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1. Introduction

Bernoulli numbers have been extensively studied in the literature, since they
arise in many area of theoretical and applied mathematics, and also have wide-
ranging of applications in applied sciences and engineering. These numbers con-
tinue to attract much attention, especially, several properties of recurrence relations
for generating Bernoulli numbers are considered in many studies (see for example
[4,5,6,7,8,9,10, 11, 12, 16, 17], and reference therein). In general, the Bernoulli
numbers B, and Bernoulli numbers B of order k > 2 are commonly defined
through their associated generating function, namely,

t oo
-N"B,— 1
et —1 ; n! (1)

and

¢ k +oo ()tn
_ k
(et_l) -y BOL @)

n=0

For reason of convenience, in the sequel B will be referred to as Bernoulli num-
bers of order k > 2. The generating functions defining some usual known sequences
of numbers, as Fibonacci and Lucas numbers, are rational functions. For general-
ized Fibonacci sequences, the generating function is also a rational function (see
[15]). Moreover, each kind of these sequences of numbers satisfies a specific linear
recursive relation of finite order. Conversely, the generating function defined by
a linear recursive relation of finite order is a rational function. Taking into ac-
count the preceding facts and that the generating functions (1)-(2) of B,, and B
are not rational functions, comes the following natural question: are there some
kind of linear relations for generating recursively the Bernoulli numbers B, and
Bernoulli numbers B ? Recall that, in the literature, there are several recursive
relationships linked to Bernoulli numbers B,, and Bernoulli numbers Bq(@(k), but they
are not linear with constant coefficients, (see, for example, [10, 12| and references
therein). However, observing (1)-(2) the denominators in the quotient of gener-
ating functions are infinite series. Comparing with known sequences of numbers
whose generating functions are rational, the recurrence relationship for Bernoulli
numbers B,, and B,(@k), if they exist, must be of infinite order.

In this context, we are interested to establish linear recursive relations of Fi-
bonacci type of infinite order, for generating the Bernoulli numbers B,, and B,
This recursive process is based on the so called generalized Fibonacci sequences of
infinite order. Such sequences have been introduced and developed in [3, 13]. These
sequences are defined as follows. Let {a;};>0 and {«a;};>0 be two sequences of real
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or complex numbers. Suppose that, for every N € N, there exists ¢ > N such that
a; # 0. The associated sequence of infinite order or the so-called oco-generalized
Fibonacci sequence {wy, }nez is defined by,

w, = Q_, for n <0,
oo

w, = Zaiwn_i_l for n > 1. (3)
i=0

The sequences {a;}i>0 and {a;}i>o are called the coefficients sequence and initial
sequence, respectively. The right side of Expression (3) represents a series, there-
fore, for the existence of w,, it is important to worry about the convergence of this
series (for more details see [3, 13|, and references therein). In this study, we are
also concerned in the connection between sequences (3) and a specific family of se-
quences defined by linear recursive relation of finite order. In fact, it was shown in
3] that sequences (3) can be studied using properties of a family of linear difference
equations of finite order r > 2 defined by,

Upi1 = botlp + ... + b qUp_pyrq, for n >r—1, (4)

where bg, by, ..., b._1 are the constant coefficients and uy = «p, ..., u,_1 = ,_1 are
the initial conditions. For such sequences, known in the literature as r-generalized
Fibonacci sequences, the analytic formula for u,, is given by

l s;i—1
Uy = Z (Z @.J.M) A", for every integer n > 0, (5)
=0

—1

where A, ... \; are the roots of the characteristic polynomial Q(z) = 2" — bpz" ! —
-++ — by_1, of multiplicities sq, ...,s;, respectively. Generally, the scalars §;; (1 <
i <1,0<j<s;—1) are obtained by solving the generalized Vandermonde system
of equations 22:1 (Zj;_ol ﬂmn]) A=y, n=0,1,...,r — 1 (see, for example, |2,
18]). In addition, we will resort to the combinatorial formula of the general term
u, given by,

r—1
Uy, = ZAip(n —1i,r), for every n > r, (6)
i=0
where A; = a,_1u; + ... + a;u,—1, for 0 <i <r —1, and
(ko4 + kp1)! Er_1
plnr) = 2 kolky! .. k! ay’ o, (M)

ko+2k1+-~+rkr—1=n—r
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with p(r,7) =1 and p(n,r) =0 for 0 <n < r —1 (see, for instance, [[3], references
therein|, [18]). Expressions of type (7) where considered by Philippou et al. (see,
for example, [15] and references therein).

The purpose of this study is to establish that the Bernoulli numbers B,, and
Bflk) are generated by some linear recursive relations of order infinity of type (3).
We show that this method represents a natural way for obtaining linear recursive
relation generating B, and Bﬁk), which is an answer to our precedent question.
Moreover, we establish some compact combinatorial formulas for B,, and Bff). On
the other side, we develop an analytic approximation process of B,, and Br(Lk), based
on the approximation of the sequence (3) by a family of linear recursive sequences
of finite order (4). In the same way, we improve a combinatorial approximation
process of B, and BY. The main idea behind our study, is the closed relation
between the exponential generating function (1) and the characteristic functions
of the sequence (3). Connections with the partial Bell polynomials and Stirling
numbers of the second kind are discussed. Moreover, applications to Euler numbers,
Genocchi numbers and zeta functions are also addressed.

The content of this paper is organized as follows. In Section 2 we recall some
basic view of sequences (3) and results on the Bernoulli numbers B, and B,(Zk),
using properties of sequences (3), are established. Section 3 is devoted to explore
a connection between partial Bell Polynomials, sequences (3), Bernoulli numbers
and Stirling numbers of second order. In Section 4 an approximation processes
of the Bernoulli numbers are provided from the approximation of the sequence
(3), by a specific family of linear recursive sequences of finite order. In section 5
related applications to Genocchi numbers, Euler numbers and zeta function are
also considered. Finally, concluding remarks are given.

2. Bernoulli numbers and truncated sequences (3)

2.1. Truncated sequences (3). In this subsection we recall some basic elements
of the linear recursive sequences (3), which are important in sequel of this study.
Let {wy, }nez be a sequence (3) of coefficients and initial data {a;}i>o and {a; }iso,
respectively. As said before, the general term w, (n > 1) is a numerical series.
Therefore, for the existence of w,,, when n > 1, a necessary and sufficient condition,
labeled (C,), was formulated in [3, Proposition 2.1] as follows:

(Cxo): The series Y ooy Qiyn_10y converges for all n > 1.

When a; = 0, for all j > k + 1, the condition (Cy) is verified and we have
Wyt = ?i(lf ajwy_;, for all n > 0. In such case, the sequence {wy, },ez is called

a k-truncated sequence (3). Especially, when o = 0, for all j > 0, where 4, is
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the Kronecker symbol, the associated sequence (3), denoted by {w%k)}nez, is called
an elementary k-truncated sequence (3). Let Foo = Foo({a;}i>0) be the vector
space (over C) of sequences (3) of (fixed) coefficients {a;};>o such that their initial
sequences {q; };>o satisfy the condition (C ). A straightforward long verification

allows us to establish that the set S = { {wn )}nez, k € N} of elementary k-truncated
sequences (3), is a basis of the Vector space Fo.. More precisely, for every {w,, }nez €
Foo, We have w,, = XOB ozkwn ) for all n € 7Z. Moreover, it was proved in [13] that
every {wn}nez € F takes the combinatorial form w, = >, A;p(n — s,0) with

A, = Gstm—104, and
(ko + -+ kn1)! En_
TUCTHRND SR SIS
ko+2ki1+--+nkyp_1=n 0 n—l:

such that p(0,0) = 1 and p(—k,0) = 0 for every k > 1. Especially, we have the
following useful property.

mO

Proposition 2.1. (see [13]) The combinatorial formula of {wflo)}nez is
w® = p(n,0), for every n>1,

where p(n,0) is defined as in (8).
Throughout the rest of this work the sequence {wﬁlo)}nez will play a central
role. Therefore, for reasons of necessity of the clarity of the rest of this text, the
(0) L
sequence {wn ’ tnez is simply denoted by {v, }nez.
On the other hand, a direct computation shows that the generating function of

{Un}nez is, -
t) = ;vnt” = % (9)

where Q(t) = 1 — > a;t/*" is the so-called the characteristic function of the
sequence (3) (for more details see [3, 13]). Conversely, let Q(t) be a complex
function which is analytic in open disk D(0; R) centered at 0, with R > 0. Suppose
that @ takes the form Q(t) = 1 —> 22 ja;t/*! in D(0; R). Since Q(0) = 1 # 0 then

1
flt) = W has a Taylor expansion in the D(0; R) given by,

f(t):l_z R ant” (10)

And the identity Q(t)f(t) = 1 implies that we have w1 = > 7 ajw,_;, for all
n > 0, where wg = 1 and w_; = 0, for all j > 1. Hence, {w,, }nez is nothing else
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but the linear sequence of infinite order {v, },ez-

2.2. Bernoulli numbers and sequences (3)

Let {B,}n>0 be the sequence of Bernoulli numbers defined by their associated
1
exponential generating function (1). Observing that we can write -~ = ——

T Qw

1
where Q(t) = 1 — >0 a,t"™ with a, = RCrk Comparing the right sides
1
of (1) and (10) where Q(t) = 1 — Y% a,t"*!, with a, = o) we get the

result.

Theorem 2.2. The Bernoulli numbers are expressed in terms of a specific linear
recursive sequence (3) as follows,

B, =n! x v, (11)
where {UL”}%Z is the sequence (3), whose coefficients and initial values are a, =

(n>0), vél] =1 and U[El =0 for all j > 1, respectively. In addition,

(n+2)!
the combinatorial formula of B, is given by,
Ko+ 4 ko) [ 18
B, =n! bk (Ro " . (12
SR SN W U |gre) - 02
ko+2k1+-+nk,_1=n j=0

Moreover, the sequence {B—’;} satisfies the following linear recursive relation,
nt Jn>0

Bn—l—l Bn + Bn—l + + BO
=ay— ta——— + -+ ap—.
n+1)! Onl T (n—1) 0!
Proof. Indeed, Expression (11) is obtained from (1) and (9) by identification of
the terms of the two series. In addition, using Proposition 2.1 and Expression

(8), we obtain the combinatorial formula (12) of the Bernoulli numbers. Second,

(13)

Expression (11) shows that v, = and by substitution in (3) we derive the

n
W:
linear recursive formula (13). O

In fact, Expression (13) shows that the sequence {%}mo satisfies the recursive

relation of type (3). This assertion represents a linear recursive process for gen-

1
Expression (13) takes the

erating the Bernoulli numbers. Since a, = ——,
(n+2)!

following form,

Bn+1 B B
(n+1)!:_2(k+2) Zk'n—k+2) (14)
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Moreover, the recursive formulas (13)-(14) allows us to recover the following clas-
sical expression,

Corollary 2.3. The Bernoulli numbers B,, satisfy the identity

n+1 n+1
(n+2)! By, n+ 2
— xS B, =0. 15
Z(n—k+2)!xk! 2\ )B (15)
k=0 k=0
B, "~ B 1

Proof. Expression (13) is equivalent to o ++11)! + kzzo k—f X m =0, and
multiplying both sides by (n + 2)! we get the requested identity, namely, formula
(15). O

Furthermore, since the function f(t) = w5 satisfies f(—t) =t + f(t), we show
that the equality f(—t) =Y 2 (—=1)"v,t"=t + > v,t" implies that ve, 1 = 0,
for every n > 1. Consequently, Expression (11) attests that B, = 0, for every
n > 1. Since all the odd Bernoulli numbers vanish except B; = —1 and By, = 1,

2
Expression (14) gives,

B, | Value | Decimal Value (5 digits)
By 1 [ 1.0000

By =t | —0.50000
By & | 0.16667

By g—(? —0.03333
Bg 2 | 0.02381

Bs % | —0.03333
Big = | 0.07576
Bis 576501 —0.25311
By £ 1 1.16667
B | =S5 | —7.09216
Big | 25715497118
By | = | —520.12424
Byy | 22218 | 6192.12319

Table 1: Terms of Bernoulli numbers sequence

n—1
1 2n+1 1 2n + 2
Bopio = —= Boro| -
2n+2 2 <2n+3)(2”+2)+;—(3—|—1)(25+2) 2 2] or every n

Let the first terms of the sequence in Table 1.
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2.3. Bernoulli numbers B{" of order k > 2 and sequences (3)

Recall that the Bernoulli numbers B of order k > 2 are defined by the
+00

1 .
enerating function (2). By considering (10) with Q(¢t) = 1 + — ! we
g g (2). By g (10) Q1) ;(]Jrz)!
get,
¢ k 1 \* +o0 LB
_ _ Myn | _— [, .. 0l 4
(Gt—l) _(Q(t)> B (Zv”t> _ZL Z Um vpk]t )
n=0 n=0 1+ +pr=n

where {v}]'} ez is the sequence (3), whose coefficients and initial values are a, =

(1] (1]
(n )' (TL 0) » Vg 1 and v j

(11)-(12), we succeed the result.

= 0, for all 7 > 1. Therefore, by applying

Theorem 2.4. Bernoulli numbers B (n > 0) of order k > 2, satisfy the identity,

k 1 1 n
BﬁL) =nl Z UI[)I]"'"UI[)IJ = Z (pl pk>Bp1"'Bka (16)

p1te+pE=n p1te+pE=n
where the By, --- , By, are the Bernoulli numbers. Moreover, the combinatorial
formula of the B (n>1)is

Bflk) =n! Z pv(pl,o)"'pv(p/ﬁo)v
p1t-+pr=n
1
(G +2)r

¢ k+1 " " k
The simple decomposition = . allows us to
et —1 et —1 et —1

achieve a recursive process to construct the Bflkﬂ) with the aid of ng). Indeed, a
(k+1)  m B
n S
——. Hence,
s!

where the p,(n,0) are as in (8) with a; = —

direct computation, using (2) and (10), shows that =5

s=0
we can state the following corollary.

Corollary 2.5. For every n > 1, we have

n n

(k1) _ n k) (k1) _ plk) L n+1) Lm
Bn _Z (S)Bn—sBs and Bn+1 _Bn+1 Z]+2(S+1 anj'

s=0 s=0
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More generally, the forgoing process linking B,, and sequences (3), can also be

considered for Bernoulli numbers B,(Lk). Indeed, the B,(Lk) can be expressed in terms
of a specific sequence (3). More precisely, if we set H(t) = 1 + ZJF j 7, where

B = m,
where

a straightforward computation shows that H ()" = 1— Z b i t™

bk =— Hjs-l-l (17)

Jittjp=m+1 s= 1

1 X
<t>k; = Z Wn?ktn, Whel"e {Wn7k}n€Z
n=0

is a sequence (3) of initial data Wy, =1, W_;, = 0, for j > 1, and coefficients b, 4
(n > 0) are as in (17). Thus, following (2) we derive the property.

k
t
Theref ing (1 btai -
erefore, using (10), we obtain (et — 1) H

(k)

Theorem 2.6. Under the preceding data, the Bernoulli numbers By’ of order
k > 2 take the following form,
BW®) = plW, 1, for everyn >0, (18)

where {Wy, i tnez s a sequence of type (3), of initial data Woy, =1, W_j,, =0 for
Jj > 1 and coefficients by, ), are as in (17). Moreover, the combinatorial formula of
the B in terms of the coefficients b, (n > 0) is given by,

e |
(k) _ 1 o) (SO + 51+ + 871—1)’ 50 751 .. pSn—1
Bn - npk<n7 O) =n » +Z+: 80!81! o Sn—I! bO,kbl,k bn—l,k7
s0+281++nsp_1=n
(19)
where the by, are as in (17).
(k)

Results of Theorem 2.4, namely, expression (11), = Wk

B
Hence, it ensue that the sequence {L' satisfies the recursive relation of
n!
n>0

type (3), whose coefficients b, are given by (17). T herefore we have a linear

recursive process for generating the Bernoulli numbers B, Asa consequence of
Theorems 2.4 and 2.6, we have the corollary.

Corollary 2.7. Under the preceding data we have the following identity,

n
B1B:
Z (ph 7pk) b P

p1te+pE=n
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|
D D e S

sol - 8p_1!
$0+281+-+nsp—1=n 0 n-t

where By, are the Bernoulli numbers and the by, are as in (17).
It seems for us that the identity of the Corollary 2.7 is not current in the
literature.

3. Bernoulli numbers, sequences (3) and partial Bell polynomials

It seems for us that the combinatorial formula (12) for the Bernoulli numbers
is not known in the literature under this form. Nonetheless, this formula allows us
to connect the Bernoulli numbers with some special case of the alternate sum of
partial Bell polynomials (see [5]), defined by their generating function as follows,

k
= N N
2371,1@ (z1,22,...) A (me%> : (20)

m=1

The explicit formula of the B, x (z1,xa,...) is

n!
Bn,k (x17x27-.-) = Z % A x’foxlgl . (21)
bot ety Rl (AN (2" - -
ko+ki4--=k

Note that the Formula (21) admits a finite number of terms according to ko + 2k; +

- = n, and at most the last term of the product 225" ... is 2,,. In the sequel
we can use one of the two notations B,y (21, %2,...) or By (x1,%2,...,x,), for

more details we can refer to [5], where Comtet gave an important impulsion for
the development of Bell polynomials. The (exponential) partial Bell polynomials
B,k (1,22, .. .) make it possible to generate several family of Stirling numbers of
the second kind S(n, k) and the m-associate Stirling numbers of the second kind
Sm(n, k), where m > 1, namely,

S(n,k) = Buy (1,1,1,...) and Sp(n, k) = Boy (0,...,0,1,1,..).  (22)

where there is m consecutive zeros in the expression of B, (0,...,0,1,1,...).

Lemma 3.1. (see [5]) For every k,m > 1 and n > k, we have,

111 n
Borl=>>..)=—"_B, 1. 2
ok (2 374 ) (n+k)! +hk (0 ) (23)
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m+ 1 -1 m + 2 -1 n!
B, , ) = Ben (0,..,0,1,1,..) (24
ok (( 1 ) ( 2 > > (n + mk)! +mics (0 0 ) (24)

The following theorem shows that the partial Bell polynomials are related to
sequences (3).

Theorem 3.2. The linear recursive sequence of infinite order {v,[ll]}nez satisfies
the following identity,

11 1
W= > (DB (550 .
Un ( ) n,k (273’ 7n+1)

k>0

Proof. We develop the summation formula according to the expression of partial
Bell polynomials,

n _ koot (Ko k) 1
(U Z (—1) Tl Jor ] H G2

ko+2k1+-+nkn,_1=n

T 2wl Bl

k>0 ko+2k1+-+nkn_1=n
ko+ki++kn_1=k

. !
=21 2 kol -y L (IR0 ()

k>0 ko+2k1+4-+nk,_1=n
ko+ki++kn—1=k

1 kO 1 kn—l
X —
2 n+1

11 1
= —1D)*Boi (=, =, ... . O
2_(=1) ”“<2’3’ ’n+1)

k>0

As a consequence of the proof of Theorem 3.2 and Lemma 3.1, it ensues that
the Bernoulli numbers B,, are linked to the partial Bell polynomials as follows.

Corollary 3.3. Bernoulli numbers B,, satisfy the property,

11 1
B, =n! Z(—l)an,k <§, CiRRRR ey 1> , for every n > 0.

k>0
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Furthermore, Expressions (22) and (23) imply that the following identity holds.

Corollary 3.4. The linear recursive sequence of infinite order {vg}}nez satisfy the
identity,

1)k
ol = n!Z (72 +1>k)|5(n—|—k,k).

k>0 )

Involving (22)-(23) and Corollary 3.4 we get the following corollary, which allows
us to formulate the Bernoulli numbers in terms 1-associate Stirling numbers of the
second kind.

Corollary 3.5. Bernoulli numbers B,, satisfy the equality,

—1)*
B, = (n!)? Z (T(L +)]€)!S(n + k, k) for every n > 0.
k>0

Moreover, in a similar way to that of the association between Bernoulli numbers
B,, and sequences (3), we can also study the closed relation between the sequence
{Wi.knez and partial Bell polynomials. Indeed, we have the following results.

Theorem 3.6. The sequence {W,, j }nez satisfy the following property

—1\™ E+1\ "' [k+2\ " E+n\ !
= (5) e () 057 ()

Proof. We develop the summation formula to get the expression of partial Bell
polynomials. A direct computation implies that the b, given by (17) can be
written under the form,

k
1 1
binyp = — [] =— L 2
* 2 (js + 1)! (m+k+1)! (25)

Ji++Hjg=m+1 s=1

Therefore, according to (17), (25) and (19), we have

Ko+ -+ kno1)! Yo 1
— 1 k0+"'+kn71( 0 n—1
Vo 2 (=1) kol -+ hn1! HO (5 + K+ 1)Hk

ko+2k1+--+nkp_1=n n—l

=2 v 2 Ko! - 'ﬂ'l;fn—ll {(kil)!ro - [ﬁ] h

m2>0 ko+2k1+-4nkn_1=n
ko+k1++kp_1=m
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Pk 2 ol - -n-l;;nl! [(k -1: 1)!}% - {(k—t—'n)'} h

m=>0 ko+2k1+--4nkyp_1=n
ko+ki+-tkn—1=m

:Z(_k_’l)m 2 ’fo“ﬂm! [(klflw!ro”'{mnﬁ)!rn1

m=>0 ko+2k1+-+nkn,_1=n
ko+ki+-+kn_1=m

EE () ))

)

As a consequence of Theorem 3.6, the Bernoulli numbers B are related to the

partial Bell polynomials as follows.

Corollary 3.7. The Bernoulli numbers B satisfy the following property,

—1\™ E+1\ ' /k+2\ ! E+n\ !
B®) — n1 — 1| B
oy () e () (50 () )

for every n > 0.
In addition, Expressions (22) and (24) imply that the following identity holds.

Corollary 3.8. The sequence {W, i }nez satisfies the following identity

—1\" 1
=nl — -
Wi = n! Z ( o ) T mk:)!Sk(n +mk,m),
for everyn >0 and k > 1.
Here also, the Bernoulli numbers B,(Lk) of order £ > 2, can be expressed in terms
of the m-associate Stirling numbers of the second kind. Using relations (22) and

(24), we derive the following corollary.
Corollary 3.9. The Bernoulli numbers BY satisfy the following identity,

BY = ()2 S (;—U %Sk(n + mk, m),

n + mk)

for every n > 0.

4. Approximation of Bernoulli numbers and sequences of type (3)
Many results and algorithms have been provided in the literature for approxi-
mating the Bernoulli numbers (see for example [1] and references therein). In this
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section, we are concerned in a new type of approximation of Bernoulli numbers B,,
and BT(Lk), founded on the approximation of sequences (3) by a specific family of
generalized Fibonacci sequences of finite order.

4.1. Linear and combinatorial approximation of Bernoulli numbers

Let {wp}nez be a sequence (3). It was established in [3] that {w, },ez can be ap-
proximated by a family of generalized Fibonacci sequence of order r > 2. That
is, let {wff)}nz,m, where r > 2, be the sequence defined by wj(»r) = q; for
—r+1<7<0and

r—1
wﬁfjl = Z ai7rw£lrzi+l for n >0, (26)
i=0

where a;, = a; (0 <4 < r—1). The approximation [3, Theorem 3.1] asserts that the
general term w,, given by (3) exists if and only if the sequence {w,(f)}rzl converges,
for every fixed n > 1. Furthermore, in this case we have TEIJPOO wr(f) = w,, for all
n > 1.

Now, we apply the preceding linear approximation of sequences (3) to the se-
quence {127[11 ]}nEZ defining the Bernoulli numbers (1), where the coefficients are a; =

1 . 1 _ n . ] no_ n
G+ 2) and initial data v," = 1 and v-; = 0, for j > 1. Since v, = Z a;v
(1]

—j n—j’
=0

for all n > 0, it is clear that vy’ exists, for every n > 1. Therefore, for each fixed

n, the general term vh) is the limit of the sequence {UT(ZT)}TZI (see [3, Theorem 3.1].

On the other hand, it is derived from (6)- (7) that the combinatorial formula of

the linear recursive sequence {vr(f)}nz_rﬂ is given by,

So+ s+ +81)!
o) — Z (50 ! r-1) aglayt - --a, 7", for every n > 0,
80!81!"'87‘_1! "

n
s0+2s1+-+rsp—1=n

1
(7+2)!
with Theorem 2.2 we show that the following linear and combinatorial approxima-
tions properties of the Bernoulli numbers, with the aid of a specific family of linear
recursive sequences of finite order (26), are given as follows.

where a; = — (see [3] and references therein). Combining this discussion

Proposition 4.1. Under the preceding data, the Bernoulli numbers B, are ap-
proximated in terms of sequences (26) under the form,

B, =n!x lim o,
r—-+00
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where {U,(f)}n>_,,+1 is of type (26), with coefficients a; = —m for 3 =0,1,
J !
.., v — 1, and initial data v(()r) =1, v( =0 foryg=1,...,7m—1. Moreover, a

combmatomal approximation of the B, zs given by,

. r—lg. Z OSJ
g | — Jj= Sj .7
B, n.rhm E ( 1) 0 (So || j 2

so+2s1+-+rsp—1=n -

M

(27)
Formula (27) shows that for a large r we can write,
B, ~ nlv{"

and

S
r—1 J

Bownt 3 (yEe( e )[Hm

SOy e oy Sp_
s0+281+-+rs._1=n 0 » 21—l

Similarly, Theorem 2.6, namely identities (18)- (19), shows that the approximation
of the B,(f) in terms of family of linear recursive sequences (26), can also be provided
as follows.

Proposition 4.2. The approrimations of the Bflk) in terms of sequences (26) and
their combinatorial form are given by,

B® =n! lim W) =

r—-400

i Tl Zt;lg» - T)\s;
sagm |3 () TTee|

S0y ey Sp—
so+2s1+-+rsp_1=n 0 »or—1 7=0

where {W. k}n> r+1 1S of type (26), the coefficients ") ke @re as in (17) and initial

dataareWk—l W]k—Oforj—l ,r— 1.
S1m11arly, formula of Proposition 4.2 ShOWS that, for a large r, we can write,

B¥) ~ nw ")

n n

and

Br(f) ~ n! Z (1) fhar, Sj( ZJ_O 5 > H b(r

50+2s1++rsr_1=n
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4.2. Analytic approximation of Bernoulli numbers
Let {wy, }nez be a sequence (3). For every fixed r > 2, consider the polynomial
Qr(z)=1->"" = 0 a;z. Tt is clear that the characteristic polynomial of sequences

(26) is P.(z) = ZTQ,,(Z). Let A1y, ..., As,.» be the roots of P.(z), of multiplicities
diy, ..., ds, 1, respectively. Formula (5) implies that the analytic formula of the
Sr d’L ril
sequence {wn bns—rgr s w() = Z Z B” n | A, for n > —r +1 (see for ex-
=1 7=0
ample [2, 18]).
r—1
Lemma 4.3. Let P.(z) = 2z" + , 2"t be the characteristic polynomial
() JZO GE2) poly

of the linear recursive sequence (26). Then, every (characteristic) root X\ of P.(z)
18 simple.

Proof. Let S.y1(z) = > Oj,zj = & — +°f+2 421 We show easily that
d%—;l(z) = 5,(z) and S,11(2) = 1+ zH,(2), where Hr( ) =1+ Zj o (H2 +1

and we verify that P,(z) = 2"H,(%). If X is a root of P,(z), then A # 0 and
H,.(3) =0, S,51(3) = 1. Suppose now that A is of order > 2, then %=()\) = 0.

Slnce WP (2) =rz"'H, (L) — 2724 (1) we derive that 4z (1) = 0. Moreover, the

relation ds”l (z) = H.(2) + 2%2(2) implies that dST“( ) =0 and thus S,(3) =
=5,

On the other hand, S;41(2) = 8,(2) + i3 L e therefore

1 1 1 1 1 1
Sr-&-l(X) = ST(X) + (r+ DI+ (p 4 1) A+

and then A = —+— > 0 is a root of P,(z), which

) > 0. Therefore, every root A of P.(z) is simple. O

r+1 __
Hence, we have """ = G +1 ,

1

For reason of clarity, let recall the following result of [2].

Lemma 4.4. (see [2, Theorem 2.2]) Suppose that the roots A1, ..., \. of the char-
acteristic polynomial Q(z) = 2" — byzy—1 — -+ — br_oz — b._1 of the sequence (26),
are simple. Then, the analytic formula of the sequence {u,}n>o s given by

=3t (S5 ) v

form >r, where A, = b1 + -+ - + bpyttp_q.
Let {vv[@l ]}nEZ be the sequence of type (3) defining the Bernoulli numbers B,,.

is impossible since P, (

Since v[jl = 0, for 5 > 1, the conditions (Cy) is satisfied. The approximation



Linear Recursive Relations for Bernoulli Numbers and Applications 23

process of [3, Theorem 3.1] shows that, for each fixed n, the general term U[I] can
be expressed in terms of sequences of type (4) as in (26), namely, 07[3} = IIIJII o™,
Therefore, since Lemma 4.3 proclaim that the characteristic roots A, ..., An,

of P.(z2) = 2" + %Zr—l ot z + +1)' are simple, Lemma 4.4 implies that the

analytic expression (5) of the sequence {vn bn>—r41 takes the form,

: 1 A
(T) — p,T n
Un” = Z P'(Air) (Z \ p+1> Airs
i=1 T 2,7 p:l ,T

where A,,, = a,_ 17)%) + -+ amv,@l. In summary, combining the approximation

process of sequences (3) by linear recursive sequences of finite order of [3, Theo-
rem 3.1], with Lemma 4.3, we derive the following result on the approximation of
Bernoulli numbers.

Theorem 4.5. Under the preceding data and notations of Propositions 4.1 and
4.2, the analytic approximation of Bernoulli numbers as follows,

1 A, .
=1 P;(AZ,T) <Z )\ p+1> )\

where A1y, ..., Ay are the roots of Pr(z) = 2" + %z’"*l 4+ T,Z + o +1)" and

Apr = ar 11)%) + -+ amvff_)l.
The former result shows that, for a large r, we can write,

B, =n!x lim
r—-+00

T

1 A L,
3 iy () X ]

i=1

B, ~ n! x

where A1, ..., A, are the simple roots of P.(z) = 2" + %z’”’l +-+ 2 z + (r+1)

and A, , = a,_ 11)5;) + et amv(r)
Results of Theorem 4.5 and formulas (16), may contribute to establish the
analytic approximations of the Bernoulli numbers B of order k > 2.

5. Applications to Genocchi numbers, Euler numbers and Zeta function

It is well known that the Bernoulli numbers B,, are related to other important
classes of numbers, especially the Genocchi numbers G,, and Euler numbers FE,
(see for example [1, 5, 6, 8, 18]). These two classes of numbers are defined by the
two following generating functions,

+o0o
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On the other hand, these two families of numbers are related to Bernoulli numbers
B,, thorough the two identities,

_ 2n _ (92n _ 22n+1
ng = 2(2 1)B2n and E2n+1 = (2 ]_)

Bs,.

n+1 2

(see for example, [6, 8]). Therefore, results of Sections 2 and 4 on Bernoulli numbers
can contribute to obtain some properties for the Genocchi and Euler numbers, with
the aid of those of sequences (3). Particularly, Theorem 2.2 permits to get the
proposition.

Proposition 5.1. Under the preceding data, the Genocchi and Euler numbers Gy,
and Es, 1 are expressed in terms of the linear recursive sequences of infinite order,
s follows,

22n+1
Gon =2(22" = 1)2n)! x 0} and  Fanyr = (22 — 1)(2n)! x vbl),
n+1
1
where {v,[ll}}nez is a sequence (8), whose coefficients are a, = 2 (n >
n !

(1]

0) and initial values are vy' = 1 and ?J[El = 0 for all j > 1. Moreover, the
combinatorial formulas of Ga, and Es, 1 are,

22n+1
Gopn = 2(2°" — 1)(2n)! Q(n) and Ea,yq = (2*" — 1)(2n)!

Q(n),

n+1

where

Q(n) = > (_1)2%% (Z]MOI : " Q:H:{ (G +2)) }

1. 0 an 1-
Y Gk =2n

On the other side, Propositions 4.1, 5.1 and Theorem 4.5 show that the ap-
proximation process of [3, Theorem 3.1], can also be applied for approaching the
Genocchi and Euler numbers G, and Ey, 1, in terms of the family of linear se-

quences {vﬁf’}@,m of finite order of type (26).

Proposition 5.2. Linear approximation. Under the preceding data, the Genoc-
chi and Euler numbers Go, and Es, 1 are approzimated as follows,

2n+1
Gon = 2(22" — 1)(2n)! lim o)  and  Fopyr = (22" — D)(2n)!=—— lim o\,

r—+00 n-+1r-+c
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1

(7 +2)!
0,1,...,7r—1, andmu‘mldatavé)—l v( =0forj=1,...,r—1.

The combinatorial approximation of ng and Ey,,1 can be provided from (27)
as follows,

where {vr(f)}nz_rﬂ is of type (26), with coefficients aj, = — for n =

2n+1
Go, = 2(2°" —1)(2n)! TEIJPOO Q,(r) and Ey, 41 = (27" — 1)(2n)!n 1 TEIJPOO Q,(r),
where
RS <1>E*és(2555”)[ﬁ
n\T") = - J=0
so+2s1++1rsr_1=n 50 Sr-1 Jj=0 ‘7 + 2

In addition, the analytic approximation of G,, and F,, are obtained using Lemma
4.3 and result of Proposition 5.2. Indeed, we have the proposition.

Proposition 5.3. Analytic approximation. The analytic approrimations of
Genocchi and FEuler numbers Gs, and Fs,.1 are given by the formulas,

2n+1
Gopn = 2(2°"—1)(2n)! x TETOO Ay (r) and Eapyq = (22" —1)(2n)! S TETOO A (r),
where
- A 2n
(i) 29
= p_
such that X1, ..., A\, are the simple roots of P,(z) = 2"+ 3 Lyr=lyq.. + 5 Z+ (r+1)

and Ay, = ar_lvf{i;) 4+ amvﬁr)l

Consequently, we deduce from Propositions 5.2-5.3, that for a large r we can
write,

2n+1
Gan =227 —1)2n)10Y)  and  Eapyy = (22" — 1)(2n)1—{"),
n+1
and
2n+1
Gopn = 2(27" —1)(2n)! x A, (r) and By, 1 ~ (22" — 1)(2n)! e Ay (r),
n

where A, (7) is as in (28).
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Finally, Bernoulli numbers are also related to the well known zeta function

defined by ¢(n) =1+ 1 + =+ L + - --. The well known result of Euler asserts
that,

(=1)"t(2m)™
2[(2n)!]
for every n > 1 (see for example [6]). Therefore, by Theorem 2.2, we have the

following properties of the zeta function.

¢(2n) =

BQm

Proposition 5.4. Under the preceding data, the zeta function satisfies the identity,

(=D™E2m)*
2

¢(2n) =

for every n >1,

where {UL”}%Z is the sequence (3) defining the Bernoulli numbers. Moreover, the
combinatorial formula of the zeta function is,

. (—1>”+1(27r)27’b ZEalk (2271 1]{3 ' 2n—1
C(Qn) - Z (_1) J= H J - 2

2 leviks !
2271 1(]+1)k‘j:2’n O 2n—1

Similarly, as for Bernoulli numbers, Fuler and Genocchi numbers, the approx-
imation process of [3, Theorem 3.1], can also be applied for approaching the zeta
function.

Proposition 5.5. For every n > 1, the zeta function can be approached in terms

of the linear sequence {vﬁlr)}nz,rﬂ of type (26) as follows,

(=D en)™

2 r—400

(r)

2n >

¢(2n) =

Moreover, its analytic approrimation is given,

_ (=12 : ~ 1 —~ Apr ) 2
((2n) = 5 x lim ;m ; W Air |
where where Ay, ..., A, are the roots of P.(2) = 2" + %z”*l + - %z + ﬁ,

and Ay = ar_ 11)%) 4+t amv(r)

In the best of our knowledge, it seems for us that results of Propositions 5.1,
5.2 and 5.4 are not known in the literature, at least under these forms.
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6. Concluding remarks and perspectives

In this study, we had emphases the closed connection between Bernoulli num-
bers B,,, Bernoulli numbers BY of order k (k > 1) and the generalized Fibonacci se-
quences of order infinity. This new relationship has allowed us to establish some lin-
car and combinatorial compact formulas of Bernoulli numbers B,, and B (k>1).
Moreover, new and known identities were founded. In addition, the approximations
method of B,, and B,Sk) (k > 1) are also provided, starting from the approximation
of sequences (3) by a specific family of linear recursive sequences of finite order
(4). The link with the partial Bell polynomials has been considered. Moreover,
the closed relationship between Bernoulli numbers and other king of numbers such
that Genocchi numbers (,, and Euler numbers E,,, allows us to provide properties
and explicit formulas for G,, and E,,, similar to those of B,, and B, Finally, the
expression of the zeta function ((n) in terms of the Bernoulli numbers B, also
permits to set analogous properties and explicit formulas for ((n).

It seems for us that our approach of Bernoulli numbers B, and Bflk) is not
current in the literature. Furthermore, this approach can be also applied to the
study of the Genocchi numbers G and Euler numbers E” of order k > 2 can
also be studied with the aid of properties of sequences (3) and their underlying
techniques. Moreover, applications to Bernoulli polynomials, to Genocchi and Eu-
ler polynomials are provided. Some results in this direction have been already
established.

Finally, the asymptotic behavior for a sequence (3) has been studied in [3], and
the open question consists in how to apply result of [3, Theorem 5.2] for studying
the asymptotic behavior of the Bernoulli numbers B,, and BY. Some numerical
tests show us that the treatment of this question is not an easy task.
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