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Abstract: The purpose of this paper is to obtain common fixed point results
for quadruple weakly compatible mappings using CLR property in partial metric
spaces. We extended the very recent results which were presented by Farzaneh et
al. [10]. We justify our result by a suitable example.
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1. Introduction and Preliminaries

In 1992, Matthews [17] introduced the notion of partial metric spaces. He
extended Banach’s contraction principle to partial metric spaces which is the ex-
tension of usual metric space. The existence of fixed point for mapping defined
on complete metric spaces (X, d) satisfy general contractive inequality of integral
type was established by Branciari [6]. This result which involves more general con-
tractive condition of integral type, was used by many authors to obtain some fixed
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point and common fixed point theorems on various spaces see eg., ([2], [4], [7], [8],
(9, [11], [14], [15], [16], [18], [22], [23], [24], [25]).

In 2002, Aamri and El-Moutawakil [1] defined the notion of (E.A) property for
self mappings which contains he class of non-compatible mappings in metric spaces.
It was pointed that (E.A) property allows replacing the completeness requirement
of the space with a more natural condition of closedness of the range as well as
relaxes the complexness of the whole space, continuity of one or more mappings and
containment of the range of one mapping into the range of other which is utilized
to construct the sequence of joint iterates. Subsequently, there are several results
proved for contraction mappings satisfying (E.A) property in partial metric spaces.
Most recently, Sintunavarat and Kumam [21] defined the notion of common limit
range CLR property in fuzzy metric spaces. In [21], it is observed that the notion of
CLR-property never requires the condition of the closedness of the subspace while
(E.A) property requires this condition for the existence of the fixed point.
Definition 1.1. A partial metric space (briefly PMS) is a pair (X, p) where
p: X X X = R" is continuous map and Rt = [0,00) such that for all z, y, z € X
(p1) p(r,z) = p(y,y) = p(ry) & = =y,

(p2) p(z.z) < p(z.y),
(p3) p(z.y) = p(y.z),
(p4) p(zy) < p(z.2) + p(2y) - p(2.2).
Each partial metric p on X generates a Tj topology 7, on X which has the family
of open p - balls
{By(z,€) :x € X,e >0},

as a base, where B,(x,¢) ={y € X : p(z,y) < p(z,z)+¢€} for all z € X and € > 0.

1. A sequence {z,} in a PMS (X, p) converges to a point z € X if and only if
p(z, z) = lim, o p(x, z,,).

2. A sequence {x,} in a PMS (X, p) converges to a point z € X if and only if
p(r,x) = lim, o p(z, ,).

3. A PMS (X, p) is said to be complete if every cauchy sequence in X converges,
with respect to 7, to a point x € X such that

plz,z) = lim p(x,,z,).
m,n— o0
The following lemma states a new version of the continuity on partial metric.
Lemma 1.2. [10] Assume that x, — x and y, — y in PMS (X, p). Then

im (p(2m, Tn) — MI{P(Tn, Tn)s P(Yns Yn) }) = (2, y) — min{p(zn, Tn ), P(Yn, Yn) }-

n—oo
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Remark 1.3. Let

p*(z,y) = p(z,y) — min{p(z, v), p(y,y)} Vz,y € X. (1.1)

Therefore by the above Lemma lim, o p* (2, yn) = p*(x,y), when x, — x and
Yn — y in PMS.

Let L(R™) denote the Lebesgue integrable functions with finite integral and
USC(R™) denote the upper semi-continuous functions.

P {@:R*%R*:@GE(R*),/ o(t)dt > 0, > 0}
0

and
U= {¢:R" - RT:9 € USC(R"),9(0) =0 and (t) < t; Vt>0}.

A pair of self mappings F' and G on X is weakly compatible if there exists a point
x € X such that Fx = Gz implies FGx = GFx i.e., they commute at their coin-
cidence points.
The following are partial metric version of metric ones in ([1], [12], [22]).
Definition 1.4. Let (X, p) be a partial metric space for the self mappings F, G, S, T :
X — X. If there exist two sequences x, and y, in X such that
lim Fz, = lim Gz, = lim Sy, = lim Ty, =t € X,
n—oo n—oo n—oo n—oo
then the pair (F,G) and (S,T') satisfy the common (E.A) property.
Definition 1.5. Let (X, p) be a partial metric space for the self mappings F, G, S, T :
X — X. If there exist two sequences x, and y, i X such that
lim Fz, = lim Gz, = lim Sy, = lim Ty, =t € G(X)NT(X),
n—oo n—oo n—oo n—oo
then the pair (F,G) and (S, T) satisfy the common limit range property with respect
to the mapping G and T, denoted by CLRgr.

The purpose of this paper to employ the common CLR-property to obtain
common fixed point results for two pair of weakly compatible mappings satisfying
generalized contractive condition of integral type on partial metric spaces.

2. Main Results

In this section, we establish common fixed point theorems for weakly compatible
mappings using CLR and common (E.A) properties.

Theorem 2.1. Let (X, p) be a partial metric space and F', G, S and T be four
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self-mappings on X satisfying the following conditions:
(1) The pair (F G) and (S T) share (CLRgr) property;

(g)fo F:(;Sy t)dt < w(fo .65, T (@) o(t )dt) Va,y € X, where (p,9) € ® X ¥ and

Cha.5T(ey) = Max {p(F x,Sy), p(Fz, Gx), p(Gy, Ty), [p Fz,Ty) + p(Sy, Gz)]

p*(Sy, Ty)p(Fz, Gx) p (ch,Sy)p(F:v,Ty)}
1+ p(Gz,Ty) = 1+ p(Gz, Fx)

If the pairs (F,G) and (S,T) are weakly compatible, then F, G, S and T have a

unique common fized point in X.

Proof. By (CLRgr) property for (F,G) and (S,T), there exist two sequences
and g, in X such that

N I

lim Fz, = lim Gz, = hm Sy, = hm Ty, = z, (2.1)

n—oo n—oo

for some z € G(X)NT(X).

Since z € G(X), then there exists a point u € X such that Gu = z. Now we claim
that F'u = Gu. To prove the claim, let F'u # Gu. By putting + =« and y = y,, in
condition (2) of above theorem, we have

p(Fu,Syn) CI%*,G,S,T(u,yn)
/ p(t)dt < / p(t)dt), (2.2)
0 0

We have

1
C%’,G,S,T(u,yn) = max {p(FU, Syn)ap(Fu7 Gu>7p<Gyn> Tyn)a 5 [p(FU, Tyn)

P (SYn, Tyn)p(Fu, Gu) p*(Fu, Sy,)p(Fu, Tyy,) }
14 p(Gu, Ty,) 1+ p(Gu, Fu) ’

+ p(Syn, Gu)]

taking limit n — oo

1
TLIEEOCFGST(uy ) — = max {p(FU,, Z),p(FU,Z),p(Z,Z),§[p(FU, Z) +p(2,2)}
p*(z, 2)p(Fu, 2) p*(F%Z)P(FUaZ)}
1+p(z,2) 7 1+0p(z, Fu)

:max{ (Fu, z),p(Fu, z), (z,z),%[p(F% 2) + p(z, 2)] (2.3)

’ 1+p(z,Fu)
= p(FU, 2)7
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because
p(Gu, Tyn) = p(z, Tyn) = p(2, 2)
p(Gu, Fu) = p(z, Fu)
P(Syn, Gu) = p(Syn, 2) = p(2, 2)
P (tyn, Syn) —= p(z,2) =0
P (Fu, Tyn) = p*(Fu, 2) < p(Fz,2)
p*(Fu, Sy,) = p*(Fu, z) < p(Fz,z2),

from equation (2.1)
p(Fu, Ty,) > p*(Fu, ) = p(Fu, 2) — min{p(z, 2), p(Fu, Fu)}. 1 p(z, 2) < p (Fu,
Fu) then p*(Fu, z) = p(Fu,z) — p(z, 2)

(p(FU, Z) —p(Z, z))p(Fu,z)
14+ p(z, Fu)

< p(Fu, 2)

and if p(z, z) > p(Fu, Fu)

(p(Fu, Z) —p(Fu,Fu))p(Fu,z)
1+ p(z, Fu)

< p(Fu, z).

So

n—oo

C}«",G,S,T(u,yn)
< lim supw(/ go(t)dt)
0

n—o0

C}«",G,S,T(u,yn)
< ( lim sup / go(t)dt)
0

n—oo

= ( /0 r gp(t)dt)

p(Fu,z)
< / o(t)dt,
0

which is contradiction thus F'u = Gu and hence

p(Fu,z) p(Fu,Syn)
/ (t)dt = lim sup/ o(t)dt
0 0

Fu=Gu=z. (2.4)
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Similarly we can show that Sv = T'v and hence
Sv="Tv =z (2.5)

From (2.4) and (2.5),
Fu=Gu=2z=Sv="Tv. (2.6)

Now we have to show that z is a common fixed point of F,G,S and T. Since the
pair (F,G) and (S,T) are weakly compatible, by using (2.6) we have

Fu=Gu= GFu=FGu= Fz =Gz, (2.7)

Sv=Tv=TSv=5Tv=5z=1Txz, (2.8)

Next we have to show that F'z = z. For this suppose F'z # z using condition (2)
in theorem 2.1, putting x = z and y = v, we have

p(Fz,5v) Ch 8. T(0)
/ p(t)dt < o / p(t)dt).
0 0

By (2.6) and (2.7), we have

1
C}QG,S,T(zm) = nax {p(FZ, Z),p(FZ, z),p(z, 2)7 5 [p(sz Z) —l—p(Z, Z)}
p*(z, 2)p(Fz, 2) p*(Fz,z)p(Fz,Z)}
Tp(z2) | L+p(=F)
= p(Fz,2),

and fp(FZZ (t)dt < (fo (F22) p(t)dt) < fo p(Fz7) ©(t)dt, which is contradiction.
Thus Fz = z and from (2.7), we can write

Fz=Gz=z. (2.9)
Similarly, let x = u and y = 2z in condition (2) of theorem 2.1,

Sz=Tz=z. (2.10)
Hence By (2.9) and (2.10), we get

Fz=Gz=82=Tz= =z (2.11)



Common Fized Point Theorems for Weakly Compatible Mappings ... 367

Shows that, z is a common fixed point of F', G, S and T. For uniqueness we
assume that z; and 2, are two distinct common fixed points of F', GG, S and T.
Then replacing = by z; and y by 23 in condition (2) of above theorem, we have

p(21,22) p(Fz1,522) C}?,G,S,T(zl,zg)
/ p(t)dt = / o(t)dt < w( / gp(t)dt).
0 0 0

Since C}J,G,S,T(zl,@) = p(z1, 22) So

p(21,22) p(21,22) p(21,22)
[ emar<o( [T wwi) < [T s
0 0 0

Which is a contradiction and thus z; = 29. Hence F', G, S and T have a unique
common fixed point in X.
By the help of the theorem 2.1, we easily deduce the following corollaries.

Corollary 2.2. Let (X,p) be a partial metric space and F, G and T be three
self-mappings on X satisfying in the following conditions:
(1) The pair (F G) and (F T) share (CLRgr) property;

(g)fo Fa:Fy £)dt < w(f Crc.rT(ay) (t)dt) Vo, y € X, where (p,9) € ®x ¥ and

1
Cha.rT(ey) = MaX {p(F z, Fy), p(Fz, Gz), p(Gy, Ty), 5 [p(F'z, Ty) + p(Fy, Gz)]
p*(Fy, Ty)p(Fz,Gz) p*(Fz, Fy)p(Fz, Ty) }
14+ p(Gz,Ty) 1+ p(Gz, Fx) '

If the pairs (F,G) and (F,T) are weakly compatible, then F', G and T have a unique
common fized point in X.

Corollary 2.3. Let (X,p) be a partial metric space and F and T be two self-
mappings on X satisfying in the following conditions:
(1) The pcm" (F T) share (CLRT) property;

(JLED ()t < o fy I p(t)dr) Va.y € X, where (9,) € B x ¥ and

1
Cflfj,T,F,T(:r,y) = max {p(Fl‘, Fy),p(F.T,T.T),p(Ty,Ty), é[p(anTy) _'_p(Fy?T‘T)]

p*(Fy, Ty)p(Fz,Tx) p*(Fx, Fy)p(Fz,Ty) }
14+ p(Tz, Ty) 1+ p(Tz, Fx) '

If the pair (F,T) are weakly compatible, then F' and T have a unique common fized
point in X.
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In a similar way we establish the following result.

Theorem 2.4. Let (X,p) be a partial metric space and F, G, S and T be four
self-mappings on X satisfying in the following conditions:

(1) The pair (F G) and (S T) share (CLRgr) property;
(Q)fo PFDSY) t)dt < w(fo RS T() e(t)dt) Vz,y € X, where (¢,¢) € ®x ¥ and

1
ChG.5:m(ey) = MaX {p(F @, 8y), p(Fo, Ga), p(Gy, Ty), 5 [p(F'z, Ty) + p(Sy, G)]

p*(Sy, Ty)p(Fz,Gx) p*(Fx,Sy)p(Fx, Ty) }
1+p(Gzx,Ty) =~ 1+ p(Gz, Fx)

If the pairs (F,G) and (S,T) are weakly compatible, then F', G, S and T have a
unique common fized point in X.

In general C'LRgr property implies the common property (E.A) but the con-
verse is not true. So replacing C'LRgr property by common property (E.A) in
Theorem 2.1 and Theorem 2.4, we get the following results, because the (E.A)
property together with the closedness property of a suitable subspace gives rise to
the closed range property.

Corollary 2.5. Let (X,p) be a partial metric space and F', G, S and T be four
self-mappings on X satisfying in the following conditions:
(1) The pair (F,G) and (S,T) share (E.A) property such that T(X) (or G(X)) is
closed subspace of X;
(2) 7T Gyt < w( fy RosTEY p(t)dt) Va,y € X, where (p,1) € d x .

If the pcm‘s (F G) and (S,T) are weakly compatible, then F, G, S and T have
a unique common fized point in X.

Corollary 2.6. Let (X,p) be a partial metric space and F, G, S and T be four
self-mappings on X satisfying in the following conditions:

(1) The pair (F,G) and (S,T) share (E.A) property such that T(X) (or G(X)) is
closed subspace of X ;

(Q)fp(”sy) t)dt < w(f Cr.c.s(m) (t)dt) Vo,y € X, where (p,) € ® x U and

1
C%‘,G,S,T(%y) = max {p(va Sy)ap(va GZE),p(Gy, Ty)a E[p(Fx7 Ty) + p(Sya GI)]
p*(Sy, Ty)p(Fz,Gz) p*(Fa, Sy)p(Fz,Ty) }
1+p(Ge,Ty) *  1+p(Gz,Fz) )

If the pairs (F,G) and (S,T) are weakly compatible, then F', G, S and T have a
unique common fized point in X.
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One can obtained other consequences from theorem 2.4 and corollaries 2.5 and
2.6 in a similar way as obtained from theorem 2.1.
If we replace Cl, ST(ey) DY Cie $T(ey)» then Theorem 2.1 and 777 are still valid.

Similarly, theorem 2.4 and Corollary 2.6 are still valid, if we replace C’%@ ST(29) by

4 .
Cre,sT(ey) 1+ ©

1
C%7G757T(m7y) = max {p(F.ﬁE, Sy),p(Fz,Gz), p(Gy, Ty), é[p(Fa:, Ty) + p(Sy, Gx)]

p*(Sy, Ty)p(Fz,Gx) p*(Fz,Sy)p(Fz,Ty) }
14+ p(Gz,Ty) = 1+ p(Gzx, Fx) ’

and

1
C%‘,G,S,T(ac,y) = max {p(Fl‘,Sy),p(F:E,G:L’),p(Gy,Ty), §[p(F$aTy) +p(8vax)]

p*(Sy, Ty)p(Fx,Gx) p*(Fx,Sy)p(Fz,Ty) }
1+p(Gz,Ty) = 1+ p(Gz, Fz)

3. Example

In this section, we apply our main result to prove the following:
Example 3.1. Suppose X = R" and p(z,y) = max{x,y}; then (X, p) is a PMS.
Define four self mappings F', S, T" and G on X by

F(r) ==+ =,G(z) =2 S(z) = 2,T(z) = a:QL—i—l

Let z, = {1 + %}neN and y, = {17 bnen be two sequences, so we have
limn — coF(z,) = limn — coG(z,) = limn — c0S(y,) = limn — coT'(y,) = 1.

Also 1 e T(X)NG(X) = (0,2] NRT,

Hence (F,G) and (S,T) satisty CLRgr property. It is easy to check that the
pair (F,G) and (F,G) is weakly compatible at x = 1 as a coincidence point. To
verify condition (2) of theorem 2.1, let us define ¢, : Rt — RT by ¢(t) = ¢ and

3
U(t) =5
50 18 5 1
y) = 5and G5, 9)
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On the other hand

o [ " i) = o [ ) = =2

Hence

P(P(2).5(3)) r2.d)
/ o(t)dt < w( / gp(t)dt).
0 0

Thus all the conditions of Theorem 2.1, so we get 0 as common fixed point of have
mappings F', G, S and T

Remark 3.2. Replacing the partial metric p in (X, p) by metric d we can get the
similar results given in [19].
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