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Abstract: In this note, the authors introduce the notion of double-framed soft sets
(briefly, DFS-sets) in an ordered AG-groupoid. An ordered AG-groupoid can be
referred to as a non-associative ordered semigroup, as the main difference between
an ordered semigroup and an ordered AG-groupoid is the switching of an associative
law. We define and give the examples of DFS [-ideals, DFS r-ideals and DFS bi-
ideals in an ordered AG-groupoid and also investigate the relationship between
them. We give an alternate definition for a strongly regular element of a unitary
ordered AG-groupoid and show that how a strongly regular ordered AG-groupoid
becomes an ordered AG  -groupoid and a completely inverse ordered AG-groupoid.
As an application of our results we get characterizations of a strongly regular
ordered AG-groupoid in terms of DFS one-sided (two-sided) ideals and DFS bi-
ideals. These concepts will help in verifying the existing characterizations and will
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help in achieving new and generalized results in future works.

Keywords and Phrases: DFS-sets, ordered AG-groupoid, pseudo-inverse, left
invertive law and DF'S ideals.
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1. Introduction

The concept of soft set theory was introduced by Molodtsov in [17]. This
theory can be used as a generic mathematical tool for dealing with uncertainties.
In soft set theory, the problem of setting the membership function does not arise,
which makes the theory easily applied to many different fields [1, 2, 5, 6, 7, 8, 9].
At present, the research work on soft set theory in algebraic fields is progressing
rapidly [20, 22, 23, 24]. A soft set is a parameterized family of subsets of the
universe set. In the real world, the parameters of this family arise from the view
point of fuzzy set theory. Most of the researchers of algebraic structures have
worked on the fuzzy aspect of soft sets. Soft set theory is applied in the field of
optimization by Kovkov in [13]. Several similarity measures have been discussed
in [16], decision making problems have been studied in [22], reduction of fuzzy soft
sets and its applications in decision making problems have been analyzed in [14].
The notions of soft numbers, soft derivatives, soft integrals and many more have
been formulated in [15]. This concept have been used for forecasting the export
and import volumes in international trade [26].

Recently, Jun et al. further extended the notion of softs set into double-framed
soft sets and defined double-framed soft subalgebra of BCK/BCT algebra and stud-
ied the related properties in [8]. Jun et al. also defined the concept of a double-
framed soft ideal (briefly, DFS ideal) of a BCK/BClI-algebra and gave many valu-
able results for this theory. In [12], Khan et al. have applied the idea of double-
framed soft set to ordered semigroups and defined prime and irreducible DF'S ideals
of an ordered semigroup over a universe set U. Khan et al. have also characterized
different classes of an ordered semigroup by using different DF'S ideals.

In the present paper, we apply the idea given by Jun et al. in [8], to ordered
AG-groupoids. We introduce and investigate the notions of DFS [-ideals, DFS r-
ideals and DFS bi-ideals. We study the relationship between these DFS ideals in
detail. We give a necessary and sufficient condition for a strongly regular ordered
AG-groupoid to become an ordered AG" -groupoid and completely inverse ordered
AG-groupoid. Further we show that the strongly regular, intra-regular and weakly
regular classes of a unitary ordered AG-groupoid coincide. Finally we characterize
a strongly regular class of an ordered AG-groupoid by one-sided (two-sided) ideals
and bi-ideals based on DFS-sets.
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2. Preliminaries

An AG-groupoid is a non-associative and a non-commutative algebraic structure
lying in a grey area between a groupoid and a commutative semigroup. Commu-
tative law is given by abc = cba in ternary operations. By putting brackets on the
left of this equation, i.e. (ab)c = (¢b)a, in 1972, M. A. Kazim and M. Naseeruddin
introduced a new algebraic structure called a left almost semigroup abbreviated
as an LA-semigroup [10]. This identity is called the left invertive law. P. V. Pro-
tic and N. Stevanovic called the same structure an Abel-Grassmann’s groupoid
abbreviated as an AG-groupoid [21].

This structure is closely related to a commutative semigroup because a commu-
tative AG-groupoid is a semigroup [18]. It was proved in [10] that an AG-groupoid
S is medial, that is, ab- cd = ac- bd holds for all a,b,c,d € S. An AG-groupoid may
or may not contain a left identity. The left identity of an AG-groupoid permits the
inverses of elements in the structure. If an AG-groupoid contains a left identity,
then this left identity is unique [18]. In an AG-groupoid S with left identity (uni-
tary AG-groupoid), the paramedial law ab - ¢d = de - ba holds for all a,b,c,d € S.
By using medial law with left identity, we get a - bc = b - ac for all a,b,c € S.
We should genuinely acknowledge that much of the ground work has been done
by M. A. Kazim, M. Naseeruddin, Q. Mushtaq, M. S. Kamran, P. V. Protic, N.
Stevanovic, M. Khan, W. A. Dudek and R. S. Gigon. One can be referred to [3, 4,
11, 18, 19, 21, 25] in this regard.

An AG-groupoid (S, -) together with a partial order < on S that is compatible
with an AG-groupoid operation, meaning that for z,y,z € S, * <y = zz < 2y
and xz < yz, is called an ordered .AG-groupoid [28].

Let us define a binary operation "o.” (e-sandwich operation) on an ordered
AG-groupoid (S, -, <) with left identity e as follows:

ao.b=uae-b, Va,bes.

Then (S, o, <) becomes an ordered semigroup |[28].

Note that an ordered AG-groupoid is the generalization of an ordered semigroup
because if an ordered AG-groupoid has a right identity then it becomes an ordered
semigroup.

Let ) # A C S, we denote (A] by (A] :={x € S/z < afor some a € A}. If A =
{a}, then we write ({a}]. For ) # A, B C S, we denote AB =: {ab/a € A,b € B}.

e A nonempty subset A of an ordered AG-groupoid S is called a left (right)
ideal of §' if:

(i) SAC A (AS C A);

(77) if a € A and b € S such that b < a, then b € A.
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Equivalently: A nonempty subset A of an ordered AG-groupoid S is called a
left (right) ideal of S if (SA] C A ((AS] C A).

e By two-sided ideal or simply ideal, we mean a nonempty subset of an ordered
AG-groupoid S which is both left and right ideal of S.

e Let S be an ordered AG-groupoid. By an ordered AG-subgroupoid of S, we
means a nonempty subset A of S such that (A?] C A.

e A nonempty subset A of an ordered AG-groupoid S is called a generalized
bi-ideal of S if:

(1) AS - A C A

(17) if a € A and b € S such that b < a, then b € A.

Equivalently: A nonempty subset A of an ordered AG-groupoid S is called a
generalized bi-ideal of S if (AS - A] C A.

e An ordered AG-subgroupoid A of an ordered AG-groupoid S is called a bi-
ideal of S if (AS - A] C A.

Lemma 2.1. [28] Let S be an ordered AG-groupoid and () # A, B C S. Then the
followings hold:

(1) A C (A];

(17) If A C B, then (A] C (B];

(é1) (A] (B] C (ABJ;

(i) (A] = ((A]];
(
(

)
vi) (A} (B]] = (ABJ;
vii) Also for every ideal T of S, (T] =T.

3. Soft Sets

In [24], Sezgin and Atagun introduced some new operations on soft set theory
and defined soft sets in the following way.

Let U be an initial universe set, E a set of parameters, P(U) the power set of
U and A C E. Then a soft set fa4 over U is a function defined by:

fa: E— P(U) such that fa(z) =0, if x ¢ A.

Here f, is called an approzimate function. A soft set over U can be represented by
the set of ordered pairs

fa=A(z, fa(x)): v € E, fa(x) e PU)}.
It is clear that a soft set is a parameterized family of subsets of U. The set of all
soft sets is denoted by S(U).

o Let fa, fg € S(U). Then f4 is a soft subset of fg, denoted by fa é fB if
fa(z) C fp(z) for all x € S. Two soft sets fa, fp are said to be equal soft sets if
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fa é fpand fp é fa and is denoted by f4 = fz. The union of f4 and fz, denoted

by faU fg, is defined by faU fp = faup, where faug(z) = fa(z)U f5(z),V z € E.
In a similar way, we can define the intersection of f4 and fg.
e Let S be an ordered AG-groupoid. Let fa, fg € S(U). Then the soft product

[24] of f4 and fp, denoted by fa o fg, is defined as follows:

~ U {faw)Ngu(z)} if A #0
(hOhmw:{<mmx .
0 if A, =0

where A, = {(y,2) € S x S/z < yz}.

e A double-framed soft pair <(f;{, fZ;A> is called a double-framed soft set
(briefly, DFS-set of A) [8] of A over U, where fi and f, are mappings from A to
P(U). The set of all DFS-sets of A over U will be denoted by DFS(U).

o Let fa = ((f1, f2);A) and ga = {(g%, 91); A) be two double-framed soft
sets of an ordered AG-groupoid S over U. Then the uni-int soft product [12], denoted

by faoga = <(fX gl fa * 91); A> is defined to be a double-framed soft set of

S over U, in which f§ o g% and f; % g5 are mapping from S to P(U), given as
follows:

~ U {filw)nga(z)} ifA.#0
f:{ o QX :S— P(U),z —> (y,2)EAy
0 if A, =0,

o~ { N {fawUgs(z)t i A, #0
faxgy:S— PU),z— (y,2) €Az
U if A, = 0.

o Let fu = <(fX7 f;);A> and gy = <(gj4r, g;);A> be two double-framed soft
sets over a common universe set U. Then <( s 1) A> is called a double-framed
soft subset (briefly, DFS-subset) [12] of (g4, g4); A), denote by ((f4, f1); A) C
(g4, ga): A) if:

(1) A C B;
y A f4 and g} are identical approximations (f}(e) C g} (e))
(1) (Ve € A) ( fa and g, are identical approximations (f, (e) C g, (e)) )
e For two DFS-sets fa = ((f4, f1);A) and gA = <gA, 4); A) over U are
said to be equal, denoted by < s 1) > = < g%, g1); A> if <fA, fa): > C

<(gA7 gA A> and < gA7 gA A> E < fAJ fA)
e For two DFS-sets fa = ((f1, f1);4) and ga = ((g%, 92); A) over U, the

DFS int-uni set [12] of ((f4, f1); A) and (g%, g4); A), is defined to be a DFS-set
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((fingl, f21Ugs); Ay, where ffNgi and f; Ug, are mapping given as follows:

fingy + A— PU),z v+ fi(z)Ngh(x);
faUgy + A— PU),z v+ fi(x)Ugy().

It is denoted by ((fi, f1);A4) N {(gh, 9a);A) = ((fA Ngh, f2Uga)iA).

e A double-framed soft set f4 = <(fj, fa): A> of S over U is called a double-
framed soft AG-subgroupoid (briefly, DF'S AG-subgroupoid) of S over U if it sat-
isfies £ (zy) 2 fi(2) NV fA (), falzy) C fa(2)U fi(y), Va,yeSs.

e A double-framed soft set f4 = <( I 1) A> of S over U is called

(1) a double-framed soft left ideal (briefly, DFS l-ideal) of S over U if it satisfies:

(a) fi(zy) 2 fi(y) and fi(zy) € fi(v);

() 1<y = f1(x) 2 f5(y) and f3(2) € f3(9), ¥ 2, y €

(17) a double-framed soft right ideal (briefly, DFS r-ideal) of S over U if it
satisfies:

(@) f1(zy) 2 f1(x) and f3(zy) C f1(2)

() ¥ <y = f1(2) 2 f1(y) and f3(2) € f1(1), ¥ 3 y € .

(1ii) a double-framed soft ideal (briefly, DFS ideal) of S over U, if it is both
DFS l-ideal and DFS r-ideal of S over U.

e A double-framed soft set fa = ((fi, fi);A) of S over U is called a double-
framed bi-ideal (briefly, DFS bi-ideal) of S over U if it satisfies:

(a) {((f4, f1);A) is a DFS AG-subgroupoid of S over U;

() F(oy %) D Fi(2) N f5(2) and fy(vy - 2) € f3() U f7(2);

(0) 7 <y = f1(2) 2 f5(y) and f3(2) € f1(9), ¥ 2, 3,7 € S.

e A double-framed soft set fa = ((fi, f1);A) of S over U is called a double-
framed generalized bi-ideal (briefly, DFS generalized bi-ideal) of S over U if it
satisfies (b) and (c).

e Let A be a nonempty subset of S. Then the characteristic double-framed soft
mapping of A, denoted by <(XA+, X)) A> = X, is defined to be a double-framed
soft set, in which X'j and X are soft mappings over U, given as follows:

U ifzxeA

x5 S—>P(U),;1:»H{® TP
_ h ifzeA
Xy o S—>P(U),;1:»—>{ U ifzg A

Note that the characteristic mapping of the whole set S, denoted by Xs =
<(X§r, Xs5); S> , is called the identity double-framed soft mapping, where Xg (z) =
Uand Xg(z)=0,VzeSs.
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The following result holds for an ordered semigroup [6] just because of the
closure property which makes very clear for an ordered AG-groupoid to hold the
same Lemma.

Lemma 3.1. For a nonempty subset A of an ordered AG-groupoid S, the following
conditions are equivalent:
(1) A is a left ideal (right ideal or bi-ideal) of S
(i) The DFS set X4 of S over U is a DFS l-ideal (DFS r-ideal or DFS bi-ideal)
of S over U.

The following result holds for an ordered smemigroup [12] just because of the
closure property which makes very clear for an ordered AG-groupoid to hold the
same Lemma.

Lemma 3.2. Let fa = ((f{,f1);A) be any DFES-set of an ordered AG-groupoid S
over U. Then the following assertions hold:
(1) fa is a DFS r-ideal (I-ideal) of S over U if and only if faoXs T fa (Xso fa T
fa);
(17) fa is a DFS bi-ideal of S over U if and only if faofa T fa and (faoXs)ofa C
fa.

e A double-framed soft set f4 = <( I, f;);A> of S over U is called DFS
idempotent if fa o fa = fa.

e A double-framed soft set f4 = <( I f;);A> of S over U is called DFS
semiprime if f4(z) 3 fa(z?),V x € A.

Lemma 3.3. Let A be any right (left, bi-) ideal of an ordered AG-groupoid S. Then
A is semiprime (idempotent) if and only if X4 is DF'S semiprime (DFS idempotent).
Proof. Let A be a right (left, bi-) ideal of S, then by Lemma 3.1, X4 is a DFS r-
(DFS [-, DFS bi-) ideal of S over U. Let a® € A, then X} (a) 2 X} (a?), therefore
X{(a®) = U C X{(a), this implies X (a) = U and similarly X (a) = (). Thus
a € A and therefore A is semiprime. Converse is simple. Similarly we can show
that the required result holds for the case of idempotent condition.

Remark 3.4. The set (DFS(U),¢,C) forms an ordered AG-groupoid and satisfies
all the basic laws.

Remark 3.5. If S is an ordered AG-groupoid, then Xs o Xs = Xg.

The following result also holds for an ordered smemigroup [12] just because of
the closure property which is very trivial for an ordered AG-groupoid to hold the
same Lemma.

Lemma 3.6. Let S be an ordered AG-groupoid. For ) # A, B C S, the following
assertions hold:
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(z)AQB@XAEXB,
(’LZ) XAHXB :XAQB;
(ZZZ) XAUXB:XAUB;
(iv) XAOXB = X(AB]-

4. On DFS strongly regular ordered AG-groupoids
Throughout this paper, let E = S, where S is an ordered AG-groupoid, unless
otherwise stated.

4.1. Basic Results
Example 4.1. There are six students in the initial universe set U given by

U= {817 $2, 83, S4, Sp, 36}'

Let a set of parameters E = {e, €1, €2, €3, €4} be a set of status of each student in
U with the following type of grades:

eg stands for the parameter ” A-grade”,

e1 stands for the parameter ”"B*t-grade”,

ey stands for the parameter ”B-grade”,

es stands for the parameter " C*-grade”,

e4 stands for the parameter ”C-grade”,

with the following binary operation and order given below.

* €0 €1 €9 €3 €4
€| €1 €1 €3 €3 €4
€1 | €1 €1 €1 €1 €4
€2 | € €1 €2 €3 €4
€3 | € €1 € €1 €4
€4 | €0 €4 €4 €4 €4

< :{(60> 60)> (607 61)7 (62’ 62)> (607 62)7 (63’ 63)> (607 64)7 (64’ 64)> (617 61)}'

Then (E,*,<) is an ordered AG-groupoid with left identity e;. Let A =
{eg, €1, €2,e3} and define a DFS-set <(fj, f;);A> of S over U as follows:

{s1, 89,83} if © = e {s1, 82, 84,85} if x = ¢q

vy ) {s1,80,83,84) if v =€ o {s1,89,84} if x =€
file) = {s9,83} if . = ey and fy (z) = Uifz =ey

{31, $2, 53, 34} if v = e3 {51, S2, 54} ifx=e3
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Then it is easy to verify that <(fj, fa); A> is a DFS [-ideal of S over U.
Let B = {eqg,e1,€e3,e4} and define a DFS-set <(g§, gg);B> of S over U as

follows:

{s1, 82, 83,84} if x = ¢q
Uifr=e¢e
{s2, 83, 84, 85} if x = e3
{53, 54, 55,56} if v = ey
{s9,83} if © = e
_ sgtifx=e
95(7) = {5{3,33}4} if z :163
Uifz =ey

and

Then it is easy to verify that ((gf;, g3); B) is a DFS r-ideal of S over U.

Let us explore the relationship between DFS idempotent subsets of a unitary
ordered AG-groupoid S and its DFS bi-ideals, explicitly, when will a DFS idem-
potent subset of S be a DFS bi-ideal. We answer this question in the following
Proposition.

Proposition 4.2. Let f4 be a DFS idempotent subset of a unitary ordered AG-
groupoid S over U, and let fa = g © h¢ for a DFS l-ideal h¢ and a DFS r-ideal
gp of S over U. Then fa is a DFS bi-ideal of S over U.

Proof. By using Lemma 3.2, we have

(faoXs)o fa=(faoXs)o(fao fa) C (g o Xs) o (Xsohe) E gpohe = fa.

Another question is the realization of DFS-subsets f4 of an ordered AG-groupoid
which are both DFS idempotent and DFS bi-ideal. This is given in the following
Proposition.

Proposition 4.3. Let fa be a DFS idempotent subset and DFS bi-ideal of a uni-
tary ordered AG-groupoid S over U. Then there exist a DFS l-ideal he and a DFS
r-ideal gg of S over U such that f4 = gp ¢ he.

Proof. Necessity. Assume that f is a DFS bi-ideal of S over U such that f, is
DFS idempotent. Setting he = Xg ¢ fa and g = Xg ¢ f%, then by using Lemma
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3.2, we have

Xso f2) o (Xso fa) = (fioXs) o (Xs o fa)

(Xgo fa)o(XgoXs))o fi=((XgoXs)o (faoXs))o fa
Xs o ((fao fa) o (XsoXs)))o f3

Xs o ((Xs o Xs) o (fao fa))) o f3

Xs o (fao(Xso fa)))ofi=(fao(Xso(Xsofa)))ofi
faoXs)o f1C fa,

and fa = fAC (Xso f2) o (Xso fa) = gpohe.
The Propositions 4.2 and 4.3 combined together give us a characterization The-
orem which we state in the following.

Theorem 4.4. Let S be a unitary ordered AG-groupoid and fa be a DFS idempo-
tent subset of S over U. Then fa is a DFS bi-ideal of S over U if and only if there
exist a DFS l-ideal he and a DFS r-ideal gg of S over U such that gg © hc = fa.

Remark 4.5. Every DFS r-ideal of a unitary ordered AG-groupoid S over U is
a DFS l-ideal of S over U but the converse inclusion is not true in general which
can be followed from Example /.1.

Note that if S is a unitary ordered AG-groupoid, then (SS] = S.

Lemma 4.6. Let R be a right ideal and L be a left ideal of a unitary ordered
AG-groupoid S. Then (RL] is a left ideal of S.

Proof. Let R and L be any left and right ideals of S respectively. Then by using
Lemma 2.1, we get

gpohc =

(
(
(
(
(
(

1M

S(RL] = (SS|(RL]C (SS-RL]=(SR-SL] C (SR-(SL]] = (SR - L]
= ((SSJR- LI C ((SS)R- L] = ((RS)S - L] € ((RS]S - L] € (RL],

which shows that (RL] is a left ideal of S.

An element a of an ordered AG-groupoid S is called a strongly reqular element
of S, if there exists some x in S such that a < ax -a and axr = xa, where x is
called a pseudo-inverse of a. S is called strongly regular ordered AG-groupoid if all
elements of S are strongly regular.

A completely inverse ordered AG-groupoid S is an ordered AG-groupoid satis-
fying the identity ax = xa, where x is a strong inverse of a, that is, a < ax-a and
r<za-xr,Vaecs.

Lemma 4.7. Let S be a unitary ordered AG-groupoid. Then E is a semilattice,
where E is the set of all idempotents of S.
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Proof. It is simple.
Theorem 4.8. A strongly reqular unitary ordered AG-groupoid S is completely
wnverse if and only if E is a semilattice.
Proof. Necessity. It can be followed from Lemma 4.7.

Sufficiency. Let a € S and Suppose a’,a’ € S are inverses of a. Then a < aa -a,
d <dad,da=ad anda<aa"-a,d" <a'a-d",a"a=ad". Clearly aa’,aa" € E.
Thus ad’ < (ad” - a)d’ = d'a-ad” = a"a-ad = (aad)a - a" < aa”. Therefore
a < aa-a < a'a-a < da-a" =d'a-d < a’.

An ordered AG-groupoid S is called an ordered AG" -groupoid if it satisfies the
identity a - bc = b - ac, for all a,b,c € S [3].

Note that every unitary ordered AG-groupoid is an ordered AG  -groupoid but
the converse is not true in general [27].
Corollary 4.9. A strongly reqular ordered AG " -groupoid S is completely inverse
if and only if E is a semilattice.
Theorem 4.10. A strongly reqular ordered AG-groupoid is an ordered AG™ -
groupoid if and only if E is a semilattice.
Proof. Necessity. It can be followed from Lemma 4.7.

Sufficiency. Let a,b,c € S, then there exist a',b,c € S such that a - bec <
(aa" - bb - cc')(a - bc) as clearly aa’,bb', c¢ € E. Therefore

aa - a)(be) = (be-a)(aa’) = (ac- b)(aa’) = (ad’ - b)(ac)
aa - b) - (aa - a)(cc - ¢) = (aa - b) - (aa - cc)(ac)

a-be

IA A

aa - aa cc) (b-ac) < (aa -aa -cc) - (bb -ad - cc)(b- ac)

(aa
(aa
(
= (a - bb - ad cc,) . (aa/ . cc/)(b - ac)
(
(

bb - bb -aa - cc) - (aa/ cc)(b - ac)
bb -aa -cc)-(bb -ad -cc)(b- ac)
(bb - aa - cc)(b-ac) < b-ac.

Hence S is an ordered AQ**—groupoid.

Theorem 4.11. Let S be a unitary ordered AG-groupoid. An element a of S is
strongly reqular if and only if a < ax - ay for some x,y € S (a < ba? - ¢ for some
b,ceS).
Proof. Necessity. Let a € S is strongly regular, then a < az-a < (ax)-(za)(az-a) =
(az) - (a - ax)(azx) = (ax) - a((a - ax)r) = ax - ay, where (a - ax)r = y € S. Thus
a < ar - ay for some x,y € S. Also, a < ar - a < (azx)(az - ay) = (ax)(a® - vy) =
(zy - a*)(xa) = ba® - ¢, where zy = b € S and za = c € S.

Sufficiency. Let a € S such that a < ax-ay for some z,y € S, then a < ax-ay =
(ay - x)a = (zy - a)a = ua - a, where xy = u € S. Thus au < (ua - a)u = ua - ua =
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u(ua - a) < wua, and a < ua-a = au-a. Also if a € S such that a < ba? - ¢ for some
b,c € S, then it is easy to show that av < wva and a < av - a for some v € S. Thus
S is strongly regular.

Corollary 4.12. The strongly reqular, weakly reqular and intra-reqular classes of
a unitary ordered AG-groupoid coincide.

Lemma 4.13. Let fa = ((ff, f1); A) be any DFS r-ideal (DFS l-ideal, DFS
bi-ideal) of a strongly regqular unitary ordered AG-groupoid S over U. Then the
following assertions hold:

(i) fa=faoS (fa= S0 fa, fa= (faoS)o fa);

(17) fa is DFS idempotent (DFS semiprime).

Proof. It is simple.

4.2. Characterization Problems

In this section, we generalize the results of an ordered semigroup and get some
interesting characterizations which we usually do not find in an ordered semigroup.
Theorem 4.14. Let R (resp. L) be any right (resp. left) ideal and fa, gp be any
DFS l-ideals of a unitary ordered AG-groupoid S. Then the following conditions
are equivalent:
(1) S is strongly regular,
(it) (RLINL = (R- RL?| and R is idempotent;
(131) faTlgp = (faogp) o fa and fa is DFS idempotent.
Proof. (i) = (i) : Let fa and gp be any DFS [-ideals of a strongly regular
S over U. Now for a € S, there exist some x,y € S such that a < azx - ay =
ya-ra < y(ax-ay)-ra = (ax)(y-ay) -za = (ay-y)(xa) - za = (y*a - va)(va). Thus
(v*a - za,za) € A,. Therefore

(FFsgh)s e = U {Uisahetava)n fiea)}

(y2a-za,ra)€A,

> U s n i
5 1) e Fi(e) 2 £1(6) N 5@
and
((F3 % 93) % [1)(a) = ) ﬂ)A {7 % gp)Pa-2a) U f1(xa) |
< ﬂ2 {f1(ya) Ugg(za)} U f; (za)
C (o) Unlea) U 1 (e) € F3(0) Ugaa),
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which shows that (fa ¢ gg) ¢ fa 2 falgp. By using Lemmas 3.2 and 4.13, it
is easy to show that (fa o gp) o fa T faMgp. Thus faNgp = (faogp) o fa and
by Lemma 4.13f=fg, f4 is DF'S idempotent.

(17i) => (ii) : Let R and L be any right and left ideals of S respectively. Then
by using Lemmas 3.1 and 4.6, X(zr) and X7, are DEFS I-ideals of S over U. Now by
using Lemma 3.6, we get

X = Xryy N AL = (X(RL] o Xp) o Xrr) = X(rLL-(RL))

which give us (RL]N L = ((RL]L - (RL]]. Now by using Lemma 2.1applied, we
get

(RL]L-(RL]] = ((RL)L-RL] = (L*R-RL] = (LR-RL*| = (R(LR - L?)]
= (R(L*-RL)] = (R(R- L’L)] = (R- RL?,

which implies that (RL] N L = (R - RL?]. Since Xp is a DFS r-ideal of S over
U, so it is also a DFS [-ideal of S over U Remark 4.5. Thus by using the given
assumption and Lemma 3.3 semidem, R is idempotent.

(it) = (i) : It is easy to see that (Sa?] and (Sa| are the right and left ideals of S
respectively. Setting R = (Sa?] and L = (Sal, then by using the given assumption
and Lemma 2.1, we have R = (Sa?|] = (5SS - aa] = (Sa - Sa] = ((Sa](Sa]] =
(Sal, therefore RL = (Sa?)(Sa] = (Sa)(Sa] = (Sa|, and clearly a € (Sa]. Thus

€ ((Sa’)(Sa]] N (Sa] = ((Sa®] - (Sa®](Sal’] = ((Sa] - (Sal(Sal’] = ((Sa](Sa]] =
(Sa - Sa] = (aS - aS]. Hence S is strongly regular.
Theorem 4.15. Let fa, g and he be any DFS r-ideal, DF'S bi-ideal and DFS
l-ideal of a unitary ordered AG-groupoid S respectively. Then S is strongly reqular
if and only if faNgp Mhe = (f309%) o h% and fa is DES semiprime.
Proof. Necessity: Assume that fa, gg and he be any DFS r-ideal, DF'S bi-ideal
and DFS [-ideal of S over U respectively. Now by using Lemmas 3.2 and 4.13, we
have

(F17 09 ohe = (e ogh ) o (F10fD) = Fio((hE ogs) o f) C fhoxd C f1,

(fZQSgB )Oh+2 =

? o2
—
S
o
0
KQ
S
S~—
S~—
O
¢ >

I
—~
N
o+
02
S
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= ((ffohE) o (f15 (95 °95) g
2.~ ~ ~ ~
= ((fAohd)olgho(fiogh)) ogh
~ ~ 2.~ ~ ~
= (950 ((fAohl)o(faegs)))ogs
C (g50XS)ogf C g,
and
2~ 2, ~ 2 2~ g2y~ ~ 2 ~ 2
(ff ogh)ohs = (ff ogh)o(hEohd) = (hiohd)o (g o f1i)

= (¢ o f)ShE)ohl, C XE S hE Ch.
Therefore (f1° 0 g% ) o ht’ C f1NghNhg, and similarly (f; % g5 ) % hg. 2
fA U gB U h2_ 2 2
Thus (f4 0 95) ©he © faT g M he. Now for a € S, there exist x,y € S such
that

ax - ay < (ax - ay)z - (ax - ay)y = (azx - ay) - ((ax - ay)zr)y
aa - zy) - ((az - ay)z)y = (((az - ay)r)y - vy)(aa)
(yz)(ax - ay) - vy)(aa) = ((yz)(yz - aa) - zy)(aa)
yx)

o

S
i1 IA

- (yr)a) - 2y)(aa)
a)(a

= (a(yz - (yr)a) - zy)(aa)
a) = ((z-

yz* - xy?)(ae - y))a - a)(aa) = ((ae - (y2* - 2y*)(yz))a - a)(aa)
ae - b)a - a)(aa), where b = (yz? - zy*)(yz).

(
(
(
(
(
(
(
(
(
(
(
(

(yx)(a-
(zy)(yz - (yx)a) - yx)(y - (yr)a) - a)(aa)
= ((y2*)(yz - ya) - a)(aa) = ((y=°)(yy - za) - a)(aa)
= ((y2*)(azx - y) - a)(aa) = ((ax)(yz” - yz) a)(aa)
< ((am ay)z)(yz® - y*) - a)(aa) = (((y2* - y*)z)(az - ay) - a)(aa)
= ((zy® - y2*)(az - ay) - a)(aa) = ((a x)((afy -ya?)(ay)) - a)(aa)
= ((((zy” - y2*)(ay))z)a - a)(aa) = (((z - ay)(zy® - y2*))a - a)(aa)
= (((a-zy)(zy® - yz*))a - a)(aa) = (((ya* - xy*)(zy - ea))a - a)(aa)
(( ) ((
(

This showing that ((ae - b)a - a,aa) € A,. Therefore

Plae-b)a) = (fofDae-v)a)= )  filae )N fi(a)

(ae-b,a)<(ae-b,a)

2 filae (ya* - zy®)(y2)) N fi(a) 2 fi(a) N fi(a) = fi(a),
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Also hi(aa) = (b, o hi)(ea - ea) D hiy(a). Similarly we can show that g (a) D
g4 (a). Therefore

((fi o9 )ohé)a) = U {4 (ae-b)a) N gj (a) N0 (aa)}
a<((ae-b)a-a)(aa)
2 fila) Ngpla) NVhi(a),

~

which shows that (fA ogﬁ) hE D finghnhg and similarly (f; ;ggz);hj C
~.2

faUggUhg. Thus (ongB)ohC 3 faNggMhe. Hence faMggMhe = (ongB Johe.

Sufficiency: Let f4 be any DF'S r-ideal and h4 be any DFS [-ideal of S over U
respectively. Since Xg is a DF'S bi-ideal of S over U, we get

FEnhE = finXdnh = (7o x8) o = (xS [ o
( ,f ° X*) o x+> hﬁ = (XF s fi) o xd) o nt
(f

(
= (b o XS (XS 1) = (fi s xd) o (X ohi)
= «f4ox+ﬁﬂﬁ4ox+»Sax+ohﬂo<X;oh9>
= ((fioXd) o (XS ohb))o((fioXd)o (XS ohd))
C (fiohf)o(fiohs),

which shows that fi Nhg, € (ffohd)o (f5ohs). Now for any a € S, if a £ be,
for some b, c € S, then the proof is straightforward. Let a < be, for some b,c € S.
Then

((f1 o £1) © (hé o hé))(a)
C ((f1 0 XS) o (S0 hé))(a)
= (J{(F1 o X)) N (xS o hé)(e))

((fX o hé) o (f4 © hé))(a)

=U{LHA ﬂﬂ»mU&@@n@@%
gU{Uﬁmmmewm%
— U0 n by < | ko) 1 g (be))

= fi(a) Nhi(a),



112 J. of Ramanujan Society of Mathematics and Mathematical Sciences

which implies that (ffohd)o (fiohd) C fInhd and therefore ff Nhf =
(fXohE) o (fiohd). Similarly fi Uhg = (f4 xhg)* (f5 * hg). Thus faMhe =
(fao he) o (faohe). Let R and L be any right and left ideals of S. Then by
using Lemma 3.1, Xz and X} are the DF'S r-ideal and DF'S I-ideal of S over U
respectively. Now by using Lemma 3.6, we get

Xpnp = ArNAXL = (XroXL) o (XroXL) = (Ao XR) o (XL oAXL)
= X2 o X2 = X(p2r2) = X(12R2),
which implies that RN L = (L*R?]. Now let a®> € R, then a < ax -ay = a*-zy €
RS C R. Hence R is semiprime. Since (Sa?] and (Sa] are the right and left ideals
of S such that a? € (Sa?] and a € (Sal, therefore
a € (Sa’]N(Sa] = ((Sa”](Sa™)(Sa’] - (Sa] C (SS](Sa’] - (Sa]
C ((85)(Sa’) - (Sa)] = ((a*S)S - Sa] = ((SS)(aa) - Sa]

= ((aa)(SS) - Sa] = ((Sa)a-Sa] C (Sa- Sa] = (aS - aS].

This implies that S is strongly regular.

Theorem 4.16. Let R (resp. L) be any right ideal (resp. left ideal) and fa (resp.
gB) be any DFS r-ideal over U (resp. DFS l-ideal over U) of a unitary ordered
AG-groupoid S. Then the following conditions are equivalent:

(1) S is strongly regular,

(it) RN L= (R}L] = (L*R] and R is semiprime;

(iti) fallgs = f3ogp = g% 0 fa and fa is DFS semiprime.

Proof. (i) = (iii): Let f4 and g be any DF'S r-ideal and DF'S Il-ideal of a
strongly regular S over U respectively. From Lemma 3.2, it is easy to show that
fi3ogh C fingh Now for a € S, there exist some z,y € S such that

a < az-ay < (ax-ay)x- (ax-ay)y = y(az - ay) - z(az - ay)
(@)(y - ay) - (02)(z - ay) = (az) (ag?) - (az)(a - 29)
= (y'a)(za) - (az)(a - zy) = ((az)(a - 2y))(za) - y*a
(az)(a- z9))(ex - a) - %0 = ((az)(a- zy))(az - ¢) - 0
= bc-y*a =d-y*a, where d = bc = ((az)(a - vy))(az - €).

Thus
(frofD oD@ = J{ULs o n i)} 2 (f5 s £1)®) N fi(e)
= U {flea)nfi(a =y} filaz-e)
b<(az)(a-zy)

2 filax) N fila-zy) N filaz-e) 2 fi(a).
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Therefore

(f2ogh)@) = | {((ff3 D) £Hd) nghy’a)} 2 fila)Nggla),

a<d-y?a

which shows that f{ Ng} C fi* ° g%, and similarly f; Ugp 2 f,° * gp- Thus
faNgs = f3¢gp, and by Lemma 4.13, f1 is DFS semiprime. It is easy to show
that f3 ¢ gg = g3 © fa, hence the proof is omitted.

(17i) = (17): Let R and L be any right and left ideals of S. Then by us-
ing Lemma 3.1, Xz and X are the DF'S r-ideal and DF'S [-ideal of S over U
respectively. Now by using Lemma 3.6, we get

XRQL = XR M XL = ((XROXR) OXR) < XL = X(RB] OXL = X((R3]L} = X(R3L}a

which implies that RN L = (R3L] and by Lemma 3.3, R is semiprime. Also it
is easy to see that (R*L] = (L*R], hence the proof is omitted.
(i1) = (i) : Since (Sa?] and (Sa] are the right and left ideals of S such that
2 € (Sa?] and a € (Sal, therefore by given assumption and Lemma 2.1, we have

a € (Sa’]N(Sa] = ((Sa”|(Sa])(Sa ] (Sa] € (S5](Sa”] - (Sd]
C ((89)(Sa*) - (Sa)] = ((a 5) Sa] = ((55)(aa) - Sd]
= ((aa)(55) - Sa] = ((Sa)a - ] (Sa - Sa] = (a5 - aS].

Thus S is strongly regular.

Theorem 4.17. Let S be a unitary ordered AG-groupoid. Then the following
conditions are equivalent:

(1) S is strongly regular,

(it) falgs = (fRogp)M (g f3) and fa is DFS semiprime (for any DFS r-ideal
fa and DFS l-ideal gg of S over U);

(ii7) faNgp = (f3ogp)N(gsof3)) and fa is DFS semiprime (for any DFS r-ideal
fa and DFS bi-ideal gg of S over U);

(iv) faNgs = (f3iogs)M(gpo f3) and fa is DES semiprime (for any DES r-ideal
fa and DFS generalized bi-ideal gg of S over U);

(v) faNgs = (fiogr)N(gpo f3) and fa, gg are DES semiprime (for DFS bi-ideals
fa, gg of S over U);

(vi) faTlgs = (f3ogs) N (g o f3) and fa, gg are DFS semiprime (for DFS
generalized bi-ideals fa, g of S over U).

Proof. (i) = (vi): Let fa and gg be DFS generalized bi-ideals of S over U.

N
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Now for a € S, there exist x,y € S such that

a < azr-ay < (ar-ay)r- (az y)y—(aw-ay)(ax-ay)-wy
= (aw- ay)(aa ry) - xy—(

(
= ((zy
(

a = ((zy - (ay*)(az))z)a -
T - (ayz)( )) zy)a-a = ((z-(aa)(y’z)) - zy)a-a
= ((aa - y*2?) -zy)a-a

= ((xy y 2) aa)a az((yxy)-aa)ma
(y*2® - aa)a - a = (aa - 23y*)a - a
= ) )a'a=($3y3 (az - ay))a)a-a = ((z°y’ - (aa - zy))a)a - a
aa - xy))a a=((z*y* a)a-a)a-a= ((z*y*- :

(
(
(
(
= (%’
((z
(
(
b

a-a, where b = (a - (y°z°)a)a - a.

Therefore
e = U {117 ba) N g} (0)}
> U U2 ) P £ @) N5 )
> U Uil 07200 n i@} @) ngh (@)
S e (P 0 1@ 0 @) g @
2 fila)N file) N fia) Ngg(a) = fila)Ngg(a),

which shows that f1°5g}; D 1 Ngj; and similarly we can show that g/;o f1~ D
3~ ~ 3 .. 3~ -
fiNgg. Therefore (fi" o g5) N (g5 o fi7) 2 i Ngp. Similarly (f3" x95) U (g5 *
1) C fiUgg. Ttis easy to show that (f1 ogt)N (g5 o fi) C fingh and
IRV Z o~ 3 L
(fa *95)U(gg*fa )2 fsUgp. Thus falgp = (fjxogB) M (gBOfZ)-
(vi) = (v) = (iv) = (ii7) = (ii) are obvious cases.
(i1) = (i): Let fa be any DFS r-ideal and gp be any DFS [-ideal of S over

U. Since faMgs = (fiogs) M (g o £1), therefore f1 N g5 C 15 gf and
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fingh Cghofi Let fA Ngh C fA 5 g5, but from Theorem 4.16, f1° o g C
[ Ngh. Therefore fINgh = £ 170 g% and similarly f; Uggp = f;g * g5. Thus
faNgs = f3 o gp therefore by using Theorem 4.16, S is strongly regular. Now
let ffNgh Cgfof. It is easy to show that g5 o £ C fI N g}, therefore
fingt =g} gfjg and similarly f, Ugg = g5 * f;S.Thus falgs = gB <>f;{3 and
therefore by using Theorem 4.16, S is strongly regular.

Theorem 4.18. Let S be a unitary ordered AG-groupoid. Then the following
conditions are equivalent:

(1) S is strongly regular,

(i1) Every ideal of S is semiprime;

(i13) Every bi-ideal of S is semiprime;

(1v) Every DFS bi-ideal of S is DFS semiprime;

(v) Every DFS generalized bi-ideal of S is DFS semiprime;

(vi) For every DFS bi-ideal fa of S over U, fa(a) = fa(a®),V a € S;

(vii) For every DF'S generalized bi-ideal f4 of S over U, fa(a) = fa(a?),V a € S.
Proof. (i) = (vii) : Let S be strongly regular and f4 be a DF'S generalized
bi-ideal of S. Let a € S, then there exist b, c € S such that a < (ba?)c, therefore

a < ba2~c:(b'aa)c:(a ba)c = (c-ba)a < c(b ( 0))-a= ( (ba c))-a
= b(ba®-c*)-a ( -bc?)a = (b - a*c?)a = (a* - bc 2)a (a-b*c*)a?
< (ba? - c)(b*c?) - a® = (*c)(b? - ba?) - a?
= (*b*)(c- ba?) - a® ( 2b?) (uv - ba?) - a®
= () (a*v - bu) - a® = (?)(a*b - vu) - a® = (( b - vu)b)(aa) - a*
(

ab)(a(c*b? - vu)) - a® = (aa)(b(b*c® - vu)) - a® = a®(b(b*c* - vu) - a*.

Thus, we have fi(a) 2 fi(a*(b(b*c* - vu)) - a*) 2 f1(a*) N f1(a®) = fi(a®), and
similarly f; (a) C f;(a?). Thus fa(a ):J fa(a?). Again
a®> = aa < (ba*-c)(ba® - ¢) = (ba* - ba®)(cc) = (bb - a*a?)c* = b*(a*)? - ¢
= b(a*a®)-c* =a*(b a)c—c(b2 ). a? = (2b22) )
= (a-b*a®)(ac?®) = (aa)(b?a® - ) = (b*a* - *)a-a = (*a* - b*)a - a
= ((*-aa)b* - a)a= ((a-c a)62 a)a = (ab*)(a - c*a) -a = a*(b* - %a) - a
= a*(c? - b%a) - a = (aa)(c® - b*a) - a = (b*a - *)(aa) - a = a((b*a - c)a) - a,

therefore f1(a?) 2 fi(a

fa(a®) C fi(a). AThus jz

(vii) = (vi) and

b -cla) -a) 2 fi(a )ﬂfi(@) = f1(a) and similarly
A(a). Hence fa(a®) = fa(a).

=
—> (v) are obvious.
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(iv) = (ii7) : It can be followed from Lemma 3.3.

(1i1) = (i) : It is obvious.

(ii) = (i) : Since (Sa?] is an ideal of a unitary ordered AG-groupoid S
containing a?, thus by using Lemma 2.1 applied, we have a € (Sa?] = (SS - a?| =
(a*S - S] = ((aa-SS)S] = ((SS - aa)S] = (Sa*- S]. Therefore S is strongly regular.

5. Conclusions

We have considered the following problems in detail:
i) Define and compare DFS left /right and bi-ideals of an ordered .AG-groupoid and
respective examples are provided.
i1) Discuss the structural properties of a strongly regular ordered AG-groupoid in
terms of DFS left/right and bi-ideals.
i71) Compare a strongly regular class of an ordered AG-groupoid with other im-
portant classes of an ordered AG-groupoid, which will provide us a way to study
DFS-sets in more generalized form in future.

This paper generalized the theory of an AG-groupoid in the following ways:
i) In an AG-groupoid (without order) by using the DFS-sets.
i1) In an AG-groupoid (with and without order) by using fuzzy sets instead of
DFS-sets.

Some important issues for future work are:
i) To develop strategies for obtaining more valuable results in related areas.
i1) To apply these notions and results for studying DF'S expert sets and applications
in decision making problems.
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