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Abstract: The authors establish a set of fifteen new integral representations of
Euler-type for the Sharma and Parihar hypergeometric function in four variables
FQ%); whose kernels include the quadruple functions Ky, K, Fl(ff) and Xs(;4)§ the
Exton hypergeometric functions of three variables X,; the Lauricella functions of
three variable F, Fiy and Fg; the Appell’s series of two variables Fy, F3 and Fj;
and the Gauss hypergeometric function.

Keywords and Phrases: Beta function, Eulerian integrals, Quadruple hyperge-
ometric series.

2010 Mathematics Subject Classification: 33C20, 33C65.

1. Introduction

In diverse areas in engineering and mathematical physics, integral representa-
tions play an important role in the view point of application. A number of integral
representations involving various hypergeometric functions have been investigated
by many authors (see, for example [2-3, 9, 10, 11, 17]).
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Sharma and Parihar [11] defined the function Fég), as;

F(4) . .
20 (ala a,ay, az, as, asz, aq, ds; C1,C2,C3,C1; T, Y, 2, U)

_ f: (al)m+n+p(a2)Q<a3)m+n(a4>p(a5)qﬁy_nz_pu_q (1)
— (€1)mtq(c2)n(cs)yp m! n! p! ¢!

where (a),, is the Pochhammer symbol given by;

I'(a+n)

(a)n:Ta):a(a%—l)---(a—l—n—l); (neN:=1,2,3---),(a) = 1.

2. Integral Representation of Euler-type
In this section, we establish a set of fifteen new integral representations of Euler-

type for the hypergeometric function of four variables Fég) defined in (1).
Theorem 2.1. Fach of the following relationships for integral representation FQ(S)

holds true:

aM{P M T (ay + ay + as)
['(a1)T(a2)I(as3)

(4) . )
F20 (CLl,a17a1,(12,a3,a3,a4,a5,01, CQ,Cg,Cl,CC,y,Z7U) =

/ / cosha(sinh?a )“1—%cosh@(smfﬂﬁ)aﬁaz—%
(1 + Mysinh?a)®taz(1 4+ Mysinh?(3)wtaeztas

Xé ((11—|—CL2+CL3,6L1+CL2+CL3,CL1—|—CL2+CL3,6L1—|—CL2+CL3,CL1+CL2+CL3,

as, a4, a1 + az + as; ¢1, c1, €3, C2; M, Ao, A3z, A\jy)dadf (2)

M7 Mssinh?asinh? /\ _ My sinh2a
(1+Mi sinh2a )(1+Mgsznh26)2’ T (1+Misinh?a )(1+M281nh25)’

M = ripisniasnht o and Re(a; > 0, (i = 1,2,3), My > 0, My > 0.

where \y =

7@ . .
20 (al, ay,as,as, as,as, a4, as;C1,C2,C3,C1, 2, Y, 2, U)

B ['(a3 + ay)
F((lg)P(CM)(S — R)
'Fl(j)(ala ai, a1, az, a3 + aq, ag + ag, a3 + aq, as; c1, C2, ¢3, €13 AT, Ay, Az, w)do  (3)

where, A = (S — R)™; (Re(a;) > 0,(i = 3,4), R < S).

S
s (o= RS o

(4) . .
F20 (aly ai,das, asz, as, as, a4, as;C1,C2,C3,C1,2,Y, 2, U)
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B I'(ay + a2)T'(as + aq)
 2uitaxtastai—2[ (g1 )T (ag)T(as3)T (ay)

+1 +1
/ / (1—|—0z)‘“_1(1—a)‘”_l(l—i—ﬁ)%_l(l—6)“4_1-Kl(a1+a2,a1+a2,a1—l—a2,
-1 J-1

ar + az, a3 + ay, az + aq, a3 + aq, as; ¢1, C2, €3, C1; M, My, Aoz, Agu)dadf (4)

where,Al—MA—wA (-a) a) ; and Re(a;) > 0;1=1,2,3.

F(4) . .
20 (ab ai, ay, az, as, as, a4, as; €1,C2,C3,C1; 1, Y, Z,U)

_ I'(a1 + az)l'(c1)
I'(a )T(a3)l(c; — a)(S; — Ry)mta2—1(Sy — Ry)or—1

/ / @ — Ry)“ (S — )= (B — Ro)*(Sy — B)

Kip(ar + ag, a1 + as, a1 + as, ay + ag, ag, Az, ag, as;

a, Ca, €3, ¢1 — a5 M, Aay, Aoz, Mqu)dad3 (5)
_ _(a=R1)(B—Ro) aR) (S1—a)(S2—B) .
where, \y = o 1)(52 = >\2 A3 = m’
and Re(ay) > 0, Re(a )>0 Re()>0 Re(c; —a) > 0,R; < S1, Ry < Ss.

F(al + CLQ)F(Cl)
F(al)F(ag)F(a4)F(cl — CLQ)

/ [ @ = et - gt g

alar + ag;es, e — ag, e (1 — @)z, 1 — Bz, ay)dadfs (6)
where, Re(ai) > 0,1 =1,2,4; Re(c; — az) > 0.

e . . _
20 (a17a17a17a27a37a37a47 as; Cl,Cg,Cg,Cl,.T,y,Z,U) -

e . .
20 (aly a,a, az, as, as, dq,ds; C1,C2,C3,C1; 1, Y, Z,U)

M%M%F(al + a2 a3 + a5 / / i~ 16a3 1
~ T(ay)T(a2)T(ag)T(c1 — ag) (14 Mya)m+ez(1 4+ MyfB)estaes

Fr(a1+az, a1+az, a1+asz, as, az+as, az+as; cs, c1, C2; A1z, Aax+Azu, Aay)dadf (7)

M o My Maaf _ 1 .
where, Ay = (1+]\1/[?a)’)\2 = (1+M1;)(21+M2/3)7)‘3 = 0 o) (11 M25)°

and Re(a;) > 0,(: =1,2,3,5), My > 0, My > 0.

e . .
20 (ah a,am,as, as, as, a4, as; C1,C2,C3,C1, T, Y, Z,U)
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_ I'(c1)
I'(a1)I'(a2)T(c1 — ag) (S — R)cr—as—1

- / (@ — R)™ (S — a)="1[(S — R) — (a — R)u]~™

R

S —
I (ab a1, a1, a4, ag, ag; C3, C2, C1 — A2, C2; 2, rcg)x’ Z/) da (8)

where, Re(as) > 0, Re(c; —ag) >0, R < S.

(4) . .
F20 (ah ai,das, az, as, as, a4, as;C1,C2,C3,C1, X, Y, 2, U)

_ F(CQ) i az—1 co—asz—1 —ay
~ 2010 (a3)T(cs — ag)./_l (I+a)®  (1—a) [1—(1+a)y]

2 (1+ o) )da

FN <(I4,(I5,1+(I3—CQ,CLl,GQ,(Zl;Cg,Cl,Cl,CQ; [1 _ (1 +a)y]7u7 (Od — 1)[1 — (1 +Oé>y]
(9)

where, Re(az) > 0, Re(ca — az) > 0.

(4) . .
F20 (CL17 ai,das, az, as,as, a4, as;C1,C2,C3,C1, L, Y, 2, U)

 2M*T(ey) /°° cosha(sinh?a)™ 2
) Jo

_a3
. 39 . 19
= Fla)le —a)) Jy (1t Minhtays |+ Msinha) = Mysinh O‘}

: . 9
Fy (a4, as,as, 1 +ay — ¢z, a9, 1+ ay — cz;¢3,¢1, 15 —Mzsinh“a, u,

Msinh*a(1 + Msinh*a)x
(1 + Msinh?a) — Mysinh?«

(10)
where, Re(ay) > 0, Re(cy — ay) > 0.

e . .
20 (aly a,ay, az, as, as, aq, ds; C1,C2,C3,C1; T, Y, 2, U)

_ I'(cs) /+1 (1+ a)?2171(1 — q)Hesma)—1
29720 (an)T(es — ar) J_y (1 + ?)s—as

(1+a2)—%(1+a)22] -

I+e)?y  (1+a)z
-Frl 1l - 1 — (3,03, a5, 0d3; C2, C1, C1; — PP d
R( + a1 —c3,a2,1 + a1 —c3,a3,a5,a3;,C2,¢1, ¢ (1 —a)? Y (1—a)?

(11)
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where, Re(ay) > 0, Re(cs —ay) > 0.

2(1 + M)HT(cy)
F(C4)F(03 — (14)

2 . . _
20 (a17a17a17a27a37a37a47 as; 617027037017x7y727u) -

/g (sin2a)™ ™3 (cos2ar)® %42
0

(0 Msimtayear |+ Msine) - (1+M)zsz'n2a}

(1+ Msin?a)y
1+ Msin?a) — (1 + M)zsin2al’

Fr <a1;a27a1aa37a57a3§02701701§ (
(1 + Msin*a)x
d 12
* [(1+ Msin?a) — (1 + M)zsin?q] “ (12)
where, Re(ay) > 0, Re(cs — aq) > 0, M > —1.

Jac : : _
20 (a1,a1,a1,a2,a3,a3,a4,a5,61,62703,01,$,y,z,u) -

1 1
/ / a1 —@)e gl (1 - B)s =11 - B2)"" 4 F(ag, as; c1 —a; (1 —a)u)
o Jo

oz Y

gerelerm) )
where, Re(ay) > 0, Re(a) > 0, Re(cy —a) > 0, Re(cs — aq) > 0.

Fy (al7a3§a702;

4F(01)F(62)
I'(a1)T(a)T(c1 — a)T'(c2 — aq)

) . . _
20 (CLl,CLl,(Il,(IQ,(Ig,Qg,(I4,a5,61,02703701,x,y72,u) -

/ / sin’a)® 1 (cos®a)=~ 1~ 2(5m o) R (cos B)"L’%(1—3/52'71204)’“3

xtan’atan®f

e E _ztan®a )dad
(1 —ysin2a)’ zan a> adf

(14)

. 2 . .
- 9F1 (a2, as; a;ucos”B) Fy (1 + a1 —c2,a3,a45¢1 — a,c3; —

where, Re(ay) > 0, Re(a) > 0, Re(c; — a) > 0, Re(cy — ay) > 0.
Fz(g)(alaalyalaa%a3>a37a4;a5§01702763701§1’7ZJ7Z,U)

_ [(c)T(c2) /“ /“ (1+ )2 1(1 — q)2e-a)-1

— 2ate=4T(a ) (ag)l(c1 — a2)T(cy — a1) (1+ a?)c2—as
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—as

.(1 4 5)2(12—1(1 _ ﬁ)Q(cl—ag)—l
(14 fg2)er=es

{(1 Fo)— 201 —I—a)zy} h {(1 67— (14 )
(14 a)*(14+a?)(1 - p)%x '
2(1 = a)?(1+A)[(1 +a?) — 3(1+a)2y]’

(1+a)?z
“d—af )d g (15)

where, Re(ay) > 0, Re(ay) > 0, Re(¢; — ag) > 0, Re(ca —ay) > 0.

Iy (1 +a; — ¢2,a3,a4;C1 — A2, C3; —

(4)
F20 (aba17a17a27a37a37a4>a’57017627037CI7$ Y, z, ’LL

1 41
_ I'(c2)I'(c3) /+ / (14 )1 (1 — q)==o-1
2e2te3 =21 (ag)T(ag)(co — a3)T(c3 — ay)

(41— B 1 = (1 4y — 51+ f)2]

(1+a)x

A=) =31 +a)y— 31+
where, Re(az) > 0, Re(ay) > 0, Re(cy — a3) > 0, Re(cz — aq) > 0.

Where X§4) is the quadruple function (see [2]); Fl(ff) is Sharma’s and Parihar’s
function [12]; Ky and Ky are Ezton functions of four variables (see [8]); X4 is the
Exton function [9] of three variables; Fg, Fy and Fr are Lauricella functions(see
[10] and [15]) of three variables; Fy, F3 and Fy are Appell’s functions of two vari-
ables (see [1], [15]).
Proof. Once substituting the series definition of the special function in each inte-
grand, then changing the order of the integral and the summation; finally taking
into account the following integral representations of the Beta function and their
various associated Eulerian integrals (see, [7, 13, 14, 17] we derive each of the
integral representations (2) to (16).

u> dadp (16)

-F3 <1 + az — €2, a2, a3, as5; C1; —

B(a,b) = /01 11— )"t = (S — R)'*° / RS(t— R)* (S —t)""at

where, R < S; Re(a) > 0, Re(b) > 0).

['(a)C(b)

Bla.b) = 5oy

(a,be C—Zy).
(1 + a)Qa—l(l _ a)2b—1

(1 + a2)a+b dov

(sina)?* ! (cosa)* tda = 22_“_b/ —1!

B(a,b):2/02
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where, Re(a) > 0, Re(b) > 0.

and

! > cosha(sinh?a)?~!

B(a,b) = M*“ ———da=2M"
(a,5) /0 (1 + Ma)ett “ /0 (1 + Msinh2q)etb

where, M > 0; Re(a) > 0, Re(b) > 0.

3. An Open Problem

Based upon the work presented in this paper, we find it to be worthwhile to
motivate the interested reader to consider the following related open problem.
Open Problem: Recently, Srivastva et al (see [16]) has introduced new concepts
namely R, = R(2,1,1,1,2,2); R = R(2,2,1,1,2,2); R,, = R(m,m,1,1,1,2)(m €
N). Interested researchers may establish relationships between R,, R and R,,; and
results presented in this paper.
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