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Abstract: In the present paper, using the bilateral Bailey transform due to An-
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1. Introduction

Bailey [1] established a simple but a very useful transform called as Bailey
transform: if

n
Bn - § Oy Up—rUptr
r=0

and

0
Yn = g 5rur7nvr+n7
r=n

then . .
n=0 n=0

subject to conditions on the four sequences a,, 3,, 7, and J,, which make all the
relevant infinite series absolutely convergent.

The celebrated Bailey [1] transform was extensively used to obtain transforma-
tion formulae of ordinary hypergeometric series and basic hypergeometric series
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with help of known summation formulae. The technique provided by Bailey [1]
and Slater [3, 4] was extensively exploited by number of mathematicians notably
Andrews [6, 7], Verma and Jain [8, 9],Verma[10], U.B.Singh [11], Agarwal [12],
S.P.Singh [13], Denis[14], Denis et. al. [15, 16, 17], Srivastav and Rudravarapu[18§]
and S.Singh [19] to establish number of transformation formulae of ordinary and
basic hypergeometric series and also Rogers-Ramanujan type identities of differ-
ent moduli. Recently, Denis et.al. [17] have established transformation formulae
involving bilateral poly-basic hypergeometric functions with the help of bilateral
Bailey transform introduced by Andrews and Warnaar [2]. We have applied the
idea of Denis et.al. [17] to obtain transformation formulae between ordinary bilat-
eral hypergeometric series and ordinary hypergeometric series.

2. Definitions and Notations:

For ‘a’ real or complex and ‘n’ be a positive integer, we define

1 if £ =0;
<a>k_{ al@+1)(a+2)(a+3)...(a+k—1) ifk>1.

I'(a+n)
=TT

(@ = % (@)an = (%) (%+ %)2

Now, we define a generalized hypergeometric function,

and

AFal(a): 0):2] = 3 U 1)

where there are always A of a parameters and B of the b parameters. The mean-
ing of (a) and (b) are sequences of parameters ay, as, as,...a4 and by, by, bs, ..., bp
respectively.

The series (2.1) is convergent if

(I) RI (Zb —Zav) >0 when z=1

v=1

(IT) RI <Zb —Zav> > —1 when z=—1
(IIT) A=B+1 when |z| <1
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(IV) A>B+1 when z=0
We also define an ordinary bilateral hypergeometric function by
A1,02,03, ..., GA5 2 - (a1)n(az)n(as)n---(aa)n
H = " 2.2
AltB [ b1, ba, by, - b } 2 (00)n (02)n (b3)n(b5)n (22)

n=—oo

which holds for all real or complex values of the parameters except zero or integers
and for all values of argument z such that |z| = 1.

Further, the series (2.2) is convergent if
A

B
(I) RI (Zby —Zav> >1 when z= -1
v=1

v=1

B A
(I1) RI (va - Zav> >0 when z=1
v=1 v=1

The series terminates above if any one of a parameters is negative integer and
terminates below if any one of b parameters is positive integer.

In 2007, Andrews and Warnaar [2] extended the Bailey transform to bilateral Bailey
transform and introduced two bilateral versions of Bailey’s transform for proving
certain identities related to false theta functions due to Ramanujan.

(a) Symmetric Bilateral Bailey’s Transform:

If
571 = Z Oy Up—rUptr (23)
and
Tn = Z 5rur—nvr+n (24)
r=|n|
then

n=0

n=—oo

subject to conditions on the four sequences «,, 3,, 7, and J,, which make all the
relevant infinite series uniformly and absolutely convergent.

(b) Asymmetric Bilateral Bailey’s Transform:

Let m = max.(n,—n — 1), then,

If

571 = Z ArUp—rUntr41 (26)

r=—n—1
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and

Tn = Z 6rur7nvr+n+1 (27)

then . .
n=—oo n=0

subject to conditions on the four sequences a,, 8,, v, and 9, which make all the
relevant infinite series uniformly and absolutely convergent.
We shall also make use of following summation formulae

a,b;l}:F[c,d,l—a,l—b,c+d—a—b—1 (2.9)

2H2:{c,d c—a,d—a,c—b,d—0>
[Slater 5; p.181]

On putting a=-n and c=n+1 in (2.9), we have

H: » — 2.10
= | L - e (210
Also,
I b,c,d;1
B0 1+a—-bl4+a—cl+a—d
1-01—c,1—d,1+a—-b1+a—c,14+a—d,
=1 1 1
1+a—c—d,1+a—b—d,1+a—b—c,1+§a—b,1—i—§a—c,
1 1 3
1—-a,1+-a,1+>a—b—c—
2a, +2a, +2a b—c—d
(2.11)

1
1+§a—d,1+a,1—a

[Slater 5; p.182]
On putting a=0, and b=-n in (2.11), we have

—n,c,d;1 (a1 =c—d)y,
3t 1-bl—cl—d| (1-d,1-oc), (2.12)
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1
a,1+ —a,b,c,d,1+2a—b—c—d+n,—n;1
el 2
5@,1—i—a—b,1+a—c,1+&—d,b+c+d—a—n,1—|—a—n
_ (+a)p(l+a-b—c)p(l+a—-b—d),(1+a—c—d),
C (I+a=bp(l+a—c)p(l+a—dp(l+a—b—c—d),

[Slater 5; App. 11T 14, p. 244]

(2.13)

As a — 0, we get

I b,ec,d,1—b—c—d+n,—n;1
1-b0,1—c,1—d,b+c+d—n,1+n

(L= b= (1 —b—d)n(l —c—d),

= (2.14)
(1_b)n( C)n( )n(l_b_c_d)n
On putting a = —n,c =n+ 2 in (2.9), we have
_ . d—>5) (1),(2),(1 +d—b)sy,
[ ] =) (a1 d = b 215
n+2.d (2=0) (d)n(2 = 0)n(2)2n
Gauss’s theorem
a,b;1 | c,c—a—b
QFl[c ]_F[c—a,c—b} (2.16)
[Slater 5; App. III 3, p. 243]
Watson’s theorem
1 n 11 N 1 n 1b 1 1 1b—|—
—c+=--+-a+=b-——-a—— c
a,b,c; 1 2’ 2’72 2 272 2 2
3F l_|_l +1p 9 ]:F (2.17)
2 T2 2", € 1+11 1b1 1+1 1b—|—
-+ -a,—+-b—-——-a+c,— —— c
2 272 272 2 2 2
[Slater 5; App. 1T 23, p. 245]
3. Main Results:
Our main results are as under -
d—b d—b+1 ]
T — F 1_ F ]__ p7q7 ) ;
1—pl—gq I'l-p—q) 51—
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1 —Nn
. a0tz (5 +p+4) (-0
Z 1 n 1 n n n
n—oo (d), 0 (= + 2 4p|r(=+2 r<1— —)r(1— —)
(d) (2+2+p) (2+2+q) Pts a+5
op 2g A=t d=bt1
1 2 2
= — . JFy 1 (3.2)
F(E)F(g—FP—Fq)F(l—p—q) d,l—b,§+p+q
.| Gdpa—l _A-pld-q . [pgl-c—dl
Pl 1-cl-dl-pl—q| TO-p-—q *?|l-cl1-d
(3.3)
1 n
. URONCRENESY
D s o o o o (e o (s
1
1 §7p7Q71_c_d;]-
r(=)r(--£-4% r(-+2+2 P4
B)rG-5-9)r(+5+3)  [1-ea-agale
b’(:’al’l—b;c—dﬂ_(b+(2:+d);1
5t b d) (140 d
| b1—e1_gbtetd (+btetd
2 2
T+ c+dI(b+c+d) 7 1-b—c,1-b—d,1—c—d,1—-b—c—d;1
T O T(2b+2c+2d—1) Y| 1-bl-c1l—d
(3.5)
1—b—c—d
be,d ———— =11
7C77 2 )

1+b+c+d)
2

((o5-5-9) ()
F(%)P@+c+@F(g—b—c—d)

1—@1—q1—¢(

X
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Ll—b—ql—b—dl—c—dl—b—c—@l
x 5Fy | 2 (3.6)
3
1—b,1—c,1—d,§—b—c—d

b? 9 7_1
ﬁﬁ{ p.q ]

d72_p72_q
:( B ) ( _p) ( _q) 4F3 3’ ’ 2 ’ 2 ! (37)
2-0I'2-p—0q) 52— b.d
provided Re(4+d —b—2p—2q) > 1
4. Proof:

(i) Proof of (3.1):
b),(—1)" 1 1 .
Setting a, = ) =1)" Uy = v, = in (2.3) and making use of (2.10),

(d)r O (D

(d;b)n (d—g+1>n -,

@10 (3) 0,

Again, taking 0, = (p),(q), in (2.4) and using (2.16), we get

Fl—p—q (P)n(@)n (4.2)
P =p)T(1 =) (1 = pla(l = q)n
putting these values of (4.1) and (4.2) in (2.5), we get required result (3.1).
(ii) Proof of (3.2):

we have

671:

Yn =

r (2p)7‘(2Q)T 5
Taking «, = M,ur = L,vr = ! 0, = <2>T in (2.4) and
L (S
2

making use of (2.17), we have

vh—F(%)F(%+p+q)Nl—p—@X

(20)a(20). (— fpet q>n4"

r(%+g+m>r<%+g+q)ro+p—g)r@+q—g>

X (4.3)
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putting these values of (4.1) and (4.3) in (2.5), we get required result (3.2).
(iii) Proof of (3.3):
(©)r(d).

(1= c)(

Taking o, = in (2.3) and making use of

(2.12), we have

G B
1_d)r7 " (1)7"7 T (1)r

5, = (1—c—4d),

T (1=l = d)n(D)n
Again, taking 0, = (p).(q),, we get v, same as (4.2)
Now, putting these values of (4.2) and (4.4) in (2.5), we get required result (3.3).
(iv) Proof of (3.4):

@D (1)

(1 - C)T(l o d)r’ ' (1)r
(2.12), we get 3, is same as (4.4)

wirto)(3)

N
2 "ol TRl

(4.4)

in (2.3) and making use of

Taking «, = , Up =

1
(1)

Again, taking ¢, = in (2.4) and using (2.17), we have

(P)n(q)nd™"

X (4.5)
1 n »p 1 n g n o p n q
F<2+2+2)F(2+2+2)F<1+2_2)F<1+2_2>
putting these values of (4.4) and (4.5) in (2.5), we get required result (3.4).
(v) Proof of (3.5):
_ (0),(c)r(d), (1—=b—c—d), (1—b—c—d),
Taking o, = Sy = , Uy =
(1=0);(1=0)(1—d), (1)r (L)r
in (2.3) and making use of (2.14), we have
1-b—0c)p(l-b—d)p(l=—c—d)y(1—=b—c—d),
Bn = (4.6)
(1 =0)n(l = c)u(l = d)n(L)n
Again, taking 0, = 1 in (2.4) and using (2.16), we get
(1—b—c—d) (1_ (b+c+d)>
L2b+2c+2d—1 2 2
(2b+2c+ ) n n (4.7)

T T+ e+ dT(b+c+d) (b+c+d) <1+b+c+d>
2 n 2 n
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provided Re(b+c+d) > 3
putting these values of (4.6) and (4.7) in (2.5), we get required result (3.5).
(vi) Proof of (3.6):

; (0)r(c)r(d)r (1—b—c—d), (1—b—c—d),
Taking a, = U, = =
(1 _lb)r(l —0)r(1 = d)r (1), ),
<§> : .
and ¢, = (3 B in (2.4) and making use of (2.17), we have
——b—c— d)
2

Here, (3, is same as (4.6) and

o=

XF(1+b+c+d)F(1+b+c+d)(1+b+c+d)
2 2 2

putting these values of (4.6) and (4.8) in (2.5), we get required result (3.6).
(vii) Proof of (3.7):

- _ =y 1 1 :
y ::;ctlng a, = WWT = (1)T,vr =, in (2.6) and making use of (2.15),
1+d-1b d—b
:<d—b>( 2 M”T)n
" =0 (3) @b @n )
(5) e-ba@..

Again, taking 0, = (p),(q), in (2.7), we get

I'2—p—q) (P)n(@n
F2-=p)l'2-¢q) (2=p)a2—)n

putting these values of (4.9) and (4.10) in (2.8), we get required result (3.7).

Vo = (4.10)
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5. Special Cases:
1
(i) Replacing p by d and ¢ = 5 in (3.1), we get

- r (%) I(1- b1 - d)
1 1

1—d 1 1, 1
F<1—§b—§d)1“(——§b—§d>

2

After some simplification, we get

b;—1 ] T{1-bI'(1—d)
1y { 1—d} - 20HD(1 — b — d) (5:1)
(ii) Replacing b=-2p and d=2q in (3.2), we get
1 —n
- 2o (5 +p+a) (-0
1 n 1 n n n
= F(§+§+p>F(§+§+q)F(1—p+§)F(1—q+§>
I'(1+2p) (5.2)

T /1 1
r (5) r <§ +p+q> I(1+p—q)
Several other special cases could also be deduced.
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