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Abstract: Let G = (V, E) be a simple and connected graph. The degree of a
vertex u and its eccentricity of a graph G is denoted as d(u) and e(u) respec-
tively. The eccentric connectivity polynomial £°(G,x) of a graph G is defined
as (G, ) = X cvio d(uw)xz¢™ and the modified eccentric connectivity polyno-
mial £.(G,x) of a graph G is defined as £.(G,z) = ZUEV(G) M (u)x¢™ | where
M(u) = 3, cng d(v) Le., sum of the neighbouring vertices of u € V(G). The
first derivative of these polynomials evaluated at © = 1 generates eccentric con-
nectivity index {*(G) defined as {(G) = }_,cy(q) d(w)e(u) and modified eccentric
connectivity index &(G) defined as &(G) = >°,cy(q) M (u)e(u) respectively. In
this paper, we present the generalized results for eccentric connectivity polyno-
mial, modified eccentric connectivity polynomial and their respective indices for
Jahangir graph J,, ,,, with n > 2 and m > 3.

Keywords and Phrases: Eccentric connectivity indices, eccentric connectivity
polynomials, Jahangir graph.
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1. Introduction
Let G = (V, E) be a simple and connected graph with V(G) as the vertex set

and F(G) as the edge set. The degree of a vertex u in a graph G is denoted as d(u)
and is defined as the number of edges of a graph G incident with vertex u [5]. The
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distance d(u, v) between two vertices u and v is the minimum of the lengths of the
u—v paths of G [5]. The eccentricity e(u) of a vertex u of a connected graph G is the
distance between vertex u and a vertex farthest from u [5]. A topological index is a
molecular descriptor which characterizes the topology of a graph through numerical
parameters. Amongst the numerous topological indices defined, one interesting
distance based topological index is the eccentric connectivity index £°(G) of a
graph G defined by Sharma et al. [10] as

(G =) due(u) (1)

ueV(G)

where d(u) denotes the degree of vertex u and e(u) denotes its eccentricity in a
graph G.

The eccentric connectivity polynomial £(G, x) of a graph G was defined by
Ghorbani et al. [2] as

E(Ga) =) dur™ (2)

ueV(G)

It is observable that eccentric connectivity index £°(G) is the first derivative of
eccentric connectivity polynomial £¢(G, z) evaluated at x = 1.
For a vertex u € V(G), the neighbourhood of w in G is denoted as Ng(u) and
defined as the set consisting of all vertices that are adjacent to u i.e., Ng(u) =
{v e V(G) : wv € E(G)} and M (u) is the neighbourhood degree sum of a vertex
u € V(G), defined as M(u) = > . @) d(0).
The modified eccentric connectivity index &.(G) of a graph G was defined by Ashrafi
and Ghorbani [3] as

E(G) = Y M(ue(u) (3)

where,

i.e., sum of the neighbouring vertices of u € V(G).
The corresponding modified eccentric connectivity polynomial &.(G, x) is defined
as

Gy = 3 M(u)at® (4)

ueV(G)
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Clearly, the modified eccentric connectivity index £.(G) is the first derivative of
modified eccentric connectivity polynomial £.(G, ) evaluated at x = 1.

For undefined terminologies refer [7].

The Jahangir graph J,, ,,, [1, 9] is a graph on (nm+1) vertices and m(n+1) edges for
every n > 2 and m > 3 i.e., a graph consisting of a cycle C,,,,, with one additional
vertex which is adjacent to m vertices of C,,,, at a distance n to each other on C,,,,.
It is denoted by J, ,,, for every n > 2 and m > 3.

Bl

12,3 13,4 -’4,5 /5,6

Figure 1: Some examples of Jahangir graphs.

Motivated by [4, 6, 8], we compute eccentric connectivity polynomials, modi-
fied eccentric connectivity polynomials and their respective topological indices for
Jahangir graph.

2. Main Results

Results for eccentric connectivity polynomial £°(J,,,,z) and eccentric
connectivity index £°(J,, ).
Theorem 2.1. For the Jahangir graph J 3,

£(Jp3,7) = 152° + 32 and £°(Jy3) = 51.

Proof. Let J3 be a Jahangir graph. To compute £°(Jo3,2) and £°(.Jy3) entries
from Tab. 1 are considered.

Case | d(u) | e(u) | Number of vertices | Terms of £°(Jy 3, )
a 3 2 1 3z?

b |3 |3 |3 3(32%)

c 2 3 3 3(2x3)

Tab. 1: Degrees and eccentricities of vertices in Jy 3.
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Details of Tab. 1 are discussed as follows:
Case a. The graph J, 3 has a central vertex of degree 3 and eccentricity 2. Hence,

the first term of £¢(Jo3,x) is 3z

Case b. The vertices adjacent to central vertex are 3 in number having degree 3

each and eccentricity 3. Hence, the second term of £¢(Jo 3, ) is 3(3z3).

Case c. The vertices at distance 2 from the central vertex are 3 in number having

degree 2 each and eccentricity 3. Hence, the third term of £¢(Ja3,x) is 3(22?).
From equation 2 and Tab. 1, it follows

E(hgr) = Y du)z™

uGV(Jzyg)
= 1522 + 322

Since, £°(J2,3) is the first derivative of £(Jo3,2) at o = 1, it follows

§(J2,3)

0
ox

ox

= 5L

—(SC(J2’37"L‘)) |m:1

0
—(152% + 32?) |1

Theorem 2.2. If J, 5 is a Jahangir graph with n =2k, k = 2,3, ..., then

gc(‘]nfn SIZ‘) =

nt4 3(n2—2n-8)
8

3(a"2 + 32" +4a

+ 62") and

£(Jn3) = 3(3n? + 10n + 2).

Proof. Let J,3 be the Jahangir graph with n = 2k, k£ = 2,3,.... To compute
€(Jn s, x) and £°(J,3) entries from Tab. 2 are considered.

Case | d(u) | e(u) Number of vertices | Terms of £°(.J,, 3, x)
a 3 nTH 1 3T

b |3 |%° 3 3(3¢"7)

c |2 |00 g g 6(20" %)

d 2 n+1 9 9(21.714-1)

Tab. 2: Degrees and eccentricities of vertices in J, 3 with n = 2k, k = 2,3, ...
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Details of Tab. 2 are discussed as follows:
Case a. The graph J,, 3 has a central vertex of degree 3 and eccentricity

Hence, the first term of £°(J, 3, ) is 322" .

Case b. The vertices adjacent to the central vertex are 3 in number having degree
3 each and eccentricity “. Hence, the second term of £°(J, 3, ) is 3(3z"2).
Case c. There are 6 Vertlces each at a distance 2, 3, ..., ("5= 1-2) respectively from the
central vertex, total of such vertices are 3(n — 4) in number having degree 2 each
and sum of their eccentricities is w Hence, the third term of £°(J,, 3, ) is

(n—4)(3n+6)

62~ = ).

Note: In Case c there are total 3(n — 4) vertices. Amongst these total vertices
every 6 vertices have same eccentricity. For example, in Jg3 there are total 12
vertices belonging to Case ¢ each vertex with degree 2. Out of these 12 vertices,
6 vertices have eccentricity 7 and remaining 6 vertices have eccentricity 8. This
pattern follows for other .J,3 with n = 2k, k& = 2,3,... graphs. Since 6 is the
common factor for (3(n — 4)) vertices, by equation 2, the third term of .J, 3 is
625 "=y

Case d. There are 3 vertices at a distance "+2 and 6 vertices at a distance § from
the central vertex, total number of such Vertlces are 9 having degree 2 each and
eccentricity n + 1. Hence, the fourth term of £(.J, 3, z) is 9(2z"*1).

From equation 2 and Tab. 2, it follows

SC<Jn,37 .CE) = Z d(U).Te(u)

uGV(Jn 3)

n+2
5 -

3(n?—2n—8)

= 3(a"F 432" 4 s + 62",

Since, £°(J,3) is the first derivative of £°(J,, 3,2) at x = 1, it follows

0
gc(‘]n,?)) = a_x<§c(:]n73,£€)) ’x:l
0 + 3(n2—2n-8)

= a—x(3( F32" T A s 462" [y
3
= 5(3n2 +10n + 2).
Theorem 2.3. If J,, ,, is a Jahangir graph with n as even and m > 4, then

n+d (3n242n—16)

E(Jpm, ) = m(z"s +32"% +4z 5 +22""2) and
§(Jnm) = B(3n* + 10n +6).
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Proof. Let J,,, be the Jahangir graph with n as even and m > 4. To compute
E(Jnm,x) and £°(J,, ) entries from Tab. 3 are considered.

Case | d(u) | e(u) Number of vertices | Terms of £°(.J,, m, x)
a m nTJrQ 1 mr'z

b 3 - m m(anTH)

¢ 2 | 208 | om om (228

d 2 n -+ 2 m m2r" %)

Tab. 3: Degrees and eccentricities of vertices in J,, ,,, with n as even and m > 4.

Details of Tab. 3 are discussed as follows:

Case a. The graph J,,, has a central vertex of degree m and eccentricity 22

2
Hence, the first term of £°(Jm, ) is ma"s
Case b. The vertices adjacent to the central vertex are m in number having degree

3 each and eccentricity “t. Hence, the second term of £°(Jy, m, ) is m(3z"%) .

Case c. There are 2m vertices each at a distance 2, 3, ..., (§) respectively from the
central vertex having degree 2 each and sum of their eccentricities is w.
(n—2)(3n+8)

Hence, the third term of £°(J,, 1, x) is 2m(2z~ & ).
Case d. The vertices at a distance ”T*z from the central vertex are m in number
having degree 2 each and eccentricity n + 2. Hence, the fourth term of £°(Jym, )
is m(2z""?).

From equation 2 and Tab. 3, it follows

& (Jnm ) = Z d(u)xe(u)
UEV(Jn,m)

nt2 ntd (3n242n—16)
= m(zx 2z +3x° 2 +4x s + 22"12),

Since, £°(Jy,m) is the first derivative of £°(J,m, z) at z = 1, it follows

0
gc(Jmm) = %(gc(Jn,max)) |x:1

+

nrT2
2

4—1—433

X
%(3712 +10n +6).

+ 2xn+2)) |x:1

Theorem 2.4. If J, ,, is a Jahangir graph with n as odd and m > 3, then

(3n2 +4n—"7)

E(Jnm,x) = m(anJrl 432" +da s ) and &(Jnm) = %(3712 + 8n + 3).
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Proof. Let J,,, be the Jahangir graph with n as odd and m > 3. To compute
E(Jnm,x) and £°(J,, ) entries from Tab. 4 are considered.

Case | d(u) | e(u) Number of vertices | Terms of £°(J,, m, x)
a m 2l 1 ma et

b |3 |2 " (3

o 9 (n—l)é3n+7) om 2m(2$%>

Tab. 4: Degrees and eccentricities of vertices in J, ,,, with n as odd and m > 3.

Details of Tab. 4 are discussed as follows:
Case a. The graph J,,, has a central vertex of degree m and eccentricity ”H

Hence, the first term of £°(Jy,m, ) is mx o
Case b. The vertices adjacent to the central vertex are m in number having degree

3 each and eccentricity “+2. Hence, the second term of £°(Jy, ., ) is m(3z"%) .
Case c. There are 2m vertlces cach at a distance 2, 3, ..., (%£}) respectively from

(n=1)(3n+7)

the central vertex having degree 2 each and sum of their eccentricities is S

(n=1)(3n+T7)

Hence, the third term of £°(J,, 1, x) is 2m(22~ 5 ).
From equation 2 and Tab. 4, it follows

Enmor) = Y dwa
UGV(Jn m)
n2fan—
= m(z e 7)).
Since, £°(Jm) s the first derivative of £°(Jym, z) at @ = 1, it follows

0

) = (6 Um )
a n244n—
= %(m( S 432 +4xw)) |lo=1
= %(3n2+8n+3).

Results for modified eccentric connectivity polynomial &.(J,m,,z) and
modified eccentric connectivity index &.(J,m)-
Theorem 2.5. For the Jahangir graph J, 3,

Ec(Jog, x) = 392° +92° and &.(Jp3) = 135.

Proof. Let Jy3 be a Jahangir graph. To compute £.(J23,x) and &.(Jo3) entries
from Tab. 5 are considered.
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Case | M(u) | e(u) | Number of vertices | Terms of &.(Jo3, )
a 9 2 1 922

b |7 3|3 3(72%)

c 6 3 3 3(627)

Tab. 5: M(u) and eccentricities of vertices in J 3.

Details of Tab. 5 are discussed as follows:

Case a. The graph Jo3 has a central vertex with M (u) = 9 and eccentricity 2.

Hence, the first term of &.(Jo3, ) is 922

Case b. The vertices adjacent to central vertex are 3 in number with M(u) =7

each and eccentricity 3. Hence, the second term of &.(Ja3, ) is 3(72?).

Case c. The vertices at distance 2 from the central vertex are 3 in number with

M (u) = 6 each and eccentricity 3. Hence, the third term of &.(Ja 3, z) is 3(623).
From equation 4 and Tab. 5, it follows

Ec(Jog,x) = Z M (u)z*™ = 392% 4 922,

uEV(ngg)

Since, &.(.Ja3) is the first derivative of {.(Jo3, ) at o = 1, it follows

) = (&l )

)
= 8—$(39x3 + 92%) 1= 135.

Theorem 2.6. If J,,, is the Jahangir graph with m > 4, then
Ec(Jom, ) = m(32% + (4 +m)2® + 62Y) and £.(Jy.m) = m(3m + 42).

Proof. Let J;,, be the Jahangir graph with m > 4. To compute &.(J2m, z) and
&.(Jam) entries from Tab. 6 are considered.

Case | M(u) | e(u) | Number of vertices | Terms of &.(Jam, x)
a 3m 2 1 3ma?

b 44+m |3 m m((4 4+ m)x?)

c 6 4 m m(6z%)

Tab. 6: M(u) and eccentricities of vertices in Jy,, with m >4 .
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Details of Tab. 6 are discussed as follows:

Case a. The graph Js,, has a central vertex with M (u) = 3m and eccentricity 2.

Hence, the first term of &.(Jam, x) is 3ma?.

Case b. The vertices adjacent to central vertex are m in number with M (u) = (4+

m) each and eccentricity 3. Hence, the second term of &.(Jam, x) is m((4 +m)z?).

Case c. The vertices at distance 2 from the central vertex are m in number with

M (u) = 6 each and eccentricity 4. Hence, the third term of &.(Jom, ) is m(6x?).
From equation 4 and Tab. 6, it follows

E(Jom,x) = Z M (u)z*®

uEV(Jzym)
= m(32* + (4 +m)z® + 62%).

Since, &.(Ja,,) is the first derivative of &.(Ja,,, x) at x = 1, it follows

9

ox
0

— g(m(?)xQ + 4+ m)a:?’ + 6m4)) le=1

= m(3m + 42).

Ee(Jom) = (€c(J2,m, 7)) |o=1

Theorem 2.7. For the Jahangir graph Jy 3,
Ee(Jus, ) = 420° 4+ 212" + 92% and €.(Jy3) = 321.

Proof. Let J,3 be a Jahangir graph. To compute £.(Jy3,x) and &.(Jy3) entries
from Tab. 7 are considered.

Case | M(u) | e(u) | Number of vertices | Terms of £.(Jy3, )
a 9 3 1 923

b 7 4 3 3(7z*)

c 5 5 6 6(5x°)

d |1 5 13 3(12%)

Tab. 7: M(u) and eccentricities of vertices in .J, 3.
Details of Tab. 7 are discussed as follows:

Case a. The graph Jy3 has a central vertex with M (u) = 9 and eccentricity 3.
Hence, the first term of &.(Jy 3, ) is 923,

Case b. The vertices adjacent to central vertex are 3 in number with M(u) =7
each and eccentricity 4. Hence, the second term of &.(Jy3,z) is 3(7z4).
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Case c. The vertices at distance 2 from the central vertex are 6 in number with

M (u) =5 each and eccentricity 5. Hence, the third term of &.(Jy 3, ) is 6(5z°).

Case d. The vertices at distance 3 from the central vertex are 3 in number with

M (u) = 4 each and eccentricity 5. Hence, the fourth term of &.(Jy 3, z) is 3(42°).
From equation 4 and Tab. 7, it follows

Elazx) = Y Mua™

uGV(J473)
= 422° + 212* + 923,

Since, &.(Jy3) is the first derivative of &.(Jy3,z) at = = 1, it follows

E(hs) = o(Ela ) o

0
= %(42x5 + 212% + 92%) |21

= 321.

Theorem 2.8. If J,, 3 is the Jahangir graph with n = 2k, k = 3,4, ..., then

+6 (3n2 —10n—48)

Ee(Inp ) = 3(333%2 F T2 41027 + 8z &+ 122"*1) and
E(Jns) = 9n? +36n + 33.

N

Proof. Let J,3 be the Jahangir graph with n = 2k, & = 3,4, .... To compute
&c(Jns, x) and &.(J,3) entries from Tab. 8 are considered.

Case | M(u) | e(u) Number of vertices | Terms of £.(J, 3, )
a |9 nt2 1 92"

b 7 ntd 3 3(7z")

c 5 nt6 6 6(52"7

d |4 (n=0)6nt8) [ 31, _ 4 6(da 5

e 4 n+1 9 9(4x™t)

Tab. 8: M(u) and eccentricities of vertices in J,, 3 with n = 2k, k = 3,4, ...

Details of Tab. 8 are discussed as follows:
Case a. The graph J, 3 has a central vertex with M (u) =9 and eccentricity

Hence, the first term of £.(J, 3, ) is 915"

n+2
5 -



Eccentric Connectivity Polynomials and their Topological Indices ... 267

Case b. The vertices adjacent to central vertex are 3 in number with M(u) =7
cach and eccentricity “*. Hence, the second term of &.(J,, 3, z) is 3(7z"2).

Case c. The vertices at distance 2 from the central vertex are 6 in number with
M (u) = 5 each and eccentricity “£°. Hence, the third term of & (J, 3, z) is 6(52"2").
Case d. There are 6 vertices each at a distance 3,4, ..., ("52 2) respectively from the
central vertex, total of such vertices are 3(n —4) in number having M (u) = 4 each
and sum of their eccentricities is #=8(3n+8) Hence, the fourth term of £.(J, 3, )

is 6(4:15 <n—6)é3n+8> ) s

Note: In Case d there are total 3(n — 4) vertices. Amongst these total vertices
every 6 vertices have same eccentricity. For example, in Jjo3 there are total 12
vertices belonging to Case d, each vertex with M (u) = 4. Out of these 12 vertices,
6 vertices have eccentricity 9 and remaining 6 vertices have eccentricity 10. This
pattern follows for other .J,3 with n = 2k, k& = 3,4, ... graphs. Since 6 is the

common factor for (3(n — 4)) vertices, by equation 4, the fourth term of J, 3 is
(n—6)(3n+38)

6(4z s ).

Case e. There are 3 vertices at a distance ”*2 and 6 vertices at a distance 3 from
the central vertex having M (u) = 4 each and eccentricity n + 1. Hence, the fifth
term of &.(J, 3, ) is 9(4z™ ).

From equation 4 and Tab. 8, it follows

Ec(Tns ) = Z M (u)z*®

(3n2 —10m—48)

= 3(3x¥ F T2 4102 + 8z & + 1227,

Since, &.(J,, 3) is the first derivative of &.(.J, 3,2) at x = 1, it follows

gc(JmS) = (gc( n,3, L )) |:v=1
a n n2_10n—
= %(3(333 Pt 100" e 122") |z

= 9n® + 36n + 33.
Theorem 2.9. If J,,, is the Jahangir graph with n =2k, k = 2,3, ... and m > 4,
then

(3n2—2n—40

§e(Jnm ) = m<3$n7+2+(4+m)90 L T + 42"*?) and
Ee(Tnm) = %(6n2+21n+4m+mn+18),
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compute &.(Jp,m, x) and &.(Jy,n) entries from Tab. 9 are considered.

and m > 4. To

Case | M(u) | e(u) Number of vertices | Terms of &.(Jym, )
a 3m ”T“ 1 3ma"s
b 4+m | 24 m m((4+m)z"r)
c 5 o 2m om(5z" )
d 4 w om 2m(4x%)
e 4 n+ 2 m m(4x""?)
Tab. 9: M (u) and eccentricities of vertices in J,, ,, with n =2k, k = 2,3, ... and

m > 4.

Details of Tab. 9 are discussed as follows:

Case a. The graph J,,, has a central vertex with M (u) = 3m and eccentricity
"T”. Hence, the first term of &.(J,, m, ) is 3ma 2

Case b. The vertices adjacent to central vertex are m in number with M (u) =

(44 m) each and eccentricity “:*. Hence, the second term of &.(Jpm, x) is m((4 +

m)a*t’)

Case c. The vertices at distance 2 from the central vertex are 2m in number
with M (u) = 5 each and eccentricity ”TJFG. Hence, the third term of &.(Jym, ) is

n+6

2m(bx 2 ).
Case d. There are 2m vertices each at a distance 3,4, ..., (

n

2

central vertex with M (u) = 4 each and sum of their eccentricities is
n—4)(3n+10) )
5 .

Hence, the fourth term of &.(Jpm, x) is 2m(43:(
Case e. The vertices at a distance "T” from the central vertex are m in number
with M (u) = 4 each and eccentricity n + 2. Hence, the fifth term of &.(J,,m, x) is

m(4z"™2).

From equation 4 and Tab. 9, it follows

Z M (u):pe(“)

uEV(Jn,m)

) respectively from the
(n—4)(3n+10)
—

gc(Jn,ma l‘) =

(3n2—2n—40)

= m(anTJr2 + 4+ m)anJrAl +102"2 4+ 8z + 42"12),
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Since, &.(Jp.m) is the first derivative of £.(Jpm, z) at @ = 1, it follows

gc((]n,m) = (5(:( n,m; )) |;E:1
(3n2—2n—40)

a )
- éz(nm3x4%7-+(4-+7n) S 102" 48z 5 4+42™?) [

= %(6712 + 21n + 4m + mn + 18).

Theorem 2.10. If J, ,, is the Jahangir graph with n as odd and m > 3, then

(3n2—27)

50( n,m; ) = m(3w%ﬂ+(4+m)$ 2 +101’ e +8x 8 )cmd
&c(Jnm) = %(6n2+17n+3m+mn+11).

Proof. Let J,,, be the Jahangir graph with n as odd and m > 3. To compute
Ec(Jnm, x) and &.(J,m) entries from Tab. 10 are considered.

Case | M(u) | e(u) Number of vertices | Terms of &.(Jym, )
a 3m "TH 1 3ma"z

b A+m | nH3 m m((4+m)z"?)

c 5 nid 2m 2m(5z"2)

d 4 w 2m 2m(4xw)

Tab. 10: M (u) and eccentricities of vertices in .J, ,, with n as odd and m > 3.

Details of Tab. 10 are discussed as follows:

Case a. The graph J,,, has a central vertex with M (u) = 3m and eccentricity

”“ Hence, the first term of &.(J,, m, ) is 3mas .

Case b. The vertices adjacent to central vertex are m in number with M (u) =

(4+m) each and eccentricity *:2. Hence, the second term of &.(Jpm, x) is m((4 +
m)z ).

Case c. The vertices at distance 2 from the central vertex are 2m in number
with M(u) = 5 each and eccentricity “°. Hence, the third term of &(Jpm, ) is
2m(5z"2).

Case d. There are 2m vertices each at a distance 3,4, ..., (”T“) respectively from
(n—=3)(3n+9)

the central vertex with M (u) = 4 each and sum of their eccentricities is 5

(n—3)(3n+9)

Hence, the fourth term of &.(Jpm, x) is 2m(da™ s ).
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From equation 4 and Tab. 10, it follows

Eldnm ) = Y M(u)z™
ueV (Jn,m)

(Sn —27)

= m(3:z:nT+1+(4+m) S +102" 48z s ).

Since, &.(Jpm) is the first derivative of £.(Jpm, x) at o = 1, it follows

fc(Jn,m) = (Sc( n,ms L )) |x:1

a
- %(m(sx%+(4+m) P 11007 482 )) s

= %(6712 +17n + 3m + mn + 11).
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