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Abstract: In the present article, new integral transform named Sandip transform
is introduced by authors. It yields Laplace, Sumudu, Natural, Stieltjes and Gen-
eralized Stieltjes transform as its special cases. The existence theorem, inversion
formula, Parseval-type identity and other results of Sandip transform are proved in
this paper. H-function and H-transform are used with Mellin transform as useful
tool for finding Sandip transform of functions. The relationship between Sandip
transform with Mellin, Generalized Stieltjes, H-transform are proved and applica-
tions of Sandip transform to partial differential equations are given in this paper.
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1. Introduction

In the field of Engineering, for the solution of linear ordinary and partial differ-
ential equations the method of integral transforms are very efficient. The simpli-
fication of given differential equations into initial-boundary value problems can be
done with some weight function of two arguments and integration of an equation.
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The selections of an integral transform dependants on a weight function and an
integration domain. These result into various integral transforms that are avail-
able in the literature. The basic integral transforms used more widely are Laplace
and Fourier transforms. The recent development in H-function and H-transform
shows its applicability in engineering field. Kilbas and Saigo [5] gave applications
and representation of all integral transforms into H-transform. The applications
of H-function to various fields were discussed by Mathai et.al. [6]. The classical
transform defined in book of L. Debnath and D. Bhatta [3], like Laplace, Mellin
and many have been used in solution of differential equations and it can be put into
the form of a special case of H-transform, also be called as G-transform. In 1993,
Sumudu transform was introduced by Watugula [13] and development of Sumudu
transform was done by Asiru [2] and Weerakoon [14]. Srivastava and Buschman
[10] used Mellin transform for H function. In 2015, Srivastava et.al. [11] defined
M-transform and gave its relationship with H-transform.

In present paper, the authors have defined Sandip transform in the first sec-
tion and used H-function, H-transform, Mellin transform [3] (p. 340), Generalized
Stieltjes transform [8], Natural transform [1], Laplace and Sumudu transform to
develop concept of Sandip transform and the existence, inversion and theorems
of Sandip transform in second section and examples, applications are in the last
section.

Definition 1.1. Sandip transform: Let y(t), be function of t > 0 then the
Sandip transform is,

) 11/We‘$@u>
Saly®), v, vy = [ A2 g — 2 [ E 2y 1
raly(t), vr, v2] /0 (vat + ) va o (t+a) M)

here vy, v9, A, € C, [Re(v1), Re(N)] > 0,v5 € (0,00),0 < arg(a) < .
Laplace transform, Sumudu transform and other Integral transforms can be
obtained from Sandip transform by taking particular values of vy, v9, A as follows,

1. Let vy = 1,\ = 0, one can get Laplace transform, [3] (p. 134, 3.2.5)
Ly®.v) = [ eyt Re(v)) >0 @)
0

2. Let v; = 1, A = 0, one can get Sumudu transform, [13]
Consider y(t) € A, here

[t]

A={yly(t) < Me, (t € (1)) x [0,00), j =1,2; M,ay,a, > 0)}

Sly(t),vs] = /0Oo e ty(vot)dt, vy € (—ay,as) (3)
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3. Let A =0, one can get Natural transform, [1]
N[y(t), v1] = / ely(ust)dt, (v1,v5) > 0 (@)
0
4. Let v; = 0,v9 = 1, A = 1, one can get Stieltjes transform, [3], (p. 391, 9.7.3)

Sluthal = [ Lt Jarg(e)] < )

5. Let v; = 0,09 = 1, one can get Generalized Stieltjes transform, [3],(p. 401,
9.11.1), [§]

A%MmﬂzéwzmlﬁmeM<w (©)

(t + «)

2. Properties of Sandip Transform

Let us begin the section with existence theorem of Sandip transform defined in
(1).
Theorem 2.1. let y(t) be continuous or piecewise continuous function oft in [0, 00)
such that |y(t)| < MtfeWea V¢ >T >0, M >0, a > 0 then Sandip transform
of y(t) is exists for Re(vl) > Re(b), vy € (0,a), Re(A) >0, 0 < |arg(a)| < .
Also it is defined as in (1)and it is uniformly convergent with respect to vy with
Re(vy) > 22,
Proof. Consider,

{Sk,a[y@),UhUZH < /000 |(€—v1 ‘y(v2t)| gt

Vot + )| Fe(N)

o] (’Ul——)tRe()\)
< Moyfe®™ / ‘. dt
= o (vot + a)fie®

Case (1). If & =0 then

Syaly(t), o1, va]| < M/ n-t2)
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(’Uzt) Re(X)

Case (2). If 0 < |arg(a)| < 7 then Tost ra] ey

< | (vat)?

o0 b
S aly(£), v, va]| < Mo} / -2 gy
0

MaRe(A)F(/\ +1) bus
= o o+ Relo) > m m<a

With the help of these two cases, the existence of Sandip transform defined in (1)
is proved and using Weierstrass’s test [12], it is uniformly convergent with respect
to vy with Re(vy) > 22,

1. Linearity Property:
Sxal(ayi(t) + bya(t)), v1, v2] = aSxalyi(t), v1, v2] + b\ alya(t), vi,v2]  (7)
2. Scaling Property: Let 0 < a € R

v
S)\,Oé [y(at)7 (%) UQ] - a(A_l)S)\,aa |:y(t>7 ;17 UQ] (8)

3. Let u(t) = { (1)’ i; z 8 be unit step function ([3], page 15) then

v1

Sy (L), vr, vs] = vlgstg[etw] ()

Here Sy, is Generalized Stieltjes transform.

4. First Shifting Property: Let Sandip transform exists for y(¢) then
Sxale™y(t), v1,va] = Sxaly(t), v + vaa, v2] (10)
5. Second Shifting Property: Let Sandip transform exists for y(t) then
_ v

Sraly(t —a)H(t — a),vi,v9] =€ 2.8 ayaly(t), v1, vo] (11)

6. Convolution Property: Let Sandip transform exists for y; () and y»(¢) then

Sual(t + @l on ] = L )l 2| (12

V2
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7. Removal Property: Let A > [ and Sandip transform exists for y(¢) then
Sxal(t+ @) 'y(t), v1,v2] = Sxaoialy(t), v1, vo] (13)

In particular, if A = [ then one can get, relation of Sandip transform with Laplace,
Normal and Sumudu transform as,

Snal(t +0)y(t), o1, 03] = Nly(t), 01, ] (14)
= L[y(uvat), v1] (15)
- @@gﬂ (16)

Theorem 2.2. let integral defined in (1) converges absolutely, then the inversion
of Sandip transform is

t

y(t) = (t+ Oz)’\[f1 {Sk,a[y(t),vl,vg], v_} , 0<a<mu € (0,a)
2

t A y+ioco 1
= ﬂ/ evlt |:S/\,Oc[y(t)a V1, UQ]v _:| dUl, v > 0 (17)
Y

271 ico (%)

Proof. From the definition of Sandip transform,

[Snaly(t), vr,v5] = L | 2255 v
Taking inverse Laplace transform of both sides, one can get

L [Sxaly(t), v1,v) = 228

Now changing ¢ by - - and using the formula of inverse Laplace transform given in
3] (p. 159, 3.7.7), we complete the proof.

Theorem 2.3. Let y(t) be piecewise continuous function having y"(t) as its con-
tinuous n'™ derivative satisfying conditions of theorem (2.1) such that Sandip trans-
form exists then

, v
Sxaly/ (), v1,02] = =Sy aly(t), v1, v2] + ASat1.aly(t), v1,v2] — ——y(0)  (18)
(%) Uy
In general,
S,\,a[yn(t),vl,w] = _S)\a[ 7117112 + A E “h 1SA+1a[y(t)7U17U2]

k02

nif

— iA Z (19)
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Proof. Consider y(t) and y/(t) having Sandip transform then
6‘””,7;(1121 * 1 [*d [ et
(

) 1
Sxaly (t),v1,v9] = — [(Uzt-i-a)/\ 0 Sy dt

o /\} y(vat)dt

vot + )
1

v
= U—;SA,a[y(t)yvhvﬂ + )\SA+1,a[y(t)aUhU2] - o y(O)

s e y(vat)
Here nlgg(} it =0,

e wal) | Nrgre~ (Dt () ag t — 0o
(vat+a)r | — :

To prove the general case, we replace y/(t) by y”(t) and continue the same proce-
dure.

using the conditions given in existence theorem of Sandip

transform as,

Theorem 2.4. Let y(t) be piecewise continuous function having y"(t) as its con-
tinuous n'™ derivative satisfying conditions of theorem (2.1) such that Sandip trans-
form exists then

n n—1 n—k—1
)
Shal(t+ O‘)Ayn(t)a vy, Vg = U—;N[y(t), vy, Vg — Z ;n,k yk(o) (20)
2 k=0 2
In particular, A = 0, one can get

n U? — U?_k_l k

So.aly"(t), v1,v2] = U—nSo,a[y(t)7U1,U2] - Z ok y"(0) (21)
2 k=0 2

Theorem 2.5. Let z(t) be function satisfying conditions of theorem (2.1) such
that Sandip transform exists and if a > 0 then following identities holds true,

Sxalz(t)Liy(vy),t], ave, vo] = /000 y(v1)Sxale”®x(t), vive, vo]duy, (22)

Sxalz(t)Ny(v1),t, ve], ave, vo] :/ y(v102) Sy ale”x(t), vive, vo]duy (23)
0

Proof. Using the definition of Sandip transform,

Syt Lly(v1), 1], avs, v5] = /0 h % [ /0 b e_”wzty(vl)dvl} dt

B e o] e o] €_U1U2t€_av2tl’<1}2t)
_/0 y(vr) UO T | s

= / y(v1)Sxale”®x(t), vive, vo]duvy
0
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The proof of second is similar to that of first one.

Following deductions can be obtained from (2.5) by taking particular values as,
Deduction 1. Let, a =1 then

I~ y(v1)Saale™ x(t),vlvg,vg]dvl = = Sigle™ " (t) L(y(v1), 1), o, A

Here St is generalized Stieltjes transform.

Deduction 2. Let, y(t) = t™! then

t
MiSale= e (t), vrvn, val, m] = Tm)Sha [% ]
Here M|z fo t*~Lx(t)dt, is called Mellin transform [1]

Deductlon 3 Let,

o=z [ 0]

then there exists relationship between H-transform and Sandip transform as,

(07 1)7 (ai> ai) U
(biaﬁj)l,v 1 :| 7av27v2:|

Here we use the define H-function and H-transform as given in [5] (p. 1, 1.1.1,
1.1.2) and (p. 71, 3.1.1)) also [10], [11].
Proof. Using the definition of H-transform, one can get

mn /U
H[Syale™x(t), v1vy, va), v5] = SM{ (t)Hth} [72

H[S)\ya [e_at$(t) V102, U2 'U2 / Hmn |:’U12]2

o gﬁﬂ Srale™w(t), v1va, valdoy

((Z; gj;i’:} ) t? UZ) , A2, UQ]

One can get the required equality using Natural transform of H-function [11] (p.

1396, 3.15)
(ai Oéi)lu:| > | {02 (0,1), (a; ai)lu:|
N (H o g G| te ) = SHIS 2T g 0
( “ [1 (b, Bi)1,0 ? SR I R (NG P
Theorem 2.6. (Parseval-Type theorem) Let x(t) and y(t) be function satisfying

conditions of theorem (2.1) such that Sandip transform ezists then following iden-
tities hold true

00 V1V & z(tv
/ ) g be(t),on, vy = / (#Swl [y(v1),t, va)dt
0 0 2

(v1vg + 1)

= S)\ya[x(t>N (Hgf{)n |:U1
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If A1 = )Xo = X and a; = as = « then,

< y(vivy) [ z(tr) . .
/0 A Sl ()., o = /0 TSy Lt (25)

VU + @)

Proof. Consider,

/0°° (W;WMSMQ [2(t), vy, vs]dv, = /OOO % UOOO Mdt} o

V1V + o) (vat + ag)P2
[e'e} e ] —v1t
:/ x(vat) . [/ € y(U1U2/\) dvl} dt
o (vt +ag) | Jy (vvg +aq)M
< x(tv
[ e Sl ol
0

2.1. Examples of Sandip Transform
Theorem 2.7. Following results hold true for Sandip transform

Shale™, 01, 02) = 1 avi)F()\)a’\Hié K”l;—;w) o 8(1) 1)] (26)

>

(Re(A) >0, a>0, a>0, Re(vy) > avs)

T vt G K P )

(Re(A\) >0, a>0, a>0)
n—1
Sxalt" v1,v0) = 2 > {%

1)
TN (n, 1), O\, 1)] (28)

(Re(A) >0, a>0, a>0, Re(vy) >0)

n—1
_ v V1 — avy
S N " 1 _at — 2 5[2,1
ralt" e, v, (v1 — avy)"I'(N)ar 2 “

1,1)
) O\ 1>} (29)

(Re(A) >0, a>0, a>0, Re(vy) > avy)
Let (t + a) o Fy(a, b;c : —t) be hyper geometric function then

Spallt+ oz)AQFl(a, byc: —t), vy, vg)

(%1

_ 22|
DO (c— b, *? ng

(1—b,-1),(1,1)
(1,1), (a, 1), (1 = c,—l)] (30)
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Proof. Lets prove first identity, remaining can be proved with similar procedure.
To use procedure we follow [11]. Now consider,

Sxale™, v1,v2] / T
o6, vr, 0] = —
» b2 o (vat +a)?
L[ a7 stz a1
_ e~ V1 —ave t/ e~ vot+a ZZ - dZdt
I'(A) /0 0
Here we use the result, [~ e 2" dy = L0 (more detail see [3], p. 43)

1 /OO[/OO —(v1—avatvaz)t } —az A1
= — e 1T ATt e T AT 2 31
o Lo (31)

Let, I(z) = [ e~ (1mav2tv22)idy take its Mellin transform interchanging the order

of integration,
M[](Z), :L‘] - / e~ (v1—ava)t |:/ zx—le—vztzdzj| dt
0 0

_ F(x) /00 6—(U1—av2)tt1—m—ldt
0

U3

MiI(2). 2] = LT =) (m - m)ﬂ” (32)

V1 — aVy V2

To obtain I(z) takes inverse Mellin transform of (32),

()= — 1 / @) - o) (w> g (33)

- 2mi(vr — avs) J e Vg

To get the required answer, substitute (33) in to (31) and interchanging the order
of integration,

1 00 v —avy \ " e
N at T (1 1 2 / oz A—x 1d d
S)\’ [e ,vl,vg] = 5 i(vl Uz) ()\) /l (:C) ( — :z:) ( " ; e z z | dx

_ 1 X /m T(—2)T(1 + 2)T(A + z) <”1 — 4 > R

V2
1 21 V1 — avg
= H?
(01 — avg)T(N)ar 12 K v ) “

(1.1)
(L.1). (A 1)] (34)
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The last step is followed from definition of H-function.
In particular if we take a = 0 in first equality, one can get

1 2,1
R & -5 Pt
v (N2 [

S)\7a[17 Uy, U?} =

Similarly one can find Sandip transform of sine and cosine hyperbolic functions.

Let us prove now Sandip transform of Hyper geometric function
Consider, (t + a)*yF(a,b;c : —t) be hyper geometric function then

Sxallt+ a)’\gFl(a, byc: —t),v1,v9)

o v 1

= %/% /ub_l(l — ) N1 4 tu) " dudt

0

Now using the similar procedure as we used to prove equation (26), we get
S)\ya[(t + Oé))\gFl (a7 b, C: —t>, V1, Ug]

(

1

1
1 I'(c) b—1 —bpy2,1 | N1
== 1— ) HE |22
ve ['(D)I'(c — b) /u (1-w) b2 wpu

0

§Z<1a,1>] u

(1—10b,-1),(1,1) }
(1,1),(a,1),(1 —¢,—1)

(1,

1 [(c) 20 [V100
(O (c—0b) > | vy

This last step we get using particular values in Euler transform of H-function (more

detail see [6], 2.53, page 59)

Let U(a;c;x) be Confluent Hyper geometric function (see [7] for more detail)

of the second kind and

ta_l
t) = ———
v = o
then . (@
1o~ vol'(a o, N«
Sxa [Wﬂfl,@z} = WU (6% =A; v_2>

2.2. Applications to Partial differential Equations

(35)

Example 2.8. Let us solve inhomogeneous Wave equation, given in [3] (p. 219)

1 T
— Ut — Ugy = ksin (—), 0<z<a,t>0, u=u(zt)
c a

(36)
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subject to the initial and boundary conditions u(z,0) = 0 = w(z,0), 0<z <a
and u(0,t) = 0 = w(a,t), t>0
Let A > 0 then given equation can be written as,

(t+ a)*

—ug — (t+ ) Mgy = (t 4+ ) ksin (Lx>
¢

a
Taking Sandip transform of both sides and using equation (20) with U = N [u(z, ),
v1, V2], using given conditions, one can get

el S § S
dr?  v3c? vy

U v? k (ﬂx)

a

It is linear differential equation of second order having solution,

vy v k:a202v§ . <7TZL“>
n

x
U=cie2 +cpe 2 +
vy (v?a? + m2c2v3) a

With the help of remaining conditions, one can get ¢; = 0, ¢y = 0.

ka*c*v3 . (TT ka* . /mxN\ [ 1 v1a?
U= 22 22 2 o\ T )= S T S T 22,2
v1(via? + m2cv3) a T a/ |vy  via®+ m2cv;
Using inverse Normal transform, one can get
ka* . /mx wet
u(x,t) = —sin(—) |1 —cos | —
T a a

Example 2.9. Let us solve the equation

TU + Uy = r>0,t>0,0<a<m (37)

x
(t+ a)

Rewriting given equation and taking Sandip transform of both sides with vy = 1,
U = Llu(z,t),v1] Using given conditions, one can get

172’[)
It is first order linear differential equation with integrating factor e 2 and general
solution using given initial condition is,

_ B0 U B B
U=|1—¢e "2 U_%F<)\)OCAH172 v
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Taking inverse Laplace transform as given in [6] (p. 2.21, 2.23) and using inversion
theorem of Sandip transform (2.2) with little bit simplification one can get

1 1 1
u(x,t) = T—N ((t+a)()‘1) - a(>\1)>

1 1 1 " (t_ m2>
_ A—1 A—1 9
(1-X) (t_ % +a)( ) a(A-D) 2
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