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Abstract: The aim of the present paper is to introduce some special families

of holomorphic and Al-Oboudi type bi-univalent functions associated with (m,n)-

Lucas polynomials involving modified sigmoid activation function ¢(s) = Ti,s, 5>

0 in the open unit disc ®. We investigate the upper bounds on initial coefficients
o

for functions of the form g,(z) = z+ > ¢(s)d;z7, in these newly introduced special
i=2

families and also discuss the Fekete-Szegd problem. Some interesting consequences
of the results established here are also indicated.
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1. Introduction and Preliminaries

Let N be the set of natural numbers, R be the set of real numbers and C be the
set of complex numbers. Let A be the family of normalized functions that have
the form

o) =2+, 1

which are holomorphic in ® = {z € C : |z|] < 1} and let S be the collection
of all members of A that are univalent in ®. It is well- known (see [6]) that
every function g € S has an inverse g~! satisfying z = g7 '(g(z)), 2 € © and
w=g(g7'(w)), lwl <7ro(g), ro(g) = 1/4, where

g7 = fw) =w — dow® + (2d5 — d3)w® — (5d3 — 5dads + dy)w' + ... (2)

A member g of A is said to be bi-univalent in @ if both g and ¢! are univalent

in ©. We denote the family of bi-univalent functions that have the form (1), by
> . For detailed study and various subfamilies of the family ), one can refer the
works of [2], [5], [10], [13] and [16].

Let m(z) and n(x) be polynomials with real coefficients. The (m,n)- Lucas
polynomials L;(m(x),n(x),z) or briefly L;(z) are given by the following recurrence
relation (see [12]):

Ly(x) = m(w)Lj(2) + n(z)Lj(x),  Lo(z) =2, Li(x) =m(z),  (3)

where j € N—{1}. It is clear from (3) that Ly(x) = m?(x)+2n(z), Lz(z) = m3(z)+
3m(x)n(z). The generating function of the (m, n)-Lucas polynomial sequence L;(z)
is given by

2 —m(x)z

Gz, z) = ZLj(x)zj =1 5- (4)

Note that for particular choices of m(x) and n(x), the (m,n)-Lucas polynomial

L;(z) leads to various polynomials, among those we list following few here (see, for
more details [3]):
i) L;j(z,1,2) = Lj(x), the Lucas polynomials, ii) L;(2z,1,2) = P;(z), the Pell-
Lucas polynomials,iii) L;(1,2z,2) = J;(x), the Jacobsthal polynomials, iv) L,
(3xz,—2,2) = Fj(x), the Fermat-Lucas polynomials, v) L;(2z, —1,x) = T;(x), the
first kind Chebyshev polynomials.

In the literature, the coefficient estimates and celebrated Fekete- Szego inequal-
ity are found for bi-univalent functions associated with certain polynomials like
the Chebyshev polynomials, the Horadam polynomials, the Fibonacci polynomials
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and the (m,n)-Lucas polynomials. We also note that the above polynomials and
other special polynomials are potentially important in the mathematical, physical,
statistical and engineering sciences. More details associated with these polynomials
can be found in [1], [9], [11], [14] [18], [19] and [20].

Let Ay denote the family of functions of the form

go(2) = 2+ Z T dezj =z+ Zgzﬁ(s)djzj,

where ¢(s) = = + —, s > 0, is a modified sigmoid function. Clearly ¢(0) = 1 and
hence A; := A (see [7]).

Definition 1.1. For g5 € Ay, k € Ny, 8 > 0, an Al-Oboudi type differential
operator Dg c Ay = Ay, is defined by

Digs(=) = 9o(2),
Digs(z) = (1= B)go(2) + B2g(2),

Dfgs(2) = Ds(Dj 'gy(2)), 2 €D,
Remark 1.1. If g4(2) = 2+ >_ ¢(s)d;2 € Ay, 2 €D, then
i=2

D6g¢ —z—l—z (1+ (G — 1B o(s)d;z7, 2 € D.

When ¢(s) = 1, we have the differential operator defined by Al-Oboudi [4], which
reduces to Salagean differential operator, when 5 =1 [15].

We recall the principle of subordination between two holomorphic functions
g(z) and f(z) in ©. It is known that g(z) is subordinate to f(z), written as
g9(z) < f(2), z € @, if there is a ¥(z) holomorphic in ©, with 1(0) = 0 and
[U(2)] < 1, z € D, such that g(z) = f(¥(2)). Moreover, g(z) < f(2) is equivalent
to g(0) = f(0) and g(®) C f(D), if f is univalent in D.

Inspired by recent trends on bi-univalent functions, we define the following
special families of Y~ by making use of the (m,n)-Lucas polynomials, which are
given by the recurrence relation (3) and the generating function (4).

Definition 1.2. A function g(z) in Y  of the form (1) is said to be in the family
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GZ(xvu,ﬁ,k ¢(s), 0 <y < Lp>0,p>7vp8>0 ke NU{0} and
¢(s):1+85,s>0 if

2(Djge(2)) + p2*(Djge(2))”
(1 —7)Dkgy(2) +v2(Dhgs(2))

<G(z,2)—1,2€®

and i S
w(D5f(w)) + pw (D fo(w))"
(1 = 7)DEfs(w) + 1w (D fs(w))
where fu(w) = ggl(w) is an extension of g~' to ® given by (2) and G is as in (4).
It is interesting to note that the special values of v and u lead the family
Ss(z,v, 1, Bk gb( )) to the following various subfamilies

1. For v = pu = 1, we get the family 5~ (z, B, k, ¢(s)) = Sx:(z, 3,3, B, k, ¢(s)) of
functions g(z) in Z of the form (1) satisfying
(2*(Djgs(2))") (w?(DEfo(w))")’
(2D594(2)) (wDE fs(w))

where fy(w) = g;l(w) is an extension of g=! to @ given by (2) and G is as in (4).
2. When V= 0, = 3, we obtain the family #s~(z, 8, k, ¢(s)) =

<G(r,w)—1,w €D,

<G(z,z) =1 and <G(r,w)—1,z,weD,

Sx(z,0, 3, 5, l;:, ¢(s)) of functions g(z) in > of the form (1) satisfying
(2*(D5go(2))") (w(Dfs(w))")
2Dﬁkg¢( ] <G(z,z)—1 and ZDifZ(z) <G(r,w)—1,z,w €D,

where fg(w) = g;l(w) is an extension of g=! to ® given by (2) and G is as in (4).
3. On putting v = 3,4 =1, we have the family Z5~(z, 8, k, ¢(s)) =
S (2, 3,1, B, k,¢(s )) of functions g(z) in Y of the form (1) satisfying

22(2(Djgs(2))")’ 2w(w(Dffs(w))")
(2D5g6(2)) (wDgfw))
where z, w € D, fy(w) = g;l(w) is an extension of g~! to D given by (2) and G is
as in (4).
4. On taking v = 0, we get the family Zs~(x, i, B, k,¢(s)) = x> (,0, , B, k, ¢(s))
of functions g(z) in ) of the form (1) satisfying

( Dfgs(2) ><1+“(Dgg¢(z))/><g( 2)—1,2€D

< g(x,w) - 17

<G(z,z) —1 and
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and

<W(D/’§f¢(w)>’) (1 DAL
D§ fo(w) (D5 fs(w))'
where fy(w) = g;l(w) is an extension of g7! to ® given by (2) and G is as in (4).
Definition 1.3. A function g(z) in Y of the form (??) is said to be in the family
Ms~(z, 7,1, 6, k), 0 <y <1Lpu>0,p>v02>0 ke NU{0} and ¢(s) =

92 .
1+675,S Z OJ Zf

> <G(r,w)—1,weD,

2(Djge(2)) + p2*(Djge(2))”
(1 =)z +v2(Dhgs(2))

<G(x,2)—1,2€D

and
w(Df f(w)) + pw® (D fo(w))”

(I = 7w + (D fo(w))

where fy(w) = g;l(w) is an extension of g~ to D given by (2) and G is as in (4).
It is easy to observe that the special values of 7 lead the family My~ (z, v, p,

B, k,(s)) to the following various subfamilies:

1. For v = 0, we get the family fs~(z, p, 8, k, ¢(s)) = Ms>(x,0, 4, B, k, ¢(s)) of

functions g(z) in > of the form (1) satisfying

<G(r,w)—1,w €9,

(D5g6(2)) +1z(Digs(2))" < G(w, 2)—Land (Dj fo(w)) +pw(Dg fs(w))" < G(a,w)—1,
where z, w € D, fy(w) = g;l(w) is an extension of g~! to D given by (2) and G is
as in (4).

2. When v = 1, we have the family £s~(z, i1, 8, k, ¢(s)) = Ms~(x, 1, 1, B, k, ¢(s))
of functions g(z) in ) of the form (1) satisfying

o () <=t e (SR ) <ot

where z, w € D, u > 1, fo(w) = g;l(w) is an extension of g~! to ® given by (2)
and G is as in (4).

Definition 1.4. A function g(z) in Y of the form (1) is said to be in the family
SBZ(CC,g,T, 67 k? ¢(S)>7 § > ]-a T 17 /6 > O; k € NU{O} and ¢(S) = s 2 OJ

if
(1= &) +&l(=(D5go(2) )T
(Dfgs(2))

2
1+e—s?

<G(z,2)—1,z€D
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and k AV
(1 —=&) 4+ &lw(D5fs(w))) T
(Difo(w))

where fu(w) = g;l(w) is an extension of g~' to D given by (2) and G is as in (4).
Note that the particular values of £ and 7 lead the family Bs~(x, &, 7, 8, k, ¢(s))

to the following various subfamilies:

1. When 7 = 1, we have the family .#s(x,&, B, k,¢(s)) = By (x,£, 1, B, k, ¢(s))

of functions g(z) in Y of the form (1) satisfying

- 1 2(Djgs(2))" N1 s
! 5)<D§g¢<z>>'+5<” (Dhgs(2)) ) <Gl ze®

<G(r,w)—lw €D,

and

o DS Lo
S A >>+5< (D ol >>')<g(’) hwed,

where fy(w) = g;l(w) is an extension of g=* to @ given by (2) and G is as in (4).
2. For £ = 1, we have the family M~ (z, 7, B, k, ¢(s)) = B (2, 1,7, B, k, ¢(s)) of
functions g(z) in ) of the form (1) satisfying

[(2(Dfgs(2))) ] [(W(DEfo(w))
(Djgs(2)) (DF fy(w))

where z, w € D, fy(w) = g;l(w) is an extension of g~! to D given by (2) and G is
as in (4).

The families &x~(z,v,u, 1, k, 1), Ms~(x, v, 1, 1,k, 1) and By~ (x, &, 7, 1,k, 1)
were studied in [17].

For functions belonging to these newly defined families Sy~(x,v, 1, 8, k, ¢(s)),
Ms~ (2,7, 1, B, k, ¢(s)) and By~(x,&, 7, B, k, ¢(s)), we derive the estimates for the
coefficients |dy| and |d3| and also, we consider the celebrated Fekete- Szegd problem
[8] in Section 2.

<G(z,z)—1, and < G(zr,w) — 1,

2. Coefficient estimates and Fekete-Szego inequality

Theorem21 Let 0 <y < 1L,u>0,pu>vyp>0keNU{0} and ¢(s) =
25> 0. 1f g(2) of the form (1) is in Gx(x, v, s Bk, 6(s), then

IV (5)

(1+ B)kg(s) \/2|u 20 — 7) m2< ) + A2 n(z)]

|do| <




Some Special Families of Holomorphic and Al-Oboudi type ...

1 m?(z m(z
< b [ I
(1+28)ke(s) [ A 2(A + )
and for 5 € R
Im(z)| 1 _(2p)F8
N k= iraeen 7‘1 aemee | <
|d3 - (5d2‘ < |m(z)3 ’1_ (1+28)Fs
(1+5)2F (s) _‘1 __(1428)s ‘ > J
2(14+28)kd(s)|p(2u—y)m2 () + A 2n(z)| (1+8)%kp(s) | = 7
where

1= g o=+ ()|

A=(1—7v+2p).

(8)

(9)

Proof. Let g(z) € &x(x,7,u, 5, k, ¢(s)). Then, for two holomorphic functions r
and s such that 7(0) = s(0) = 0,|r(2)| < 1 and |s(w)| < 1, z,w € D, and using

Definition 1.2, we can write

2(DEge(2)) + pz*(Digs(2))”
(1 =) DEge(2) +v2(Dhge(2))

=G(z,r(2)) —1

and
w(DE@) 4wt (DERW)
(1 =)D fo(w) 4+ yw(D5 fo(w)) =G(z,s(w)) — 1.

Or, equivalently

2(Dfgs(2)) + nz*(Djgs(2))"
(1 =) DEgs(z) +v2(Dgy(2))

and

w(Df fs(w)) + pw? (D} fo(w))”
(1 =) D5 fo(w) + yw(Djfo(w))

From (10) and (11), in view of (3), we obtain

2(Dhge(2)) + p2*(Dhge(2))”
(1 =) Dhge(2) +v2(Dj(2))

= —1+ Lo(z) + Ly(2)7r(2) + La(z)r*(2) + ...

- = —14Lo(z)+ L (z)s(w)+ La(x)s*(w)+....

=1+ Li(2)r1z + [Li(2)ry + Ly(2)r?]2* + ...

(10)

(11)

(12)
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and
w(Df fo(w))' + pw?(Df fo(w))"
(1 =)D fs(w) + yw(Djfs(w))

It is well known that if |r(2)| = |riz + re2? + 1323 + ... | < 1, 2z €D and |s(w)| =
|s10 + sow? + 53w + ... <1, w € D, then

;T 14+ Ly (z)siw+[L1(z)sa+ La(z) s7]lw+.... (13)

75| < land|s;| <1(i €N). (14)
Comparing the corresponding coefficients in (12) and (13), we have

(14 8)fo(s)Xdy = Ly(z)r (15)

2(1 4 28) () (A + p)ds—(1 + B)**¢*(s)(1 +v)A d

= Ly(x)ry + Lo(x)r? (16)
—(1+8)*¢(s)A do = Ly ()s1 (17)
—2(1+26)"¢(s) (A + p)dz+(1 + 8)*¢*(s)(v* — (4 + 2u)y + 3+ 10u)d; (18)
= Ly(7)sy + Loy(x)s?.

where A is as in (9). From (15) and (17), we can easily see that

rn = —5 (19)
and also

2(1+ B)* 9% (s)A*dz = (1} + 1) (L1 (). (20)

If we add (16) and (18), then we obtain

21+ B)"¢*(s)((1 = A+ 2m)d5 = Li(2)(r2 + 82) + Lo()(rF +51). (21)

Substituting the value of (r + s?) from (20) in (21), we get
)

_ (L1())*(ra + 2
2(1+ B8)%k¢%(s) [((1 = VA + 2u) (La(2))? — N2 La(2)]

which yields (5), on using (14).

d;




Some Special Families of Holomorphic and Al-Oboudi type ... 9

Using (19) in the subtraction of (18) from (16), we obtain
(1+ 5)2k¢(3)d2 n Ly(z)(r2 — s2)
(L+28)F % 41+ 20)k(s)(A + )
Then in view of (20), (23) becomes
g — (Li(@))*(rf + s7) L @) — s5)
P21+ 28)0(s)2 T A(L+ 285 0(s)(A + 1)’

which yields (6), on using (14).
From (22) and (23), for § € R, we get

3:

|d3 — 6d3| =
1 1
) ’ (T“’”“") RV P pe u)) ot (T“’ D AT 29RO F m) &

where

I

<(1+ﬁ)2k¢>(8 . 5) m?(z)

(1+2B)F
A(1 + B)2Re2(s) [u(y — 2u)mA(z) + A2n(x)]

In view of (3), we conclude that

T(0,x) =

[m ()| . 1
|ds — 02| < { om0 < T0,2)[ < TR0 )
| ( )HT( ) )| ;|T((5, CL’)| > 11128)% () ntp) ?
which yields (7) with J as in (8). This evidently completes the proof of Theorem
2.1.

Remark 2.1. The results obtained in Theorem 2.1 coincide with Theorem 2 and
Theorem 3 of [3], for k=0 and p =y, (0 <~ <1), ¢(s) = 1.

Remark 2.2. The results of Theorem 2.1 reduce to Corollary 1 and Corollary 3
of [3], when k= p=~=0, ¢(s) =

Remark 2.3. Corollary 2 and Corollary 4 of [3] can be obtained from Theorem
2.1, by putting k =0, ¢(s) =1 and p=~ = 1.

Theorem22 Let 0 <~ <1,u>0,pup>7 08>0 ke NU{0} and ¢(s) =
1+ The—s:5 = > 0. ]fg( ) Ofthe form (1) is N mtz(l’,’)/,/i, 671{:7 ¢(S))7 then

|\/|m<x>| 20

(14 B)*(s)\/ 1Al — ) + (1 — v + 2p))m?(x) + 8v2n(x)|

|do| <
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1 m*(z)  |m(z)|
dal < + 25
< T gaa |5 3 (%)
and for 6 € R
(TP L - dEs |
3(1+2 s)(v+ ) 1+ 5=
|d3 — 0d3| < p 42k (26)
2 |m(ac)\ 1 ok k
(14+8)" o (s) . ‘1 (142" ‘
(1+28)% ()| (4 (=) +(v+p))m2 (z)+82n(z)| (14+8)%k¢(s) | = ’
where . (@)
n(x
M= ———|(4ulp — ) + (1 — v+ 2u)) + 8 :
30+ 1) '( =) + (1= +2u)) (m2(:v))
v=(1—v+p). (27)

Proof. Let g(z) € Ms(z,v, 1, B, k, #(s)). Then, for two holomorphic functions
r and s such that 7(0) = s(0) = 0,|r(z)| = |r1z + 2% +1r32° + ...] < 1 and
|s(w)| = |s1w + Sow? + s3w® + ... < 1, z,w € D, and using Definition 1.3, we can

write
2(Dfgo(2)) + 122 (Dhgol2))" _
Dy =) 1 (8)
and
DRI+ pADERE)" )

(1 = 7w +yw(DEfo(w))

Following (10), (11), (12), and (13) in the proof of Theorem 2.1, one gets in view
of (28) and (29)
2(1+ B)*(s) vdz = Ly (2)ry (30)

3(1+28) ¢(s)(v + p)ds — 4(1 + B)* ¢*(s)vyd; = Li(x)ra + Lo(x)r; (31

—2(1 + B)*p(s)vdy = Li(2)s, (32)

—(1+ 28)6(s)(v + p)ds + 2(1 + B)%¢2(5)[22— (5 + 2u)y + 3(1 + 201)) 2

= Ly(x)sy + Lo(x)s7. (33)

where v is as in (27).
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The results (24)-(26) of this theorem now follow from (30)-(33) by applying the
procedure as in Theorem 2.1 with respect to (15)-(18).

Theorem 2.3. Let{ > 1, 7> 1,8 2>0, k€ NU{0} and ¢(s) = = —2_5>0. If
g(z) of the form (1) is in By~ (x,&, 7, B, k, ¢(s)), then
< @)/
T (14 B)Re(s)\/]((8ET2 — TET + 1) 4261 — 1)2)ym2(x) — 8(267 — 1)2n(z)|’
(34)
1 m?(x m(x
(A p— SNt (35)
(1 + 25) ¢(s) 4(2&7’ — 1) 3(357’ — 1)
and for 6 € R
|ds — 6d3| <
()| . _(1428)%s
3(14+28)k¢(s)(3¢T—1 ’ |1 - (1+6)2k¢(8)’ < 0
_ (+28)ks |m(:1:)|3
(1+8)%F¢(s) - (14+2B)*s |>Q
(1+28)Fp(s)|((8672—TE7+1)—4(267—1)2)m2 (x)—8(267—1)2n(x)| 7 (1+8)%kg(s) | = =%
(36)
where
Q= — b (862 = Ter +1) — 4267 — 1)2) — 8(267 — 1)2 )
3(3¢T —1) m2(z) )|’

Proof. Let g(z) € By (z,&, 7, B,k, ¢(s)). Then, for two holomorphic functions
r and s such that r(0) = s(0) = 0,|r(z) = riz + rez® + r32% + ... < 1 and
|s(w) = s1w + s9w? + 53w + .| < 1, 2,w € D, and using Definition 1.4, we can

write
(1=&) +&[(2(Dhgs ()T ool — 1. 2
(Dhgs(2)) =G(z,r(2))—1,2€D (37)
and
(=8 + DB _ oo ) -1, w €D, (38)

(Dffo(w))'
Following (10), (11), (12), and (13) in the proof of Theorem 2.1, one gets in view
of (37) and (38)

2(1+ B)*¢(s) (26T — 1)dy = Lu(x)ry (39)
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4(1+ B (s)(2672 — 46T +1)d2 + 3(1 +26) ¢ (5) (36T — 1)d3 = Ly (2)ro + Lg(f)rg
40

—2(1+ B)"(s)(267 — 1)dy = Li(w)s1 (41)

2(1+ ) 0% (s) (4672 + €7 — 1)d3 — 3(1+25)"¢(5) (367 — 1)dy = Lu()s + La()s]
(42)
The results (34)-(36) of this theorem now follow from (39)-(42) by applying the
procedure as in Theorem 2.1 with respect to (15)-(18).
In next section, we present some interesting consequences of our main result.

3. Corollaries and Consequences

Corollary 3.1. Let g(z) be in the family 5 (x, B,k, ¢(s)). Then

e e ] € s |2 Il
~ (14 8) k¢ \/]mZ +9n ()] T (L+28)k(s) [ 9 4

and for some ¢ € R,

__Im@)] _(1428)%6 L n(z)
L | e ‘1 EmE )) < g|l+9 ( (x))‘
|d3 - 5d2| < 2m(z)[3 1 (1+28)ks
SR ) N PR T L ( n(@ )
(1+28)k¢(s)Im? () +9 n(z) (14—5)2’“@5 (s) z) )|
Corollary 3.2. Let g(z) be in the family Zs(x, B, k, ¢(s)). Then
|dy| < o)lVimlz |d3| < ! {m2(a)) + \m(x)|]
~ (14 8) k(b )\/Jm?(x) —|—8n )|’ T (14+28)k¢(s) 4 5
and for § € R,
|m(z)] __(1+2p)* 1
) ST+ 207 6(5) ‘1 AT )‘ < ( ))‘
|d3 — 5d2‘ < (@) 1 (1+25k) 5 (
T (1+8)2kg(s) 1+2p3)F 1
2B o () (@) F8n(e)] ‘1 ATHRe0) )’ = 5|1 +8< (m>>"
Corollary 3.3. Let g(z) be in the family £5~(x, B, k, ¢(s)). Then
|dy| < V2im(a) |d3| < ! {4m2(x) + |m(x)|}
(1+ B)E(s) \/|6m2 + 25n( )| T (1+28)ke(s) [ 25 7
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and for § € R,

[m(z)| | _ G428k 1 ( n(z) )‘
) T+2B)*6(s) ’ (AFA)%*(s) | = m?(z)
|d3 — 0d;| < 2m(a)|? |1— 020k
(1+8)2k ¢(s) 1= (14-28)%6 116425 n(x)
(1+28)7(s)[6m?(2)+25n ()] A+A%*6(s) | = m?(z)

Corollary 3.4. Let g(z) be in the family Ps(x,u, 5,k). Then
< )]/ ]
(1+ 8)86(s)y/ [21202m2 () + (1 + 2p)2n(w)]]

1 m?(z) |m(z)]
|ds] < (14 26)k¢(s) |:(1 + 2u)? + 2(1+4 3,u):|

and for § € R,

[m(z)] __(+428)%s
2(1+2B)F ¢(s) (1+3p) )1 (1+8)2F¢(s >‘ s
|d3 — (5d§| S [m( )‘3 1— (1+28)%s
me (1+8)2F (s)

2(1+28)*¢(s)[2u*m? () +(142p)*n()]

where J; = (1+3 ) 202 + (1 + 2p)? (mé—g)) ’

Corollary 3.5. Let 0 <~y <1, u >0, u >~ and g(z) of the form (1) be in
GZ(%%M,Q ¢(8)) Then

[m(z)]

ds —d5] < ———2 .
ds |_2(1—7+3u)

Remark 3.1. Corollary 3.5 reduces to Corollary 5, Corollary 6 and Corollary 7
of [3] when p =, p=~v=0,k=0,¢(s)=1and p=~y=1k =0, ¢(s) = 1,

respectively.
Corollary 3.6. Let g(z) be in the family Rs~(z, p, B, k, ¢(s)), p > 0. Then
[m(z)|/Im(z)] 1 m?(z) [m(z)|
d2] < (1485 ¢(s)/ | (42 +2p-+1)m2 (2)+8(1+p)2n()| ds < Traram [4(1+#>2 gD
and for 6 € R,
Im ()| . (1+28)*5
) 3(1+28)F ¢ (s) (1+2p) 1= (1+8)%k 6 (s) | < M,
|ds — ddy| < e [1- 2800 1+28)%5
(1+8)2F o(s) 1 (1+25) | > M,

(14+28)F[(4p2+2p+1)m?2(z)+8(1+u)2n()]  (1+B)%Fe(s) | =
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where My = et (a0 + 2004 1) 801+ 7 (22 |
Corollary 3.7. Let g(z) be in the family £5~(x, p, B, k, ¢(s)), p > 1. Then

0] < o)y izl ,
(14 B)ke(s \/2M| (21 — 1)m ( ) +4pun(z)|
1 m?(z m(x
< o [ I
2p(1+2B)%¢(s) | 2p 3
and for § € R,
[mz)| : ‘1 _ _(142p)ks
) 61(14+28)F (s) ’ (1+8)%kg(s) | =
|d3 — (SdQ‘ S Im(z)]3 |1— (+28)ks
(1+8)%*4(5)

e s s

2p(142B)%¢(s)[(2u—1)m?(z)+4p n(z)] (1+8)%k¢(s)

n(z)
$(20—1) +4p (mQ(I)> ’
Corollary 3.8. Let g(z) be in the family A5 (x,&, B, k, #(s)), £ > 1. Then

where My =

< 2y im ___
(1+B)ro(s \/|€+1— 2§—1)) ()—8(25—1)n(93)|
1 m?(x m(x
NP ), Inia)
(1+28)%¢(s) [4(26—1)*  3(36—1)
and for o € R
Im(z)| C | - 280k
2 3(1+2B)F¢(s)(36—1) : (14+8)*Fe(s) | —
|d3 — (5d2| S 2\m(ac)|3 1— (1+28)*s
(1+6)7%4(s) R I € ETC) LT N I o
(1+28)Fd(s)[(E+1-4(26—1)?)m? (2) —8(26~1)?n(z)| (1+8)%¢(s) | = "1
wheTtezﬁ (E+1—-4(26-1)%) —8(26 —1)° <m2(—(x))>’

Corollary 3.9. Let g(z) be in the family Ny~ (x, 7, B,k, ¢(s)), 7 > 1. Then
4 < oly i) ,
(1+ B)ro(s)\/|(872 — 77 - 1 —4(271 — 1)2)m2(:c) —8(27 — 1)2n(z)]

1 m?(x) [m(z)]
|ds| < 1+ 28)%¢(s) [4(27 — 1) " 3(37 — 1)]
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and for 5 € R
lm(z)| ) __(142p)%5
) 2B B D) L aremas | <
‘d3—5d2’ S |m($)‘3 1— (1+25)k5
1+8)2k (s) . ‘1 _ _(+28% | o
(14+28)%¢(s) (872 —=T7+1)—4(21—1)2)m2(z)-8(27—1)%n(x)| ’ A+8)%Fg(s) | = 2

m?(z)

where O = gzl |(872 = Tr 41— d(2r = 1)?) = 8(2r — 1% (242
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