a+P35) - (P304—p45)
— = [ ) i [ ) g [ R ) —gg [ )
U Y Y Y Y

2
where @ = pj—pi+p3—p3, 8 = 2pop1+2paps and y = o*+5% = (p§ + pt + 5 +p3) —
4 (pops — p1p2)” . Obviously % exists if v # 0.
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A bicomplex number u = pg+i1p1 +iapa+iriops (px € Co; k =0, 1, 2, 3) is said
Po D

is degenerated i.e., if the determinant
P2 D3

to be degenerated if the matrix

Au) = ’ Po PUT — pops — pips = 0.

P2 P3

The partial order relation =;, on Cy was defined by Choi et al. [4] as u 3, v
if and only if u; = uy and vy 3 v, where uy, us, v, v9 € Cy. The bicomplex valued
metric d : X x X — C; on a non-empty set X and the structure (X, d) on C, were
defined by Choi et al. [4] accordingly.

A norm of a bicomplex number w = z; + i5 25 is denoted by ||w]|| and is defined

8] by
. 2 23
Jw|] = ||z1 + i222| = (|21| + |22 ) .

Choosing w = pg + i1p1 + iaps + i112p3 (pr € Co; k=0, 1, 2, 3) this can be defined
as

1
wl| = (p§ +p +p5+p3)% . (1.1)

One can easily verify that

0 Zip u Zip v = JJul] < loll5 [lu+oll < flull+l[vll; [lowll = a flull; [Jul] <1+,

(1.2)
for any u, v € Cy and a € Cy. If we consider the case that 0 jﬂé u = po+1p1+
iop2 + i172p3 (pr € Co; k=0, 1, 2, 3) (i.e., at least one of py, ’s is positive) and u is
degencrated, then v = (p2 + p2 + p2 + p2)> — 4 (pops — p1p2)? will be positive and
therefore u will be invertible. By the deduction of Rochon & Shapiro [10], we get
the following results

(@) [luv]| < V2Jul [|v]for any u, v € C, ;.

(77) [Juv|| = ||u|| ||v]/for any u, v € Cy with at least one of them is degenerated;
(1i1) ’Z = m for any degenerated bicomplex number u with 0 =3, u.
Definition 1.2. [1] Let {x,} be sequence in X and x € X. If for every c € Cy,
with 0 < ¢ there is ng € N such that d (z,,x) < ¢ for all n > ngy, then x is called

the limit of {x,} and we write im z,, = x or x, — T as n — oo.
n—oo

Definition 1.3. [1] If every Cauchy sequence is convergent in Cq then the space
1s called a complete bicomplex valued metric space.

Definition 1.4. [3] Let f and g be two self-maps defined on a set X. Then f and
g are said to be weakly compatible if they commute at their coincidence points.
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Definition 1.5. [18] Let T, S : X — X be two self mappings of a bicomplez valued
metric space (X, d) . The pair (T, S) are said to satisfy E. A. property if there exists

a sequence {x,} in X such that lim Sz, = lim Tz, =t for some t € X.
n—oo n—oo

Definition 1.6. [14] The self mappings T, S : X — X are said to satisfy the

common limit in the range of S property (CLRs property) if lim Sz, = lim T'z,, =
n—oo n—oo

Sz for some x € X.

Definition 1.7. [1] Let S and T be self maps on a bicomplex valued metric space
(X,d). Then the pair {S, T} is said to be T— intimate if and only if ad (T'Szy,, T'zy,)
S ad(SSzn, Sz,), where o = limsup {z,} or liminf{z,} is a sequence in X such

that lim Sz, = lim Tz, =t for some t in X.
n—oo n—oo

Some common fixed point results are established by Rajput & Singh [12] for
rational type contraction mapping in C; on which they have proved the following
theorem.

Theorem 1.1. [12] Let (X,d) be a complex valued metric space and A, B, S,T :
X — X be four self mappings satisfying the following conditions

(1) A(X) S T(X), B(X) C5(X),

(17) For all z,y € X and 0 < a < 1,

Az, Sz) (dAz,Ty) + d (By,Ty) d (By, Sz)]
d(Az,Ty) + d(By, Sx)

[{d(Az, Ty)}* + {d(By, 52)}’]
d(Az,Ty) + d(By, Sx) ’

d(Az, By) 3 oz[d(

(i4i) The pairs (A, S) and (B,T) are weakly compatible and

(v) The pair (A, S) or (B,T) satisfies E. A. property if the range of mappings
S(X) or T (X) is closed subspace of X then A, B,S and T have a unique common
fixed point in X.

Meena [8] investigated a common fized point for intimate mappings in C,. He
proved the following theorem in his paper.

Theorem 1.2. [8] Let A, B, S and T be the four mappings from a complex valued
metric space (X, d) into itself, such that

(a) A(X)CT(X) and B(X)C S(X),

(b)

d(Axz,Sz) - d(By,Ty)

Az, By) = T
d(Aw, By) 3 ad(S2,Ty) + B G 4 (52 By) + d (S2.T9)”
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for all x;y € X and d(Ax,Ty) + d(Sz, By) + d(Sxz,Ty) # 0, where «, 3 are
non-negative real numbers with o + [ < 1,

(c) (A,S) is S—intimate and (B,T) is T—intimate and

(d) S(X) is complete.

Then A, B, S and T have a unique common fized point in X.

Our results are the generalizations and extensions of the above theorems which
are established by Rajput & Singh [12] and Meena [8]. Here the results of Rochon
et al. [10] and Elena et al. [5] have helped us. Also we have taken some concepts
from the papers of Choi et al. [4] and Jebril et al. [6]. The remaining of the paper
is organized as main results containing some theorems, lemma and examples in
Section-2, the Section-1 introduces preliminaries and basic definitions.

2. Main Result
In this section we prove some theorems with supporting lemma and examples.

Theorem 2.1. Let (X, d) be a bicomplex valued metric space and A, B, S, T : X —
X are four self mappings on X C Cy satisfying the following conditions
(i) A(X)CT(X),B(X)CS(X);
(17) For all z,2 € X, 0 < a,B,a + [ < 1, and non-singular d(Az,TZ") +
d(Bz',Sz),
[d(Az,Sz) (dAz,TZ")+ d(B2',TZ')d(Bz, Sz)]
d(Az,TZ')+d(B%,Sz)

[{d (Az, T2)2 + {d (B, Sz)}Q] |
d(Az,Tz')+d(B%,Sz) 7

d(Az, BY) Zi, a

+6

(1ii) The pairs (A,S) and (B,T) are weakly compatible and

(iv) The pair (A, S) or (B,T) satisfies E. A. property.

If the range of mappings S (X) or T (X) is closed subspace of Cy then A, B,S
and T have a unique common fized point in Cs.
Proof. Suppose that the pair (B,T) satisfies E. A. property in C;. Then there

exists a sequence {z,} in Cy such that lim Bz, = lim Tz, = t for some t € Cs,.
n—oo n—oo

Further since B (X) C S (X), there exists a sequence {z/,} in C, such that Bz, =

Sz! . Therefore lim Sz, = t. Now we claim that lim Az/ = ¢. If possible,let lim 2], =
n—00 n—o00 n—o0

r # t. Then by putting z = z/,, 2/ = z, in the condition (i7) we have

[d(Az],Sz,)d(Az,,Tz,) + d(Bzyp,Tz,) d(Bzy, Sz},)]

d(Az),,Tz,) + d(Bzn, S2))
(A%}, T20)Y 4+ {d(Bzn, S2,))|
d(Az,,Tz,) + d(Bzyp, Szl,)

d(Az),,Bz,) i, «

+8
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By taking limit as n — oo, we get

[d(r,t)d(r,t)+d(t,t)d(t,t)] [{d (r,t)}* + {d(t, 1)}

d(rt) S, o d(r,t)+d(tt) + d(r,t)+d(t,t)
. {d(r.0))® | {dr))’
ie, d(rt) Zi, a d(r, 1) + 8 d(rt)

ie., d(rt) 3, (a+B)d(rt),

which implies

(1—a—-p)d(rt) Zi, 0.

~12

Therefore we have ||d (r,t)|| < 0. Hence r = t. i.e., lim Az, = lim Bz, = t. Now

suppose that S(Cy) is a closed subspace of Cy. Then ¢t = Su for some u € Cs,.

Subsequently we have lim Az, = lim Bz, = lim Sz/, = lim Tz, =t = Su. Now
n—00 n—o00 n—o0 n—o0

we prove that Au = Su i.e., Au = t. By putting 2 = u and 2’ = z, in condition
(17) we get

[d(Au, Su) d (Au, Tzy,) + d (Bzn, Tzn) d (Bzy, Su))
d (Au,Tz,) + d (Bzy, Su)
{d(Au, T2)} + {d (Bzn, Su)Y’|
d(Au,Tzp) + d (Bzy, Su)

d(Au, Bz,) Si, @

+5
Taking limit as n — oo in the above, we have

{d (Au,)}"
d (Au,t)

{d (Au,t)}”
d(Au,t) ’

d (AU, t) jiz Q + /B

which implies (1 — a — f)d (Au,t) =i, 0. Therefore we get ||d (Au,t)|| < 0. So
Au =t = Su. Hence u is a coincidence point of (A, .S). Now the weak compatibility
of pair (A4,S) implies that ASu = SAu or At = St. On the other hand since
A(Cy) C T (Cy), there exists a point v in Cy such that Au = Tv = t. Now we

show that v is a coincidence point of (B, T). i.e., Bv = Tv = t. So by putting
z =u,z = v in condition (i) we have

d (Au, Su)d (Au,Tv) + d (Bv,Tv) d (Bv, Su)]
d(Au,Tv) + d (Bv, Su)
[{d (Au,t0)}” + {d (Bv, Su)}?|
d (Au,Tv) + d (Bv, Su)

4 (Au, Bv) 2, o
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Now by taking limit as n — oo, we get

d(t,t)d(t,t) +d(Bv,Tv)d (Bv,1)] [{d (t,Tv)}* + {d((Bv, t)}z}
d(t,Tv) + d(Bwv,t) d(t,Tv) +d(Buv,t)
d (Bv,Tv)d (Bu,t) [{d (t,4)}* + {d((Bv, t)}ﬂ
~i2 Y3t 1) + d (Bu, Tv) d(t,t) + d(Bv,?)
~d(Bv, Tv)d(Bu,1) +B{d(Bv,t)}2
e d (Bv,Tv) d(Buv,t) ’

d (t, Bv) Zi, a[

which implies d (¢, Bv) 2, ad (Bv,t) 4+ fd (Bv,t) ie., (1 —a—f)d(t, Bv) %, 0.

~t2

Therefore, we have ||d (t, Bv)|| < 0. Hence t = Bv. So Bv = Tv =t and v is the
coincidence point of B and T'. Also the weak compatibility of pair (B,T) implies
that BTv = T Bv or Bt = T't. Therefore ¢ is a common coincidence point of A, B, S
and T. Now we have to show that ¢ is a common fixed point of A, B, S and T.
Putting z = u, 2’ = t in condition (i7) we have

Au, Su)d (Au,Tt) + d (Bt,Tt) d (Bt, Su)]
d(Au,Tt)+ d (Bt, Su)
[{d (Au, Tt)}* + {d (Bt, Su)}’]
d (Au, Tt) + d (Bt, Su)

d(t,Bt) = d(Au,Bt) =, a[d(

By putting Tt = Bt and Su = Au in the above inequality we get

[{d (Au, Bt)}? + {d (Bt, Au)}2]
d (Au, Bt) + d (Bt, Au)

2{d (Bt, Au)}?
2d (Au, Bt) ’

d(t,Bt) =d(Au, Bt) Z;, .0+ i, B

which implies that d (¢, Bt) = d (Au, Bt) Z;, 8d (Au, Bt) .i.e., (1 — ) d (Au, Bt) =,
0. Therefore ||d (Au, Bt)|| < 0. Hence Bt = Au = t. But Bt = Tt = t. Therefore,

we get At = Bt = St =Tt =t. i.e., t is a common fixed point. If we take T (Cy) is

closed then similar argument arises and if we take E. A. property of the pair (A, 5)

then also similar result is obtained.

Uniqueness:

Let us assume that ¢ be another common fixed point of A, B, S and T. i.e.,
At = Bt = St = Tt = t. Then by putting z = ¢ and 2z’ = t in the condition (i) we
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have

0(AE, Bt <;, o445 5D (AL T +d (Bt THd (B, St)] | o {A(AL, T1)) + {d(Bt, SDY’|

d (AL, Tt) + d (Bt, ST) d (AL, Tt) + d (Bt, St)
i [ 0) +{d(1,D))
L., d(AF, Bt) Zi, 0.0+ f—r OETIR

: - 2{d (1)} -
<. =
ie., d(t,t) 3, B 20 (i.1) B.d(t,t),
which gives that (1 — f)d(¢,t) Zi, 0. Therefore we have ||d (¢,t)]] < 0 which
implies that ¢ = t. Hence At = Bt = St = Tt = t is the unique common fixed
point of A, B, S and T.
Thus the proof of the theorem is established.

Lemma 2.1. Let S and T be self maps on a bicomplex valued metric space (X, d) .
If the pair {S, T} is T—intimate and St = Tt = p € Cy for some t in Cy then
d(Tp,p) Zi, d(Sp,p)-

Proof. We consider the sequence z, =t for all n > 1. So lim Sz, = lim Tz, =
n—oo n—o0

St =Tt = p € Cy. Since the pair {S, T} is T—intimate, we have

d(TSt,Tt) = limd (T Sz, Tz,) Zi, im d(SSz,, Sz,) = d(SSt, St),

n—0o0

which implies d (T'p, p) Zi, d(Sp,p). This completes the proof of the lemma.

~ol2

Theorem 2.2. Let (X,d) be a bicomplex valued metric space and A, B,S and T
be four self mappings on X C Cqy such that

(a) A(X)CT(X) and B(X) C S(X),

(b) For all z, 2" € C,,

d(Az,Sz).d(Bz,TZ)

Az, BY) =, T
Az BZ) S ad (52, T2 4 B o 4 (57, B) + d (85,17

and d(Az,T2'") + d(Sz,Bz') + d(Sz,T%') is non-singular, where a, [ are non-
negative real numbers with o + /28 < 1;

(c) (A,S) is S—intimate and (B,T) is T—intimate and

(d) S(X) is complete.

Then A, B, S and T have a unique common fized point in C,.
Proof. Let zy be any arbitrary point in C,. Then by condition (a), there exists
a point z; € Cy such that Azy = T'z;. Also for z; € Cy we can choose a point
29 € Cy such that Bz; = Sz and so on. Inductively we can define a sequence {z,}
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in Cy such that 2y, = Az, =Tz, ., and 29,41 = B2h,,; = S25,,,. Then by (b)
we have
d (Zgn, ZQn—I—l) =d (Azérw Bzén—l—l)
d (Azén’ Szén) d (Bzén-l-l’ Tzén-i-l)
(Azén7 T’Zén+1) + d (Szén’ BzénJrl) + d (Szén7 TZéTH»l)
d (z2n, 22n—1) -d (Z2n+1, 22n)
d (220, 22n) + d (22n—1, 22n+1) + d (22n—1, 22n)

r_\</i2 ad (Szé’m Tzén-‘rl) + ﬁd

Sy od (22n—1, 22n) + B

which implies
A (e e T
|d (220, 22n-1) -d (22041, 220) |
[d (z2n-1, 22n+1) + d (2201, 220) |
V2| (220, zn-1) |l - |1d (22011, 220) |
ld (z2n-1, zon+1) + d (2201, 220)[|
We know that ||d (22041, 220) || < [|d (220-1, 22ns1) + d (220—1, 220)|| -

S o ||d (ZZn—h Z2n)|| + 6

< alld(z2n-1, zo0)|| + B

L |d (zon+1, 22n) | <1

- ||d <Z2n—17 Z2n+1) + d (Z2n—17 ZQn) ”

Therefore, we get
ld (s 2ol < elld (e, 220) | 4+ BVZ 1 (22, 2200 < (4 V28) Ild (20-1, 200) |

0.y 11d (220 22041) | <714 (2201, 220)I|, where 7 = (@ ++/28).
Also, we have

d (2on42, 22n+1) = d (A2, 9, B2y, 1)

d (Azén—i—Z’ SZén—i—Q) d (Bzén—l—l? Tzén—‘rl)

in ad (Szén—i-% T'Zén—&—l) + ﬁ

d (22n+2, 2on+1) -d (Z2n+1, 22n)
d (zan+2, 22n) + d (22n+1, 22n+1) + d (2241, 22n)
d (22n+2, 2on+1) -d (22n+1, 22n)
+ B ,
d (Z2n+27 2271) +d (z2n+17 Z?n)

Sip ad (2on41, 22n) + B

= ad (22n+1, 22n,)

which implies

d (z2n+2, 22n+1) -d (22n+1, 22n)
d (zan+2, 22n+1)|| < alld (z2n+1, 22 +Hﬂ
Id (22n+2; 22n+1)|| ld (z2n+1, 220)|| d (Zamsa, zom) + A (Zamss, Zom)
|d (22n42, 22n+1) -d (22n+1, 22n) ||
< al|d(z2n41,220) || + B
I Ganers z2n) |4 B o) & o, 2am)]

d (Azén—&-Q’ Tzén—i-l) + d (Szén—&—Z? Bzén—i—l) + d (Szén—‘rQ’ Tzén-‘rl)
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V2|ld (22n+2, 22n41) || - 1d (2241, 220) |
d (22042, 22n) + d (22041, 220)||

< o ”d(22n+1a Z2n)|| + B
Again since ||d (z2n+2, 22n+1)|| < |4 (22042, 22n) + d (220, 2Zont1)]|, therefore we get
Id (z2nr2s 2ane) | < alld (z2nsns 220) | + BY2 I (om0 < (@4 V28) [1d (2, 220)|
ie., ld (22n+2, 22n+1)1l < v |d (22041, 220) || -
Thus we have
ld (zn41, Zna2) | <Y (zns 20) | V2N (zae1, 20) || < oo <A™ ld (20, 20) ) -

So for any m > n, we get

ld (zs zm) [l < (ld (205 2040 | + [|d (205 2040 [ + - 4 1D (21, 200) |
< 7" Hd(zo,zl)H +9"ld (20, 20) | + -+ 9™ 1 (20, 20) ]
which implies ||d (z,, zm)|| < 2= ||d(ZO,Z1)|| — 0 as m,n — oo. So the sequence

{z.} = {5%,,} is a Cauchy sequenee in S (Cs). Again since S (Cy) is complete,
therefore the sequence {z,} converges to a point p = Su for some u € Cy. Thus
Azén, SZém Bzén+17TZén+1 — pas n — oo. Now

d(Au, Su) .d (Bzé 1, T2 1)
/ <. / n n+
d (AU, BZ2n+1) ~12 ad (SU;TZQn-i—l)"’ﬂd (AU7TZén+1) +d (SU, BZén_,’_l) +d (S'LL,TZén+1)
Hd (Au, T2}, 1) +d (Su, Bz, 1) +d (Su,Tzh, 1) H
|d (Au, Su)]|. Hd (Ban+17TZ2n+l) H
Hd (Au, TzénJrl) +d (Su, BzénH) +d (Su, Tzénﬂ) H ’

implies that

4 (Au, Bz ) |
(Au S’LL (Bzén—i-l? T'Zén+1)
d(Au,T7, ) +d (Su, Bz, 1) +d (Su, Tz, )

)-d
(

Hd A'LL SU) (BZQnJrl?TZZnJrl) H
(

< ad (ST, + |5

< o (Su. T2, + 4

< alld(Su, Tzn)| + 5

Taking limit as n — oo, we have ||d (Au,p)|| < «a ||d(Su,p)||, therefore we get
Ild (Au,p)|| = 0. i.e., Au = p = Su. Again since A (Cy) C T (Cy), therefore there
exists a v € Cy such that Au = Tv = p. Now applying (b) we have

d (Au, Su).d (Bv, Tv)

Bv) =d(Au, Bv) =, T
4 (p, Bv) = d {(Au, Bv) Zi, ad (Su.T0) + 8 G oy 3 (5w, Bo) + d (5w, T0)

~Jt2
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which implies

|d (Au, Su) .d (Bv, Tv)||
|d (Au, Tv) + d (Su, Bv) + d (Su, Tv)||
V2 ||d (Au, Su)| . ||d (Bv, Tv)]|
|ld (Au, Tv) + d (Su, Bv) + d (Su, Tv)||

ld(p, Bo)|| < «afld(Su, Tv)[| + 5

< alld(Su,Tv)| + 68

Thus ||d (p, Bv)|| = 0 and this gives that p = Bv = Tv = Au = Su. Now
since Au = Su = p and (A, S) is S—intimate, therefore by Lemma 2.1, we have
ld (Sp,p)|| < |ld (Ap, p)||- Also by (b)we have

d(Ap, Sp) .d(Bv,Tv)
d (Ap, Tv) + d (Sp, Bv) + d (Sp, Tv)

ie., ||d(Ap,p)|| < a|ld(Sp,p)||, which yields that ||d (Ap,p)|| = 0. Therefore Ap =
p and Sp = p. Similarly we can show that Bp = Tp = p.

Uniqueness

Let us consider that p and ¢ are two common fixed points of A, B, .S and T such
that p # ¢. Then using (b) we get

d (Ap,p) = d (Ap, Bv) %4, ad (Sp, Tv) + 5

~12

d (Ap, Sp) .d (Bq,Tq)

d(p,q) = d(Ap, Bq) =, ad (Sp, T
(p.q) = d(Ap. Ba) S d (Sp. Ta)+8 0 = (5p By) + d (Sp. Tq

] Zi, ad (p,q) .

ie,||d(p, Q)| < alld(p,q)| , which implies that p = q.
This completes the proof of the theorem.

Example 2.1. Let X = {z},2,} C C; with d: X x X — C; is defined by

1,if
d(Zl,ZQ)I{ 71 21#22

0,if 21 = 25.

Then (X, d) is a complete bicomplex valued metric space. Define A = B, S, T :
X = X by Az = 2] for all z € X, Sz] = T2, = 2, and Sz, = Tz}, = 2. Then
all the conditions of above theorem are satisfied except intimate condition. We
see that ||d(SAz,, S2h)|| = ||d (25, 2)| > 0 = ||d (AAZ], AZ))||, where {2}} is a
constant sequence in Cy such that Az, = Sz} = z]. Thus the pair (A,95) is not
S—intimate. Therefore A, S and T' do not have a common fixed point.

Example 2.2. Let X = C; be the set of complex numbers. Defined : X x X — C,
by d (21, 22) = is |21 — 22| where z; = x1 + i1y1 and z3 = x5 + i1y2. Then (X, d) is
a complete bicomplex valued metric space. Define A, B, S,T : Co — C5 as Az =
0,Bz=0,Sz=zand Tz = 3. Clearly A (C;) C T'(Cy) and B (Cy) C S (C3). Now
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considering the sequence {zn = %, n e N} in Cy we get lim Az, = lim Sz, = 0.

n—oo n—oo
Also we have limd(SAz,,Sz,) i, limd(AAz,, Az,). Thus the pair (A4,S) is
n—oo n—oo
S—intimate. Again since lim d(T'Bz,,Tz,) Zi, limd(BBz,, Bz,), therefore the

pair (B,T) is T—intimate. Further the mappings satisfies all the conditions of
above theorem. Hence A, B, S and T have a unique common fixed point in C,.

3. Future Prospect

In the line of the works as carried out in the paper one may think of the de-
duction of fixed point theorems using common limit in the range (CLR) property,
expansive metric and other different types of metrices under the flavour of bicom-
plex analysis. This may be an active area of research to the future workers in this
branch.

References

[1] Azam, A., Fisher, B. and Khan, M., Common Fixed Point Theorems in
Complex Valued Metric Spaces, Num. Func. Anal. Opt., 32 (2011), pp.
243-253.

[2] Banach, S., Sur les operations dans les ensembles abs traits et leur application
aux equations integrales, Fund. Math., 3 (1922), pp. 133-181.

[3] Bhatt, S., Chaukiyal, S., Dimri, R. C.; A common fixed point theorem for
weakly compatible maps in complex-valued metric spaces, Int. J. Math. Sci.
Appl., 1(3) (2011), pp. 1385-1389.

[4] Choi, J., Datta, S. K., Biswas, T., Islam, N., Some fixed point theorems in
connection with two weakly compatible mappings in bicomplex valued metric
spaces, Honam Mathematical J., 39(1) (2017), pp. 115-126.

[5] Elena, M., Shapiro, M. and Strupra, D. C., Bicomplex Number and Their
Elementary Functions, CUBO, A Mathematics Journal 14(2) (2012), pp. 61-
80.

[6] Jebril, 1. H., Datta, S. K., Sarkar, R. and Biswas, N., Common fixed point
theorems under rational contractions for a pair of mappings in bicomplex

valued metric spaces, Journal of Interdisciplinary Mathematics, 22 (7) (2019),
pp. 1071-1082.

[7] Jebril, 1. H., Datta, S. K., Sarkar, R. and Biswas, N., Common fixed point
theorems under rational contractions using two mappings and six mappings



360

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

South FEast Asian J. of Mathematics and Mathematical Sciences

and coupled fixed point theorem in bicomlex valued b-metric space, TWMS
J. of Apl. & Eng. Math. (Accepted for publication and to appear).

Meena, G., Common Fixed point for Intimate Mappings in Complex valued
Metric Spaces, Gen. Math. Notes, 26 (2) (2015), pp. 97-103.

Price G. B., An Introduction to Multicomplex Spaces and Functions, MAR-
CEL DEKKER, INC., (1990), ISBN 0-8247-8345-X.

Rochon, D. & Shapiro, M., On algebraic properties of bicomplex and hyper-
bolic numbers, Anal. Univ. Oradea, fasc. math., 11 (2004), pp. 71-110.

Rouzkard, F. and Imdad, M., Some common fixed point theorems on complex
valued metric spaces, Computer and Mathematics with Applications, 64(6)
(2012), pp. 1866-1874.

Rajput, N., Singh, N., Some common fixed point results for rational type
contraction mapping in complex valued metric space, International Journal
of Mathematical Archive, 5(6) (2014), pp. 125-128.

Segre, C., Le Rappresentazioni Reali delle Forme Complesse a Gli Enti Iper-
algebrici, Math. Ann., 40 (1892), pp. 413-467.

Sintunavarat, W., Kumam, P., Common fixed point theorem for a pair of
weakly compatible mappings in fuzzy metric space, J. Appl. Math., (2011),
Article ID 637958, 14 pages.

Tripathy, B. C., Paul, S. and Das N. R., Banach’s and Kannan’s fixed point
results in fuzzy 2-metric spaces: Proyecciones J. Math, 32(4) (2013), 359-375.

Tripathy, B. C., Paul, S. and Das N. R., A fixed point theorem in a generalized
fuzzy metric space, Boletim da Sociedade Paranaense de Matematica, 32(2)
(2014), 221-227.

Tripathy, B. C., Paul, S. and Das N. R., Fixed point and periodic pint theo-
rems in fuzzy metric space, Songklanakarin Journal of Science and Technol-
ogy, 37(1) (2015), 89-92.

Verma, R. K., Pathak, H. K., Common Fixed Point Theorems for a pair of
Mappings in Complex-Valued Metric Spaces, JMCS, 6 (2013), pp.18-26.



