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Abstract: In this research paper, a method has been devised to solve some Dio-
phantine equations of fourth power. To begin with, an integer is expressed as an
algebraic quantity, then utilising these algebraic quantities, a quartic Diophantine
equation is written as an algebraic equation of fourth power with real and rational
coefficients. The quartic is, then reduced to a linear equation that gives straight-
way solution. The process of reduction of the quartic to linear equation entails
some conditions which are incorporated in the solution. Last, use of elementary
and only elementary functions makes this paper easily comprehensible to scholars
and students alike.
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1. Introduction

A Diophantine equation of fourth power is traditionally written as 4.q.r equation
where first figure 4 denotes its power, second figure ¢ its number of terms in right
hand side RHS or left hand side LHS whichever is less and third figure r its number
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of terms in right hand side RHS or left hand side LHS which is more than the other.
That is 4.q.r equation is a Diophantine equation of fourth power with number of
terms say in LHS as ¢ and number of terms in RHS as r such that ¢ < r. If a
Diophantine equation of fourth power has equal number of terms in LHS and RHS
say n, it is written as 4.n.n. Symbol Y " | a; used in this paper will mean sum of
terms a; when ¢ varies from 1 to n, in other words, Z?Zl a; = a1+ as+as+...+ay,.
Diophantine equations of fourth power i.e. 4.3.3, 4.4.4, 4.2.3, 4.3.4 and 4.n.n as
given below will be solved and their parametrisation found.

A'*+ B'+C'=D'+ E'+ F,
A LB A C A D = B+ F 1+ G+ HY,
A' 4 B4 C = D'+ B
A*+ B*+C*= D'+ D'+ (2D)*,
A LB Lt DY B A oA
and
Al+ A+ Aj+ o+ AL =A)  + AL+ AL+ .+ Al
Such Diophantine equations have been dealt by Piezas and Weisstein [Piezas and
Weisstein 7]. Ramanujan gave the equations
2 44t 4 7 =3 16" + 6,
S CRNI U L V)
and
6* +9* + 12* = 2* + 2% + 13
[Berndt and Bhargava 1; 1994, p. 101]. Similarly, examples were given by [Martin
6; (1896)]. Ramanujan also gave the general expression

3+ (22 — 1) 4 (42° + 2)* = (4ot + 1D + (62" — 3)* + (42° — 52)?

[Berndt and Bhargava 1; 1994, p. 106]. Several formulas [Dickson 2; (2005, pp.
653-655)] have been cited giving solutions to this equation and a general formula
[Haldeman 3; (1904)] was also given. Another identity given by Ramanujan is

(a+b+c) ' +(b+ct+d)* +(a—d)*=(c+d+a)* + (d+a+b)*+ (b—c)

where a/b = ¢/d and 4 may also be replaced by 2 [Hirschhorn 4; (1998)].
Parametric solutions to the equation

A*+ B*+C*=D*+ E*
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are known. The smallest solution is
345t 8t =74 7

[Lander, Parkin, and Selfridge 5; (1967)]. Although solutions to some of the equa-
tions out of six, are known, all the six are being considered in the paper owing
to the fact that the solutions provided by us, are easy to apply. To start with, a
rational and real quantity say n can always be expressed as

n=az+ M, (1.1)

where a,x and M are rational and real quantities which can be assigned rational
real values as large as infinity to satisfy n = a- x + M. For example, n say 5 can be
written as

5=2(2) +1=1(2) +8=10-5(1) = (3) + L = - {5(—4) - g} likewise
Lemma 1.1. A rational and real quantity n can always be expressed as algebraic
equation that is, n = a-x + M, where a,x and M are rational quantities. If a is
fized, x and M can have infinite rational real values that satisfy above said equation.
If a and x are fized, then M also gets fized at one and only one value.
If real and rational quantities A, B, C, D, E and F satisfy relation A* + B* 4 C* =
D*+ E* + F*, then using Lemma 1.1, the relation can be written as

(z+a)' + (x+a)' + (z+a3) = (@ +a)" + (x+a5)" + (x+a)!, (1.2)

where a4, as, as, as, as and ag are real rational values. For solving this quartic equa-
tion, A, B,C, D, E and F are written using Lemma 1.1 so that terms containing
x* may cancel other.

2. Theory and concept
After expansion, Equation (1.2) gets reduced to a cubic equation,

3 20,2, .2, 2 2 2 2
4x° (a1 + as + ag — ag — a5 — ag) + 6x*(aj + a3 + a5 — aj — a5 — ag)

+dx(a} + a3 + a3 — al — ai — a)
= —(aj + a5+ a3 —a} —a; — ag). (2.1)
If the above equation is solvable in terms of ai,as, as, ..., ag and on putting that

value of z in Equation (1.2) and after normalisation, integers satisfying equation
(1.2) can always be found. Since our interest is to find integer solution and if x
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so determined, were a fraction, then putting the values of z in equation (1.2) will
yield fractions. Such fractions can be got ridden of by multiplying these with the
lowest common multiplier abbreviated as LCM. In this paper, wherever the term
normalisation appears, that will denote fraction multiplied with LCM to obtain
integers.

To avoid solving tedious cubic or quadratic equations, the cubic equation is reduced
to a linear equation by equating coefficients of #® and 22 to zero. That is

(a1+a2—|—a3—a4—a5—a6) =0
and
(a3 +a3+a; —aj —a: —ag) = 0.
On eliminating ag from the above equations, a; can be determined,

309 — Q405
a1 = a4 + a5 — (22)
as + ag — aq — as

and from a1, ag can be determined,

a3ag — A405

(2.3)

ag = Qg + a3 — .
(g + ag — a4 — A

On substituting the values of a;, ag in equation (2.1), it is reduced to linear equa-
tion,

d(ay + a3 + a5 — af — a5 — ag) = —(aj + a3 + a3 — aj — a3 —ag).  (24)

or
:_(alll—i_a%_{—a%_aﬁ_ag_aé) (25)

4(ad +a3+ai —al —ad—a})

Since a1, ag can be determined as already discussed and as, a3, a4, as are assigned
real rational values by us, therefore, z can always be determined and hence the
integers (z + a1) (x + a2), (z + as), (v + as), (r + as) and (z + a¢) satistying the
Equation (1.2).

Lemma 2.1. (x+a;)*+ (x+a9)* + (v +a3)* always equals to (x+as)* + (v +as)* +
a3y — a4a a3 — G40

(x + ag)*, when a1 = aq+as — 572 U g =as+ag — 372 AT
as + as — ayg — as as + as — ag — as

(a1 + a3 + a3 — aj — a5 — ag)

4.(a3 + a3+ a3 —al —ad—ad)

rational quantities assigned.

Based on Lemma 2.1, integers satisfying equation (1.2) are given in Table 2.1.

and v = — where as, az, ay and as are real and
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Table 2.1. Showing Integers Satisfying Equation (1.2)

S. No | a9, as,a4,as | Calculated Normalised

(a1), (ag), () (x+a))* + (z+a)* + (z +a3)?

= (z+a)* + (x+a5)* + (z +ap)?
1 2,3,4,-5 -16/3,2/3,1/9 AP 19 28T =37 44t 1 T
2 2,3,-4,5 -11/2,-3/2,1/6 327+ 131 197 =231 £ 311 + &
3 2,-3,-4,5 8,6,-7/3 17+ 17 416 = 19 + 81 - 114
4 1-1,34 36/7,-13/7,-12/7 24% + 5% + 197 = 16* 4+ 9* + 257
5 1-1,-3.4 12,11,-4 gt 45t 431 =1+ 7404
6 1,-1,-3,-6 -62/9,19/9,62/27 124% + 89* + 35* = 194 + 100* 4 119*
7 1,-1,-3,6 26/3,17/3,-26/9 524 + 174 + 35% = 531 + 28 + 254
8 0,-1,3,6 36/5,-14/5,-31/5 77+ 317 + 467 = 147 + 591 + 731
9 0,1,3,6 27/4,-5/4,-31/12 50% 4 317 + 19% = 5% 4 41% + 467
10 0,-1,3,-6 -12,-10,13/3 23t 113t r10f =22t 51+ 174
11 1,3,-5,-2 -70/11,51/11,26/33 | 184* + 59% 4 125% = 139* + 40 + 179%
12 1,3-5,3 -34/7,15/7,2/7 32 + 9% + 231 =331+ 16* + 177
13 1,-3,5,2 50/9,-31/9,-32/27 | 118* 4+ 5% + 113* = 103* + 22* + 125*
14 -1,3,5,2 22/5,-3/5,-32/15 34% + 47 +13* = 43 + 2 + 417
15 0,-3,5,-2 14/3,-4/3,-5/3 370 1 57+ 327 — 407 + 237 + 177
16 0,2,3,4 23/5,-2/5,-11/15 128+ 114+ 14 =42 + 9 + 132
17 0,-2,3,4 17/3,-10/3,-11/9 40" + 117+ 29% = 16% + 257 + 4114
18 0,1,-3,-5 -19/3,8/3,16/9 417 4167 + 257 = 111 + 297 4 407
19 1-1,2,2 11/4,-5/4,-11/12 224 1174231 =137 + 137 + 267
20 2,-2,-1,-1 1/2,5/2,-1/6 2 11t 13t =7+ Tt 141
Next is solution to Diophantine equation A*+ B*+C*4+ D* = E* + P4+ G* + H.

Following the same procedure as detailed earlier, this equation can be written as

(x+a)* + (x+a)* + (z+a)* + (z+ ay)

On expansion,

= (x4 as)* + (z +ag)* + (x +ar)* + (z + ag)™ .

3
4z°(ay + as + az + ag — as — ag — a7 — ag)

22 2 2 2 2 2 2 92
+62%(ay + a5 + a3 + a; — a; — ag — a5 — ag)

+ da(a® + a3 + a3 + aj —

_ 4 4 4 4

(2.6)
a5 — ag — a; — ag)
4 4 4 4) (27)

For reducing equation (2.6) to a linear equation, we put

(0,1+CL2+CL3+6L4—CL5—G6—CL7—(I8>:O
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and

2., 2 2 2 2 2 2 92y _
(a7 + a5+ a3+ ay —a; — ag — a7 —az) = 0.

Elimination of ag yields
aoa3 + azay + agag — ((15&6 + agay + a7a5)

_ _ 2.8
= s e az +as+ag —as —ag —arg (2:8)

and since
a8:a1+a2+a3+a4—a5—a6—a7,

therefore, putting value of a; in above equation, yields

ao03 + asay -+ 49 — (a5a6 + agary -+ CL7CL5)
ag = ag +as + a4 — . (29)
ag + as + a4 — a5 — ag — ay

From Equation (2.7),

4 4 4 4 4 4 4 4

4(at + a3 + a3 + af — ad — af — a} — af)

(2.10)

r=—

Since ai, ag can be determined as already discussed and as, as, a4, as, ag, and ar
are real rational values assigned, therefore, x can always be determined and hence
the integers satisfying the equation (2.6).

Lemma 2.2. (z + a1)* + (z + a2)* + (x4 a3)* + (x + as)* always equals to (x +
as) + (z + ag)* + (z + a7)* + (z + as)*, when
a1 = as + ag + ay — agaz + azaq + asay — (asas + agay + a7a5)’
Qg + az + ag — as — ag — ar
axas + asay + asay — (asag + agar + azas)
ag + a3 + a4 — a5 — Qg — Gy

ag = as +as + a4 —

and 4 4 4 4 4 4 4 4

3 3 3 3 3 3 3 3V
d(af + a3+ a3 +ai —ai —af — a3 — al)

r=—

where as, as, ay, ag and a7 are real and rational quantities.
Based on Lemma 2.2, integers satisfying Equation (2.7) are given in Table 2.2.
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Table 2.2. Showing Integers Satisfying Equation (2.6)

az, as, a4, Calculated Normalised

as, ag, a7 (a1), (ag), () (z +a1)* + (z +a2)* + (z + a3)*
+(x + as) = (z + as5)* + (z + ag)*
+(z +a7)* + (z + ag)?

0,1,5,3-3-4 | (-27/5),(-23/5),(106/45) 137 + 106* + 151* + 3314
= 241% +29% + 744 + 313*
1,3,5,7,9-11 | (-29),(-25),(255/29) 586" + 2841 + 3421 + 4007
= 458* + 516% 4 64* + 470*
0,1,-3,34-4 | (28/5),(3/5),(-82/85) 394% + 82% 4 3% + 3374
= 173* + 258% 4 4224 + 314
0,-1,-3,4,3,-4 | (40/7),(-9/7),(-94/91) 426 +94% + 185 + 3674

= 179 + 270% + 458* + 2114

4,-1-3,4,3,0 | (112/15),(-113/15),(112/2655) | 19936 + 105087 + 2543 + 78537
= 10732* + 8077* + 112* + 19889*

1,5,3,-3,-4,0 | (-123/16),(133/16),(-1297/4464) | 35614* 4 3167* + 21023* + 12095*
= 14689* + 19153 + 12974 + 35810*

1,-5,3,-3,-4,0 | (-13/6),(23/6),(317/522) 814% + 8397 + 2293% 4 18837

= 1249* + 1771* 4 317* + 2318*
-1,-5,3,-3,-4,0 | (-3/4),(13/4),(115/76) 58% + 39% + 2654 4 3434

= 113* + 189% + 115* + 362*
-1,-5,3-3,4,1 | (8/5),(-17/5),(42/65) 146* + 23% + 283* + 2374

= 153* + 302* + 1074 + 179*
1,-5,3,-3-4,-1 | (-20/7),(29/7),(72/203) 508% + 275% + 9431 + 6817

= 5374 4+ 740* + 131* + 9134

Next is solution to A} + A3 + A5+ ...+ A} = A} + A}, + Al 5+ ...+ A3,
Following the same procedure as explained earlier, this equation can be ertten as

(x4 a)* + (x + a2)' + (& + as)* + .. + (z + a,)"*
= (24 ) F (@4 ang2) + (2 angs)t + o+ (T Fag)t (2.11)

On expansion,

4*{(ay + ag + as + ... + an) — (Qpg1 + Apao + ez + ... +agn)}
+62°{(a} + a5+ a3+ .. +a2) — (a2, + a2, +ai,s+...+a3,)}
+da{(al + a3+ a3+ ay) = (Gpg + Gy T Ay o+ ag,)}
= —{(ai + a3 +az+ ..+ a,) = (Gnyy + Gppo + Gpys + o+ az,) ) (2.12)
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For reducing equation (2.12) to a linear equation,

{(a1 +as+as+ ...+ ay) — (api1 + Gpio+ @iz + ... +az,)} =0 (2.13)

and

{(af +a3+ a5+ ... +ay) = (apy +anp+an g+ .+
Eliminating ag, from equations (2.13) and (2.14) yield
(S2 4 83+ sS4+ ...Sp—1) — (85 + 55 + s}

a=5- S-S

or in mathematical notation,

2n—1 n—1 n—1
a; = § a; — 21_2 21—2 7

n 2n—1
i=n+1 Ei:Z a; — Zi:nJrl @;

and
(o4 S34+ S4+ ...Sp—1) — (55 + 55+ s +

agn:S—

S =5

or in mathematical notation,

_ - o Z?:_zl Si — Z;:zl s;
Aon = Z @i n 2n—1
i=2 Do @i — Zi:n+1 a;

/

where S, 5, 59, S3...5,_1, 5555..5),

n
S:ag—i—ag—i—...—i—an:Zai, S':an+1+an+2+...+a2n_1
=2

n
/
s9 = ag(as + ag + ...an) = a g aj, S9 = Apt1(Ant2 + Gpts + ...
=3

n
/
sg = ag(aq + az + ...an) = as Zai, sq = apy2(ants + anta + ...
=4

n
/
54 = ag(as + ag + ...an) = a4 E i, 84 = any3(anga + angs + ...
=5

as,)} = 0. (2.14)
+ .80 1) (2.15)
1) (2.16)

_, are given by relations described below.

2n—1
= E aq,
1=n+1
2n—1
a2n—1)=an+1 E Q;,
=n-+2
2n—1
a2n—1) = Gp+2 E Qs
i=n+3
2n—1
a2n—1)=(1n+3 g Qg
i=n+4

2n—1

n
/
Sp—2 = ap—2(An-1+ ap) = an_2 § i, Sp_o = Unt+3(Anta + a2n—1) = a2n—3 § a;,

i=n—1

/
Spn—1 = Ap—1.Qnp, Sp—1 = A2n—2.G2n—1-

1=2n—2
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Coming to equation (2.12),
_ (aitaytaz+ .. +ay) = (A + Gogs + Gy o+ a3,
@} +a3+ai+ ... +a}) — (g +adn T ap s+ +a3,)}
n 2n
1 Dot @ = Dt O
: n 2n ’
ST D D

since ap, as, can be determined from above equations, therefore, x can always be
determined from equation (2.17) and hence the integers satisfying the equation

r =

(2.17)

AT+ A+ A5+ AL = AL+ AL AL+ Ay

Lemma 2.3. (z+a)*+ (z+a2)* + (z+a3)* + ...+ (v +a,)* always equals to (x +
A1) (T4 App2) (X +any3) +..+ (T +a,)?t, when ay and as, are given by equa-

. . (at+aj+aj+...+ad)—(at_ +at ,4at .+.+a},)
tions (2.15) and (2.16), x by equation x = — : ntl  nt2  nt ul
(2.15) (2.16), x by eq (@S radrait+ad)—(ad,, +ad o tantsttad,)}

, where as, as, ay, ...as,_1 are real and rational quantities.
Based on Lemma 2.3, integers satisfying equation (2.11) are given in Table 2.3.
Table 2.3. Showing Integers Satisfying Equation (2.11)

2n | as,as, aq, ai, o, T Normalised
ey Q21 A+ A5+ A+ ..+ AL
=Al AL+ AN+ + AT
10 [ 0,1,2,3,5 -37/7,12/7,5/28 143% + 5% + 33 + 611 + 897
-3,-2,-1 = 145 + 79 + 514 + 53% 4 23%
12 10,1,2,3,4,5, -25/3,20/3,25/36 275 + 257 + 61% + 97*
-4,-3,-2-1 +133% + 169*
= 205% 4+ 119% 4+ 83* + 474
+11% 4 2654
14 ] 0,1,2,3,4,5,6, -51/4,45/4,81/116 | 1398* + 81% 4 197* + 313*
-5,-4,-3,-2,-1 +429% + 545* + 6614

=777 + 35% + 151* + 2674
+383% + 499* + 13864

16 | 0,1,2,3,4,5,6,7, -91/5,84/5,98/145 | 25417 + 987 4 2437 + 3887
-6,-5,-4,-3,-2,-1 +533% + 678* + 823% 4 9684
= 1113%* 4+ 772* 4+ 627* + 4824

+3374 4+ 192% + 47* + 25344

18 10,1,2,3,4,5,6,7,8, |-74/3,70/3,100/153 | 3674% 4 100* + 253* + 406* + 5597
-7,-6,-5,-4,-3,-2.-1 +712% 4+ 865* + 1018* 4 1171*

= 1324% + 971* 4 818 + 665*
+512% + 359* + 206* + 53* + 3670*
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2.1. Parametrisation

Parameterisations has already been given by Lemmas 2.1, 2.2 and 2.3, however,
parametrisation will be further discussed and more details will be given hereinafter.
Reiterating, when A* + B* + C* = D* + E* 4+ F4, it is represented by Equation
(2.1), where a;, ag and = are given by equations (2.2), (2.3) and (2.5). Let a3 =
asr, ay = asf3, a5 = a7y, where «, 3, are real and rational quantities. On putting
these values in equation (2.2) and (2.3) and after simplifying,

alzag(ﬁ—i-”y—%)

a— Py
—a(l+a——"0 ).
a6 a2< + o 1—}—04—/8—7)
Putting above said values in equation (2.5),
a=p * 4 4 4 a=p !
{<5+7—1+a_57_7> +14+a" =3 —v —<1+a—1+a_67_7> }
3 3)
4{(5+7—%) +1+a3—ﬁ3—73—<1+a—%>}

Since a1,ag and x can be determined from above said equations, therefore, on
putting these in Equation (1.2) and cancelling ay that appears in LHS and RHS,
we get

a— By
(- 57)
4 4 4
{(5—1—7—%) +1+a4—ﬂ4—74—(1+a—1+0&7_’867_7) }

3 3
4{<5+7_ 1+C:1f317> +1l+ad =% =% - <1+O‘_ 1+C;f%lv) }

and

r = —Q2

- 4 4
{(ﬁ+7 1+Z_%Vv) "’_14_0‘4_54_74_(1"'04_1+(in7 }
+
3
4{ B4y— a—pBy ) +1+a3_53_73_(1+a 0457 }
1+a—B—y 1+a—
4
{ B+ - 1+O;%7'y> +1+O‘4*ﬁ4774*<1+0‘*1+0;67 }
+
3
4 5+ o5y V0383 (14 a- L
7T THa=B— v TFa—
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4 1) 14
{(6+7—1+C;‘_%’Y_7) +1+a4—ﬂ4—’y4—<1+a—1+0;__%7_7> }
6_4 a-py \° 1 3 3 3 1 a-py \*
B+ —t5asss ) t1+@ =0 -y - (1+a- 555

4 4
{ ) R =

a=py \* 3 3 3 aﬁv 3
4 (6+7_1+afﬁf'y> +1+a _/3 -7 _<1+a_1+a
o— By
+{1l+a— ———F—
( 1+a—6—7>
a—pBy 4 4 4 4 a—pBy 4 !
(5+7_1+a—5—v> tld+a® -5 -y _(1+O‘_1+a—6—v)

— . (2.18)
4 a—pBy 3 1 3 3 3 a—pBy 3
(/BJF’V_ 1+a—ﬁ—v> tlta®—f =97 <1+0‘_ 1+a—[3—7)

On the basis of this parametrisation, integers satisfying Equation (2.18) are given
in Table 2.4.

Table 2.4. Integers Satisfying Equation (2.18)

a | B | v | Normalised
(x+a)* + (z +az)* + (z + a3)*
= (x4 a)*+ (x+a5)* + (v +ap)?
213 |4 | 46%+41* + 5* = 19* + 31* + 50*
21314 [13*+11*+2 =14+ 7"+ 74
21-31]-4]25%+1*+26* =10* + 19* 4+ 29*
31214 [228+17" +5* =13* +23* + 104
B2 046445 +11 =11+ 91+ 104
5 | -3 ]2 |26+ 274+ 1% =29* +6* + 23*
4 | -3 1-2] 73 +59* 4 14* = 46* + 311 + 774
3 |2 | 104* + 33* +29* = 83* + 56* + 139*
5 3 [2] M4 17 4+31 =7 +18* + 11°
5 12 [ 168 +14 417" =19 +8* + 114

Parametric solution given by equation (2.18) is difficult to remember, therefore, it



106 South FEast Asian J. of Mathematics and Mathematical Sciences

needs simplification. Let o = 4+, then equation (2.18) is simplified to

+ |7

(2.19)

38y - (B+1)(v+ DI+ BB+ Dy + )]+ [B(B+7) — (B+ 1) (y+1)]*
=B8—(B+ v+ D" +By—(B+D(y+ 1)
+BA+8Y) - (B+D(y+ 1) (2.20)

28y =B—=v=1'+2-py=B-1"+ 128+ -y —1*
=28y =By -1 +[2y-By-B-1"+12+28y -5 —1]". (221)

Based on this parametrisation, integers satisfying equation (2.21) are given in Table
2.5.
Table 2.5. Integers Satisfying Equation (2.21)

Bly |[RBy=B-v=-1"+2=-Fv=B-1"+126+2y—py—1]"
=[28=7=By -1+ [2y=By—B-1*+[2+28y -5 -]
2103 |14+ =204 134 4+ 118
213164 +14 417 =8 +11* 4+ 19*
3141307 +37 4271 = 157+ 187 + 331
314 267+ 137+ 137 =114 227 + 231
514 |40 +23+17* =54+ 321+ 374
-5 | -4 | 48% + 9% +39% = 24* + 27* 4+ 514
5 | -4 | 42* +21* +21* = 33 + 6% + 394
-2 [ -5 | 26% + 1* + 25* = 10* + 19* + 29*
221 -6 | 31% + 2% +29% = 11* + 23* 4 34*
31644+ 7 +37" =19+ 28* + 47*

Next is solution to A* + B* + C* = D* + E*. In this equation, sixth term F* is
zero, therefore, equating term say 28 — 8y — v — 1 to zero gives
1+y

-y

ﬁ_
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Putting this value of 8 in equation (2.21), it gets reduced to
=D+ A =29+ 2y =) = (= =D A=y )
Or
V=D A =29)"+ 2y =) ==y )+ A=+ (2:22)
since even power of negative quantity is positive, (y — % — 1)* can be written as

(1 — v+ )% Integers satisfying equation (2.22) are listed in Table 2.6.
Table 2.6. Showing Integers Satisfying Equation (2.22)

TP -D A =29) H (2y=) [y [(P-DPH(L=29) (27 =)
=17+ 1 =v+9)" =(l=y=")'+ A =7+9%)"
3 |8+ttt =T 7 13 | 168* +25* + 143* = 157* + 157*
4 1584+ 71+ 8 =13 +13* 14 | 195* +27* + 168* = 183* 4 1831
5 | 24* + 9% + 15* = 21% + 214 15 | 224* +29* + 195% = 2114 + 211*
6 | 3574+ 11% +24* = 31* + 31* 16 | 2557 + 31% + 2247 = 241% + 2417
7 | 48% 4+ 13* 4 35* = 43* + 43* 17 | 288% + 33* + 255* = 273 4 2731
8 | 63* + 15* +48* =57 + 57 18 | 323* + 35% 4 288% = 307 + 307
9 | 80*+17*+63* =73* + 73* 19 | 360* + 37* + 323* = 343* 4- 3434
10 | 99* + 19* + 80* = 91* 4 91* 20 | 399* + 39 + 360* = 381% + 381*
11 | 120" +21* +99* = 111* + 111* 21 | 440* 4+ 41* + 399* = 421* + 421*
12 | 143* +23* + 120* = 1332 + 133* | 22 | 483* + 43* + 440* = 463* + 463*

Next is parametric solution to equation A* + B* 4+ C* = D* 4+ D* + (2D)*. When
v = (3, Equation (2.21) transforms to

27 =2y =)'+ (2= =29+ 4y =7 = 1)"
=(y =7 -+ (=7 -1+ 2+29 -29)" (223)

Based on this equation, integers satisfying it are given in Table 2.7.
Table 2.7. Showing Integers Satisfying Equation (2.23)

Yyl =2y-D'+ 2 =291 [v [@P-2y-DT+(2-7*-29)!

+(4y -2 - 1) +(4y—~*—1)*

=(v=-D'+ (-1 =(y=--D'+(--1!
+(2+272 —27)* or +(2+272 —29)* or

A*+ B*+C* = D*+ D*+ (2D)* A*+ B*+ C* = D*+ D*+ (2D)*

1P+ 130+ 28 =74 + 71 4 141 11 [ 2197 + 1417 + 787 = 111% + 111% 4 2221

231+ 221 + 14 =13+ 137+ 26% [ 12| 263% + 166% + 97% = 133% + 133% + 2664

394 + 331 161 =214+ 217 +42% [ 13 | 311%* +193* + 118% = 157* + 157* + 314

597 +46% + 13T =314 + 311 +62% | 14 | 363% +222% + 141% = 183% + 183% + 3667

|| U =W

831 + 611 + 221 =431 + 431 +86% | 15 | 419% +253% + 166* = 211% + 2117 + 4224
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8 [ 1114+ 787 +33 =574 +57* + 1147 | 16 | 479% + 2867 + 193% = 241% + 241% + 4821
0 | 1431 + 97  +46* = 731 + 73* + 146 | 17 | 543% + 3217 + 2224 = 273% + 273% + 5467
10 | 1794 + 1184 + 614 = 914 + 914 + 182% | 18 | 6114 + 358% + 253% = 3074 + 307% + 614%

Next is A* + B* + C* = D* + F* + F* + G*. Equations (2.22) and (2.23) are
true for all rational values of v and are, in fact, universal identities, therefore, on
subtracting identity (2.22) from identity (2.23), resultant identity is parametric
solution for the desired equation. Given below is the parametrisation.

27 =2y =)'+ 2= = 29)" + (dy =" = 1)

= (24292 - 29+ (7% —

DA (1 =29+ (2y —~H% (2.24)

Based on this equation, integers satisfying it are given in Table 2.8.
Table 2.8. Showing Integers Satisfying Equation (2.24)

7 (@ -2y -1+ (277 —29)* v | @ -2y -1+ (217 —29)"
+dy =+ - 1) +dy =+ - 1)1
=(2+2y* =29+ (¥ - 1)* =(2+2y" =29+ (¥ - 1)*
+(1 =29+ (2y =% or +(1 =29+ (2y =% or
A* 4+ B* 4+ C=D*+ E*+ FA 4+ G* A* 4+ B* 4+ Ci =D+ E*+ FA + G*
3 | 1144131427 11 | 219% + 141% 4 787
=14* +8* +5* + 34 = 2224 + 120* + 21* + 994
4 |23 +221 414 12 | 263* 4 166% 4+ 97*
=26 +15* + 8+ + 7 = 266% + 143% + 23% + 1204
5 | 39* +33% + 6% 13 | 311* +193* + 1184
=424 + 24% + 9% 4 154 = 314* + 168* + 25* + 143*
6 | 597+ 467 4 137 14 | 363* +222% + 1414
= 62% + 35% + 114 4 244 = 366 4 195% + 27% + 1684
7 | 83* +61% +22% 15 | 419* + 253* + 166%
= 86% 4 48* + 13* 4 35* = 422% 4+ 224 + 294 4 195*
8 | 111% +78% + 334 16 | 479* 4+ 2861 + 193*
= 114* 4 63* + 15 4 48% = 482% 4 255% + 31% + 2244
9 | 143* +97% + 46* 17 | 543% + 3214 + 2224
= 146* 4- 80* + 174 + 634 = 546% 4- 288 4 33* + 2554
10 | 179 + 118 + 617 18 | 611* + 358% 4 2534
= 182% 4+ 99* + 19* + 80* = 614 4 323* 4 35* + 2884

Parametrisation for the above said equation is highlighted in Lemma 2.2, it is
taken up to elaborate it further. Equations (2.8) and (2.9) give values of a; and
ag in terms of ay,as,as, ays, as,ag. Proceeding further, let a3 = aas, as = aof3,
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as = ay?y, ag = G\, a7 = azp. On putting these values in equations (2.8) and after
simplification,

MA AN+ — B —aff —
ap = p+A+v+
L=a 7 l+a+B—vy—A—pu

Following the same procedure,

MAAAF Y= B —af -«
Ge=1+a+ 4 HTATIH f—ap

l+a+pB—-—v—A—p
On putting these values in equation (2.10),

AptyAtyp—pB—af—a
{(“‘J”\‘Jr'y‘Jr TtatB——A—p

At Afyu—B—af—
(i r e St

4
) Hl4ateptoat X ot - (T+a+ B+
T =—

1+atpB—v—A—p

ku+wk+wu—ﬂ—a6—a)4}
3
) +14as 488 —y3 - N — s~ (1+a+B+

AMT7A+7ufﬂfa67a)3
+atB-—y—A-p
(2.25)
As explained in Lemma 2.2, putting values of z, a;...ag in equation (2.6), we obtain
parametric

A+ \p+py—B—af —«
[w+>\+u+7 ptpy—B—aB—a
l+ta+B-—v-2A—np
4
{(u+,\+~y+*“;j§jgi;‘i;‘ii‘a) 1ot gt —yt ==t — (14 a+ 8+
3 3
4{<u+/\+7+ ApadgpoproB o) 1408 485 — 93 =M — b — (14 o+ f+ AAIgu-bab o) }
r 4
AptyAtyp—B—af— 4 4 4 4 4
{(u+/\+7+ sty poabo)’ L 1qat 4t -yt - M-t - (1+a+ B+
41—

I+a+B—v—A—p

4
Au+wA+wu—B—aﬁ—a>4}

1+atB—v—A—p
1+at+B—y—A—p

4
>\u+vk+vufﬁfaﬂfa)4}
3
4{(“+A+W4_M+ﬂ+wfﬂﬂ&ﬂ> +1+a3+B3—73—A3—u3—(1+a+B+

(M+>\+’Y+ AptyAtyp—B—af—a

Au+vk+vufﬁfa67a)3
1tat+B—v—A—p
4+1+ 4yttt (14 +/3+Au+~/>\+wfﬁfaﬁfa4 *
1+at+B—y—A—p @ 7 H « I+at+B—y—A—p
+ |a—
3 3
4 { (it Aoy 4 2prdiopoBroBoo )™y g 4 3 435 — o8 — 33— 43 — (14 o+ f+ Mb2tgufoaf-a
I AptyAtyp—B—aB—o
{(u+_A+JY+ I+a+B—v—A—p
+ (8-

4
4 4 4 4 4 AptyAtyp—B—af—
) Hitat 8yt =Xt = (14 at gy 2efdipoPlebo

j
}
)
}

4{(u4,A4,74,Au+vk+wu—ﬁ—aﬁ—a

)34,14,a34,534,734,A34,N34,<14,a4%54%Au+wk+vu—5—aﬁ—a

1+a+B—v—A—pn
(M*,A%,74,AM+WA+7u—ﬂ—aB—a

—4
)’}
4 4 4 4 4 4 i
botupseloa ) pat 4 gt oyt =X -t = (T4 at B+
Y
4{<u+)\+7+ AptyAtyp—B—af—o }

1+at+B—v—A—p

Aty typ—B—af—
R ===

AptyAtyu—fB—af—
4{ f A+ A ub b

4

Aptydtyp—f-af—a)?*
1+a+B—v—A—p

3
) H14ad+88 -3 N — s~ (14a+B+

Au+7A+vufﬂfa57a>3
T+atB—y—A—p ]
4 4
) et gt oyt = a it = (14 ot g A fraba)) }

1+a+B—y=A—p

3
) H1+ad 48—y —N i — (1+a+p+

1tat+B—v=A—p

Au+vA+vufﬁfa67a)3
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4 4 ‘
Aptydtyp—B—af— 4 4 4 4 4 Aptyrtyp—pf—af—
(s 2mpmtnatze) 1 st e gt oyt Nt (a4 deigeseece )

+

B 3 3
4{(u+>\+w+A“fjﬁjg{;ﬁ;iﬁ*“) +14ad 4 g8 =93 =23 =8 — (14 a+ f+ Mphdpusfoelb o) }

A4 A —af—
{1+a+ﬁ+“ s e e
l+ta+f-—v—-A—p

4 4
Aty A yp—B—ap— 4 gt 4 \d_ 4 Aty At yp—B—ap—
{<l‘+)\+'y+ RIS ) ittt Xt (La g dpiiyelneie) }

3 3
4 { (it Aty + dpgusboBoo) Ty g 463 4 65— o8 — X3 — 3 — (14 o+ f+ 2fddgusfceboa) }

(2.26)

On the basis of this parametric, integers satisfying this equation have already been
listed in Table 2.2 and are not again computed here.

3. Results and Conclusions

A real and rational quantity say n is always expressible as n = a-x + M, where
a,r and M are rational and real quantities Therefore, integers Ay, As, Az, ... Ag,
that satisfy the equation A+ A3+ Aj+ ...+ AL = A} + A%, + AL o+ ..+ A3,
are also expressible as (z + a1), (x + ag), (z + as), ...,(x + az,) and accordingly,
equation AT+ A3+ A+ ...+ AL = A} + AL+ AL s+ ...+ A}, can be written as
(z+ar)'+(v+as) + (v +az) 4.+ (24a,)" = (@+ant1) + (@ +anie) +(@+anis) '+
...t (z+aj,. Since it has equal terms in left hand side as well as in right hand side,
therefore, terms containing 2* cancel reducing it to a cubic equation. Roots of this
cubic equation will give values of x, values of aq, as, as, ...as, are known since these
are assigned or calculated by us, therefore, (x + a1), (z + az), (x + a3), ...(z + az,)
will be known and hence solution of Diophantine quartic equation.

However, solving a cubic equation is tedious and cumbersome. FEven solving a
quadratic equation is cumbersome particularly, when our requirement is to have
only and only real and rational roots whereas a linear equation with real and
rational coefficients, yields straightway the result. Thus need is to reduce the cubic
equation (2.12) into a linear equation. That is only possible, when coefficients
of terms containing x® and x? are zero. If such coefficients are equated to zero
that culminates into putting conditions on aq, as, as, ..., as,. Equating coefficients
of terms containing 23 and 22 to zero, two conditions are required to be imposed
amongst ap, as, as, ..., as,_1. In this research paper, conditions are put on aq, as,
which are made dependent upon remaining assigned as, as, ..., as,_1 by relations
(2.15) and (2.16). That means, as,as,...,as,—1 can be assigned real and rational
values, however, values of a; and as, will depend upon the remaining by relations
(2.15) and (2.16). After imposing conditions on a; and as,, the cubic is reduced to
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a linear equation. That is

_ (et aytag+ . +ap) — (Gt + s+ +a3,)
Hat+a3+ai+...+ad)— (a3 +ad, o+ anis+...+0a3,)}

Now z, as, as...as,—1 are known, a; and as, are calculated from relations (2.15) and
(2.16), therefore, (z +a1)* + (v +a2)* + (x +az)* + ... + (x + a,)? = (v + apy1)* +
(7 + apso) + (T + ansz)* + ... + (z + az,)?* is known.

Moot question that arises is whether this concept and theory as detailed in this
paper are applicable to all Diophantine equations of power four, we are restricting to
power four as the paper pertains to equation with power four. Broadly speaking it is
applicable but at the same time it needs further examination for its conclusiveness.
Prerequisite for application of this concept is, AT + A3+ A5 +...+ A = B} + By +
Bj +...B} ie. 4.m.n equations considering m < n, should be reducible to a linear
equation. That requires representation of A, As...A,, and By, Bs...B,, in algebraic
form as (lhx + a1), (laz + ag), ..., (lnx + ayn) and (L1170 + ant1), (lnp2 + anga) ey
(lntm® + Gpim) respectively where [y, ly, s, ..., {(n +m) are real rational quantities.
In that case,

B+L+G+ .+l =0+l o+l st o+
We call above equation a seed equation. This concept we have applied to Dio-
phantine equation of third power, we have first generated such seed equations and,
then used these for solving Diophantine equations of third power [Wadhawan and
Wadhawan 8; (2019)]. Coming to Diophantine equation of fourth power, another
requirement is that coefficients required to be equated to zero, must yield linear
equations. That is relations of a; and as, with remaining must be a linear. If these
were found to be quadratic for a; or as, or both, then that requires solutions of
these quadratic equations. Gain in reduction of cubic equation in variable x to a
linear equation will be annulled by loss in solving resultant quadratic equation in
variables for a; or as,. That requires ones innovative mind to find ways to avoid
such situation. If in stead of integers, the terms of this equation on calculation,
are found fractions, these are converted to integers by multiplication with Lowest
Common Multiplier. General solution of quartic equation can be further simplified
by imposing some condition on its variables. For example, in the paper, Equation
(2.18) was imposed such condition that a = 4+~ with the purpose of simplifying it
to Equation (2.19) which is easy to handle and remember. Imposing condition that
vanishes a term of Diophantine equation will yield parametric for a new equation.

In this paper, imposition of the condition § = ;_r—z yielded parametric Equation



112 South FEast Asian J. of Mathematics and Mathematical Sciences

(2.23) for A* + B* 4+ C* = D* + E* vanishing F' that was equalled to zero. Sim-
ilarly imposition of condition v = f, parametric Equation (2.21) transformed to
Equation (2.23) which is applicable to A* + B*+C* = D*+ D*+ (2D)*. Subtract-
ing identity (2.22) from (2.23) resulted in another identity which is parametric for
At 4+ BY* 4 C* = D* + E* + F* + G*. But it is again a research work that requires
ones innovative mind for reduction of 4.n.n to 4.m.n equations. It may also happen
that such reduction may not be possible, in that case one will have to resort to
method of seed equation already discussed above. For higher degree Diophantine
equations, say fifth power, procedure as given above, can be applied but in that
case, there will be three conditions to be satisfied. That is besides

(a1+a2+a3—|—a4—a5—a6—a7—a8):0,
2 2 2 2 2 2 2 2
third condition
3 3 3 3 3 3 3 3
(a7 + a5 + a3 +ay — a5 —ag — a7 —ag) =0

will have to be satisfied. Thus there will be a situation like that of solution of Tarry
Escott problem resulting in solution of Diophantine equations harder.
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