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Abstract: In this paper we have obtained some necessary and sufficient conditions
for the following classes:
1) SVPψ(ν,p)
A function I(z) of the class Ap also contained in the subclass SV Pψ(ν, p) if it
satisfies the inequality∣∣∣∣ I(p−1)(z)

(cosψ + isinψ)zI(p)(z)
− 1

3ν

∣∣∣∣ < 2

3ν
where ψ ∈ R and 0 < ν < 1.

2) CVPψ(ν,p)
A function I(z) ∈ Ap is said to be in the class CV Pψ(ν, p) if it satisfies the inequality∣∣∣∣ I(p)(z)

(cosψ + isinψ)zI(p+1)(z)
− 1

3ν

∣∣∣∣ < 2

3ν
where ψ ∈ Rand 0 < ν < 1.

We have extended the previous results and derived some corollaries.
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1. Preliminaries and Essentials
Let a p-valent analytic function f(z) is characterized by

f(z) = zp +
∞∑
j=1

aj+pz
j+p p ∈ N (1.1)

Belongs to the class Ap and all these functions are characterized in the disc rep-
resented by D = z ∈ C : |z| < 1. The subclasses of p-valent star-like function of
order ν and p-valent convex function are given by

S∗(ν, p) =

{
f ∈ Ap : R

(
zf
′
(z)

f(z)

)
> ν, z ∈ D

}
C∗(ν, p) =

{
f ∈ Ap : R

(
1 +

zf
′
(z)

f(z)

)
> ν, z ∈ D

}
respectively, provided that ν is a real number such that 0 ≤ ν < 1.
a function f ∈ Ap is called ψ- spiral-like of order ν in the unit disc D if

R
{
eiψ

zf
′
(z)

f(z)

}
> νcosψ

Such functions are defined by the class Sψ(ν) [8],(also see [9], [18]). In previous
years many attractive classes of univalent, multivalent, spiral-like functions and
many special cases were investigated, see for example [2, 6, 10-14].

Patel et al. [19] defined the operator Ω
(λ,p)
z : Ap → Ap by

Ω(λ,p)
z f(z) = zp +

∞∑
j=1

Γ(j + p+ 1)Γ(p+ 1− λ)

Γ(p+ 1)Γ(j + p+ 1− λ)
ap+jz

p+j (1.2)

Following the idea of Aouf et al. [3]. We define the operator V λ,p
γ,j : Ap → Ap

provided that γ ∈ N0, κ ≥ 0, as follows:

V λ,p
0,j f(z) = Ω(λ,p)

z f(z)

V λ,p
1,j f(z) = V λ,p

j f(z)

V λ,p
1,j f(z) = (1− κ)Ω(λ,p)

z f(z) +
κz

p
[Ω(λ,p)

z f(z)]

= zp +
∞∑
j=1

p+ κj

p

Γ(j + p+ 1)Γ(p+ 1− λ)

Γ(p+ 1)Γ(j + p+ 1− λ)
ap+jz

p+j

V λ,p
2,j f(z) = (1− κ)V λ,p

1,j f(z) +
κz

p
[V λ,p

1,j f(z)]
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V λ,p
2,j f(z) = zp +

∞∑
j=1

(
p+ κj

p

)2
Γ(j + p+ 1)Γ(p+ 1− λ)

Γ(p+ 1)Γ(j + p+ 1− λ)
ap+jz

p+j

The general expression is

V λ,p
γ,j f(z) =V λ,p

1,j V
λ,p
γ−1,jf(z)

V λ,p
γ,j f(z) =zp +

∞∑
j=1

(
p+ κj

p

)γ
Γ(j + p+ 1)Γ(p+ 1− λ)

Γ(p+ 1)Γ(j + p+ 1− λ)
ap+jz

p+j (1.3)

V λ,p
γ,j f(z) =zp +

∞∑
j=1

τ γp,jap+jz
p+j ≈ I(z). (1.4)

where, τ γp,j =

(
p+ κj

p

)γ
Γ(j + p+ 1)Γ(p+ 1− λ)

Γ(p+ 1)Γ(j + p+ 1− λ)
. (1.5)

Motivated and inspired by the above mention work, we here define the following:

Definition 1.1. A function I(z) of the class Ap also contained in the subclass
SV Pψ(ν, p) if it satisfies the inequality∣∣∣∣ I(p−1)(z)

(cosψ + isinψ)zI(p)(z)
− 1

3ν

∣∣∣∣ < 2

3ν
where ψ ∈ R and 0 < ν < 1. (1.6)

The pth derivative of I(z) is denoted by I(p)(z). For λ = 0 , γ = 0 this class reduces
to the class Sψ(ν, p) introduced by Khan et al. [7].

Assertion 1. It is easily seen that, for λ = 0, γ = 0, p = 1 and ψ = 0, S0(ν, 1) =
M(ν) this class studied in [15] and for λ = 0, γ = 0, p = 1, Sψ(ν, 1) = Sψ(ν), see
[16].

Definition 1.2. A function I(z) ∈ Ap is said to be in the class CV Pψ(ν, p) if it
satisfies the inequality∣∣∣∣ I(p)(z)

(cosψ + isinψ)zI(p+1)(z)
− 1

3ν

∣∣∣∣ < 2

3ν
where ψ ∈ Rand 0 < ν < 1. (1.7)

For λ = 0, γ = 0, p = 1, Cψ(ν, 1) = Kψ(v), see [16].

2. The necessary and sufficient conditions for the class SV Pψ(ν, p)

Theorem 2.1. A function I(z) ∈ SV Pψ(ν, p) if and only if,

R
{

(cosψ + isinψ)zI(p)(z)

I(p−1)(z)

}
> ν. (2.1)
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Proof. Let I(z) ∈ SV Pψ(ν, p), then we have∣∣∣∣ 1

eiψY (z)
− 1

3ν

∣∣∣∣ < 2

3ν
, z ∈ D, whereY (z) =

zI(p)(z)

I(p−1)(z)
. (2.2)

From the above, we have ∣∣∣∣3ν − eiψY (z)

3νeiψY (z)

∣∣∣∣ < 2

3ν
. (2.3)

⇔ |3ν − eiψY (z)|2 <|2eiψY (z)|2

⇔ [3ν − eiψY (z)][3ν − eiψY (z)] <[2eiψY (z)][2eiψY (z)]

⇔ [3ν − eiψY (z)][3ν − e−iψY (z)] <[2eiψY (z)][2e−iψY (z)]

⇔ 9ν2 − 3νe−iψY (z)− 3νeiψY (z) + 4Y (z)Y (z) <4Y (z)Y (z)

⇔ 9ν2 − 3ν(e−iψY (z) + eiψY (z)) <0

⇔ 3ν − 2ReiψY (z) <0

⇔ −2ReiψY (z) <− 3ν

⇔ R
(
eiψ

zI(p)(z)

I(p−1)(z)

)
>

3ν

2
. (2.4)

⇔ R
(
eiψ

zI(p)(z)

I(p−1)(z)

)
> ν. (2.5)

This achieves the result.

Assertion 2. For λ = 0, γ = 0, this result reduced to the result of Khan et al. [7].

Corollary 2.1. For p = 1, λ = 0, γ = 0, the above result converts in to the
following known result proved by Owa and Kamali [17].

I(z) ∈ Sψ(ν)⇔ R
(
eiψ

zI
′
(z)

I(z)

)
> ν. (2.6)

Theorem 2.2. If I(z) ∈ SV Pψ(ν, p) satisfies

∞∑
j=1

(j + p)!

(j + 1)!(p)!

{
2(j + 1) + |(j + 1)− 3νe−iψ|

}
|τ γj,p| |aj+p| ≤ 2− |(1− 3νe−iψ)|.

(2.7)
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for some |ψ| < π
2

and 0 < ν < cosψ, then I(z) ∈ SV Pψ(ν, p).
Proof. If I(z) ∈ SV Pψ(ν, p) then it suffices to show that∣∣∣∣3ν − eiψY (z)

eiψY (z)

∣∣∣∣ < 2. (2.8)

for some |ψ| < π
2

and 0 < ν < cosψ, where Y (z) = zI(p)(z)

I(p−1)(z)
.

Now we have∣∣∣∣3ν − eiψY (z)

eiψY (z)

∣∣∣∣ =

∣∣∣∣3νe−iψI(p−1)(z)− zI(p)(z)

zI(p)(z)

∣∣∣∣. (2.9)

=

∣∣∣∣(3νe−iψ − 1) +
∑∞

j=1
(j+p)!

(j+1)!(p)!
[3νe−iψ − (j + 1)] τ γj,p aj+pz

j

1 +
∑∞

j=1
(j+p)!

(j+1)!(p)!
(j + 1)τ γj,p aj+pz

j

∣∣∣∣
≤
|(3νe−iψ − 1)|+

∑∞
j=1

(j+p)!
(j+1)!(p)!

|[3νe−iψ − (j + 1)]| |τ γj,p| |aj+p||zj|

1−
∑∞

j=1
(j+p)!

(j+1)!(p)!
|(j + 1)||τ γj,p| |aj+p||zj|

<
|(1− 3νe−iψ)|+

∑∞
j=1

(j+p)!
(j+1)!(p)!

|[(j + 1)− 3νe−iψ]| |τ γj,p| |aj+p|

1−
∑∞

j=1
(j+p)!

(j+1)!(p)!
|(j + 1)||τ γj,p| |aj+p|

. (2.10)

The last expression in (2.10) is bounded above by 2 if

|(1− 3νe−iψ)|+
∞∑
j=1

(j + p)!

(j + 1)!(p)!
|[(j + 1)− 3νe−iψ]| |τ γj,p| |aj+p|

≤ 2

{
1−

∞∑
j=1

(j + p)!

(j + 1)!(p)!
|(j + 1)||τ γj,p| |aj+p|

}
. (2.11)

After simplification of (2.11) we have

∞∑
j=1

(j + p)!

(j + 1)!(p)!

{
2(j + 1) + |(j + 1)− 3νe−iψ|

}
|τ γj,p| |aj+p| ≤ 2− |(1− 3νe−iψ)|

Therefore,I(z) ∈ SV Pψ(ν, p) for some |ψ| < π
2

and 0 < ν < cosψ.

Assertion 3. For λ = 0, γ = 0, this result reduces into the result introduced by
Khan et al. [7]

Corollary 2.2. For λ = 0, γ = 0, p = 1, ψ = 0 and 0 < ν < 1 then I(z) ∈ Ap
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satisfies the following coefficient inequality
∞∑
j=2

(j − ν)|τ γj,p||aj+p| ≤
1

3
[2− |(1− 3ν)|]. (2.12)

Corollary 2.3. If I(z) ∈ Ap satisfies
∞∑
j=1

(j + p)!

(j + 1)!(p)!

{
2(j + 1) +

√
(j + 1)2 − 3

√
2ν(j + 1) + 9ν2

}
|τ γj,p||aj+p|

≤ 2−
√

1 + 9ν2 − 3
√

2ν. (2.13)

For some ν ∈ (0, 1√
2
), then I(z) ∈ SV Pπ

4
(ν, p).

3. The necessary and sufficient conditions for the class CV Pψ(ν, p)

Theorem 3.1. A function I(z) ∈ CV Pψ(ν, p) if and only if,

R
{

(cosψ + isinψ)

(
1 +

zI(p+1)(z)

I(p)(z)

)}
> ν. (3.1)

Proof. Let I(z) ∈ CV Pψ(ν, p), then we have∣∣∣∣ 1

eiψL(z)
− 1

3ν

∣∣∣∣ < 2

3ν
, z ∈ D, whereL(z) = 1 +

zI(p+1)(z)

I(p)(z)
. (3.2)

From the above, we have ∣∣∣∣3ν − eiψL(z)

3νeiψL(z)

∣∣∣∣ < 2

3ν
. (3.3)

⇔ |3ν − eiψL(z)|2 <|2eiψL(z)|2

⇔ [3ν − eiψL(z)][3ν − eiψL(z)] <[2eiψL(z)][2eiψL(z)]

⇔ [3ν − eiψL(z)][3ν − e−iψL(z)] <[2eiψL(z)][2e−iψL(z)]

⇔ 9ν2 − 3νe−iψL(z)− 3νeiψL(z) + 4L(z)L(z) <4L(z)L(z)

⇔ 9ν2 − 3ν(e−iψL(z) + eiψL(z)) <0

⇔ 3ν − 2ReiψL(z) <0

⇔ −2ReiψL(z) <− 3ν

⇔ R
(
eiψ
(

1 +
zI(p+1)(z)

I(p)(z)

))
>

3ν

2
. (3.4)

⇔ R
(
eiψ
(

1 +
zI(p+1)(z)

I(p)(z)

))
>ν. (3.5)
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This achieves the result.

Theorem 3.2. If I(z) ∈ CV Pψ(ν, p) satisfies

∞∑
j=1

(j + p)!

(j + 1)!(p)!
(j + 1)

{
2(j + 1) + |(j + 1)− 3νe−iψ| |τ γj,p| |aj+p|

}
≤ 2− |1− 3νe−iψ|. (3.6)

For some |ψ| < π
2

and 0 < ν < cosψ, then I(z) ∈ CV Pψ(ν, p).
Proof. To prove that I(z) ∈ CV Pψ(ν, p) we need to prove that∣∣∣∣3ν − eiψL(z)

eiψL(z)

∣∣∣∣ < 2. (3.7)

for some |ψ| < π
2

and 0 < ν < cosψ, where L(z) = 1 + zI(p+1)(z)

I(p)(z)
.

Now we have ∣∣∣∣3ν − eiψL(z)

eiψL(z)

∣∣∣∣ =

∣∣∣∣3νe−iψI(p)(z)− I(p)(z) + zI(p+1)(z)

I(p)(z) + zI(p+1)(z)

∣∣∣∣. (3.8)

=

∣∣∣∣(3νe−iψ − 1) +
∑∞

j=1
(j+p)!

(j+1)!(p)!
(j + 1)[3νe−iψ − (j + 1)] τ γj,p aj+pz

j

1 +
∑∞

j=1
(j+p)!

(j+1)!(p)!
(j + 1)2τ γj,p aj+pz

j

∣∣∣∣
≤
|(3νe−iψ − 1)|+

∑∞
j=1

(j+p)!
(j+1)!(p)!

|(j + 1)||[3νe−iψ − (j + 1)]| |τ γj,p| |aj+p||zj|

1−
∑∞

j=1
(j+p)!

(j+1)!(p)!
|(j + 1)|2|τ γj,p| |aj+p||zj|

<
|(1− 3νe−iψ)|+

∑∞
j=1

(j+p)!
(j+1)!(p)!

|(j + 1)||[(j + 1)− 3νe−iψ]| |τ γj,p| |aj+p|

1−
∑∞

j=1
(j+p)!

(j+1)!(p)!
|(j + 1)|2|τ γj,p| |aj+p|

. (3.9)

The last expression in (3.9) is bounded above by 2 if

|(1− 3νe−iψ)|+
∞∑
j=1

(j + p)!

(j + 1)!(p)!
(j + 1)|[(j + 1)− 3νe−iψ]| |τ γj,p| |aj+p| ≤

2

{
1−

∞∑
j=1

(j + p)!

(j + 1)!(p)!
|(j + 1)|2|τ γj,p| |aj+p|

}
. (3.10)
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After simplification of (3.10) we have

∞∑
j=1

(j + p)!

(j + 1)!(p)!
(j + 1)

{
2(j + 1) + |(j + 1)− 3νe−iψ| |τ γj,p| |aj+p|

}
≤ 2− |(1− 3νe−iψ)|. (3.11)

Therefore,I(z) ∈ CV Pψ(ν, p) for some |ψ| < π
2

and 0 < ν < cosψ.

Corollary 3.1. If I(z) ∈ Ap satisfies

∞∑
j=1

(j + p)!

(j + 1)!(p)!
(j + 1)

{
2(j + 1) +

√
(j + 1)2 − 3

√
2ν(j + 1) + 9ν2

}
|τ γj,p||aj+p|

≤ 2−
√

1 + 9ν2 − 3
√

2ν.

For some ν ∈ (0, 1√
2
), then I(z) ∈ CV Pπ

4
(ν, p).

4. Conclusion
In this paper we have derived some necessary and sufficient conditions for the

subclasses of starlike and convex spirallike multivalent functions using γth order
differintegral type operator. These results are new and will help researchers in the
field of Geometric function theory.
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