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Abstract: In this paper we have obtained some necessary and sufficient conditions
for the following classes:

1) SVP¢ (V ’ p)

A function I(z) of the class A, also contained in the subclass SV Py(v,p) if it
satisfies the inequality

IP=1)( 2) 1

(costp + isin)zIW)(z)  3v

2
<3— where Y € R and 0 <v < 1.
v

2) CVPy(v,p)
A function I(z) € A, is said to be in the class C'V P, (v, p) if it satisfies the inequality

I®)(2) 1

(cost) + isinp)zI®P+D(z)  3v

2
<3— where 1 € Rand 0 < v < 1.
v

We have extended the previous results and derived some corollaries.
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1. Preliminaries and Essentials
Let a p-valent analytic function f(z) is characterized by

f2) =+ 3 a2 pen (11)
j=1
Belongs to the class A, and all these functions are characterized in the disc rep-
resented by D = z € C:|z| < 1. The subclasses of p-valent star-like function of
order v and p-valent convex function are given by

S*(v,p) = {f cA,: R(i{é?) >v, 2 € D}

O%um:{feA R<L+?é9>>uzeD}

respectively, provided that v is a real number such that 0 < v < 1.
a function f € A, is called - spiral-like of order v in the unit disc D if

o)

Such functions are defined by the class Sy (v) [8],(also see [9], [18]). In previous
years many attractive classes of univalent, multivalent, spiral-like functions and
many special cases were investigated, see for example [2, 6, 10-14].

Patel et al. [19] defined the operator QM) A, = A, by

]+p+1 Cp+1-2A)
QWP f(2) = 2P + Z CES T )\)apﬂzp“ (1.2)

Following the idea of Aouf et al. [3]. We define the operator Vw)‘f A, = A
provided that v € Ny, K > 0, as follows:

VaPf(z) = QM) f(z)
VM) = VME(z)
VIR = (=m0 f(z) + (00 ()]

I'( Dl(p+1—\
_ oy 2£:<p-+-ﬁj U+p+ DI+ )ap+jzp+]
p Tp+)I(G+p+1-2A)

7=1

Vo f(2) =(1—@W?ﬂ@+;ﬂwyﬂﬁ
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o0 . 2 .
+ i\ T(+p+Dl(p+1-X) 4
VP — P p N
27.7 f('Z) z +;( p ) F(p+1>r(j+p+1_)\)ap+32

The general expression is

VA F) SV ()

v—1J

p+rj\ T(+p+1I'(p+1-A
VI _%ﬂ+§:( ) ép+nfd+;+1—A}%“fﬂ (3)

Jj=1 p
V/\p ) =2 + Z jap 2 = I(2). (1.4)
p—i-/ij FG+p+1DI(p+1-N)
h = . 1.5
where. 7y = ( p ) T(p+ DI +p+1—N (15)

Motivated and inspired by the above mention work, we here define the following:
Definition 1.1. A function I(z) of the class A, also contained in the subclass
SV Py(v,p) if it satisfies the inequality

IP=1(z) 1
(costp + isinp)zI®)(z)  3v
The p'* derivative of I(z) is denoted by IP)(z). For A =0 ,~ = 0 this class reduces
to the class Sy (v, p) introduced by Khan et al. [7].

Assertion 1. [t is easily seen that, for A\ =0, =0, p=1and ¢ =0, Sy(v,1) =
M (v) this class studied in [15] and for A = 0,7 = 0,p = 1,Sy(v,1) = Sy(v), see
[16].

Definition 1.2. A function I(z) € A, is said to be in the class CV Py(v,p) if it
satisfies the inequality

I7(z) 2 e o
(costp + isina))zIP+1)(2) T3y < 3, wnere Y € Ran <v<l1l. (1.7

For A\=0,v=0,p=1,Cy(r,1) = Ky(v), see [16].
2. The necessary and sufficient conditions for the class SV Py (v, p)
Theorem 2.1. A function 1(z) € SV Py(v,p) if and only if,

R{@%¢tgﬁfﬁmw)}>u

2
< 3 where Y € R and 0 <v < 1. (1.6)
v

(2.1)
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Proof. Let I(z) € SV Py(v,p), then we have

1 1 2 21P) (2)
_— | < = D hereY (z) = ————. 2.2
(s 3| S FED whereV () = o 22)
From the above, we have
3v—eY(2)| 2
—_ | <. 2.3
3veY (z) 3v (2:3)

& [3v — Y (2))? <[2eMY (2)]?
& By — Y (2)][Br — e¥Y (2)] < [QewY(z)][Qe“ﬂY( )]
& [3v — Y (2)][3v — e VY (2)] <[2e™Y (2)][2¢7Y (2)]
= 92— 31/e_wm —3ve™Y (2) +4Y (2)Y (z <4Y( Y (z)

)
& 9% —3w(e™Y (2) + VY (2)) <
& 3v — 2ReY (2) <0
& —2Re™Y (2) <
3

(p)
w 217 (2) v
<:>R(e —](p—1>(z) > 5

TP (4
& R(ewlé—l)((;)) > v (2.5)

v

This achieves the result.
Assertion 2. For A =0, v =0, this result reduced to the result of Khan et al. [7].

Corollary 2.1. Forp = 1,A = 0,7 = 0, the above result converts in to the
following known result proved by Owa and Kamali [17].

I(z) € Sy(v) & R(ew%’z)> > v (2.6)

Theorem 2.2. If I(z) € SV P,(v,p) satisfies

o0

j+p i i
Z G {2J+ )+ G+ 1) = 3ve ™[} 7], ajipl <2 —](1—3ve™™)].
7j=1

(2.7)
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and 0 < v < cosy, then I(z) € SV Py(v,p).

for some || < 5 a
) € SV P,(v,p) then it suffices to show that

Proof. If I(z
v — Y (2)
— | < 2. 2.8
eVY (2) (28)
for some || < § and 0 < v < costp, where Y (z) = Iz(iip—l))(é))
Now we have
3v—eVY(2)|  |3veIPN(z) — 21W)(2) (2.9)
evyY(z) | 2IP)(z) ' '
)<3V€ W)+ 0, GhRBre ™ = (G 4+ D] 7], ajip?
I+ Zj 1 ](Jilﬂvo( v( ) j ajerZ]
_ |Bre ™ — D)+ 332, Gt .\[3’/6_“” = (G + DI ajpl2]
- L= 3002 GG+ DI lagll27]
. (1= 3ue™)| + 3202, IR 1[G+ 1) = Bve™™]] |7, ] a4 (2.10)
1=y, TG 7 e
The last expression in (2.10) is bounded above by 2 if
L — G+ . i
(1= 3ve™)| + Y =i [ + 1) = 3ve™™]| 7], ] laji,|
2 G+ D) i
<2013 G i ol 1)
After simplification of (2.11) we have
—~ (j+p) i < m
Z—{23+1)+\(.7+ 1) = 3ve™™ |} 7], ] lajp| < 2= [(1 = 3ve™™)]

U+ D

Jj=1

Therefore,I(z) € SV Py (v, p) for some |¢| < § and 0 < v < cosy.

Assertion 3. For A = 0,7 = 0, this result reduces into the result introduced by
Khan et al. [7]

Corollary 2.2. For A=0,7y=0,p=1¢Y =0and 0 < v < 1 then I(z) € A,
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satisfies the following coefficient inequality

Zy—w ollagipl < 52 101 - 30)]] (212)
Corollary 2.3. If I(z € A, satisfies

+ . .
G {2 04 U 1= VBG4 ) + 9 il

<2- \/1 + 902 — 3v/2v. (2.13)
For some v € (0, %), then I1(z) € SV Px(v,p).
3. The necessary and sufficient conditions for the class CV Py (v, p)
Theorem 3.1. A function I1(z) € CV Py(v,p) if and only if,

ST+ (5
R {(COS¢ + isiny) (1 + I](T(z())) } > v (3.1)
Proof. Let I(z) € CV Py(v,p), then we have
L]t (»
ei%(z)_Siy < 3% ,2 €D, wheTeL(z):1+[I(+(;)). (3.2)
From the above, we have
3v—eVL(z)| 2
e L(z) <3, (3.3)
& [3v — eV L(2)]? <|2e™ L(2)?
& 3 — eV L(=)]Br = eV L(2)] <[2¢" L(:)|ReP L (2)]
& [3v — eV L(2)][3v — eV L(2)] <[2™ L(2)][2¢ 7V L(2)]
& 9% — 3ve ™™ L(2) — 3ve™ L(z) + 4L(2)L(z) <4L( )L(2)
92 —3u(e W L(2) + eV L(2)) <
& 3 —2Re™L(z) <
& —2Re™L(z) < — 3v
@R( ( ZIP+ ))) >7. (3.4)

)
@R( < 21 pHZ()Z )) > (3.5)
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This achieves the result.

Theorem 3.2. If I(z) € CV Py(v,p) satisfies

— (+p) i
§:J+4 [+ D20+ 1) +10+1) = 3ve ™[ 7| laj !}
7=1

<2—|1—3ve™™|. (3.6)

For some || < 5 and 0 < v < cosyp, then I(z) € CV Py(v,p).
Proof. To prove that I(z) € CV Py(v,p) we need to prove that

3v—eVL(z)
i) | (3.7)
for some |¢| < § and 0 < v < cosy), where L(z) = 1 + —le(f;z:()z)

Now we have

3v—eVL(z)| |3veWIP(z) — IV (2) + 21D (2) (3.8)
eV L(z) N I®)(2) + 2P+ (2) '
o™ =)+ 2 il U~ G+ 0]
‘ ve =1 Gt J ve 7 Tjp Qj+p?
1+ Z] 1 ]if)}vo(p)v (] + 1) aJ+PZJ
_ |Bre™™ — 1) + 5%, G50 |G+ DIIBre™ — G+ DI [7],] laj1p|27]
- 1= 352 GG+ DIl lajl127]
i ! .
. (1= Bve™™)| + 302, G588 + DI + 1) = 3ve )| [7],] lajsl (39)
1—2?wﬂ%«wHN||mﬂ
The last expression in (3.9) is bounded above by 2 if
i ] + p . i
(1= 3ve™™) |+Z (0 DIG+1) = 3ve ™ 7, | lajil <
OO (] +p)! . 21,
2{1—;m|(9+1)| 177 |ajapl ¢ - (3.10)
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After simplification of (3.10) we have

> G D {204 D416+ 1) = e 17 g}

<2 —|(1 = 3ve™). (3.11)

Therefore,I(z) € CV Py(v,p) for some [¢| < § and 0 < v < cos.
Corollary 3.1. If I(z) € A, satisfies

oo

J+p . . .
Z G G+ {2(] +1) + \/(] +1)2-3vV20(i+1) + 9y2} 77 1las4p]

Jj=1

< 2—\/1+91/2—3\/§V.
For some v € (0, \/Li)’ then I(z) € CV P= (v, p).

4. Conclusion

In this paper we have derived some necessary and sufficient conditions for the
subclasses of starlike and convex spirallike multivalent functions using +** order
differintegral type operator. These results are new and will help researchers in the
field of Geometric function theory.
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