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1. Introduction

One of the generalization of a metric space is 2-metric space. Gahler [7], [§]
introduced the concept of 2-metric space. Geometrically in plane,2-metric function
abstracts the properties of the area function for Euclidean triangle just as a metric
function abstracts the length function for Euclidean segment.
It is precisely defined as follows
Definition 1.1. [19] Let X be a non-empty set and d : X x X x X — R*. If for
all x,y,z, and u in X we have
(dy)d(z,y,z) =0 if at least two of x,y, z are equal.
(dy) for all x # vy, there exists a point z in x such that d(x,y,z) # 0.
(d3)d(z,y,z) =d(z,z,y) =d(y,z,z) = ... and so on
(dy)d(z,y,2z) < d(z,y,u) +d(x,u, z) + d(u,y, z).
then d is called a metric on X and the pair (X, d) is said to be a 2-metric space.



232 South FEast Asian J. of Mathematics and Mathematical Sciences

In 1968 [12] Kannan established a fixed point theorem for 7' : X — X in the
context of a metric space (X, d) where T satisfies a generalized Banach’s contraction
condition:

d(Tz,Ty) < ald(x,Tz) + d(y, Ty)|Vz,y € X,wherea € [0,1) (1)

Later Chatterjee [4] also used another generalized contractive condition on 7" :
X — X in the context of 2-metric space namely:

d(Txz,Ty) < bld(z, Ty) + d(y, Tx)|Va,y € X, whereb € [0,1) (2)

In 1975, Das and Gupta [5] introduced the concepts of a new contractive condition
named rational type of contractive condition’” and studied its relationship with
continuity of the self map in reference. Later, a notable work of Jaggi and Das [11]
appeared which requires mention for a better understanding of the nature of works
in reference. Any continuous map 7' : X — X on a complete metric space (X, d)
satisfying the rational type of contractive condition:

d(z,Tx).d(y, Ty)

d(Tz, Ty) <
(T, Ty) < @Gy d(w, Ty) + d(y, )

+ Bd(z,y) (3)

for all z,y € X has a unique fixed point in X where «, 5 € [0, 1) such that o+ < 1.
Recently in 2018, Olatinwo and Ishola [14] introduced a more general form of

rational type of contractive condition and found.

Theorem 1.2. Let (X, d) be a complete metric space and T : X — X a mapping

satisfying

[p + d(z, Tx)][d(y, T'y)]"[d(y, T'x)]
d(Tz,Ty) < “ + pd(y, Tx) + nd(z, Ty) + d(x,y)

+ Bd(z,y).

for all x,y € X where a,p,q,r,pu,m € RT and f € [0,1). Then T has a unique
fixed point in X.

This result involves sixz parameters o, p, q, v, i and n. We have extended the
above result for 2-metric space with more parameters.
It is helpful to recall some definitions in the context of a 2- metric space.
Definition 1.3. [19] A sequence {x, }nenin a 2-metric space (X,d) is said to be a
Cauchy sequence if im,, o0 A(Zp,, Tpya) =0 for all a € X.
Definition 1.4. [5] A sequence {xy}nen in a 2-metric space (X, d) is said to be a
convergent at x € X if lim, o d(x,,x,a) =0 for all a € X. The point x is called
the limit of the sequence.
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Definition 1.5. [17] A 2-metric space (X, d) is said to be complete if every Cauchy
sequence in X 15 convergent.

2. Main Result

Theorem 2.1. Let (X, d) be a complete 2-metric space and T : X — X a mapping
satisfying

[p +d(z, Tz, a)|[d(y, Ty, a)]"[d(y, Tz, a))?
ATz, Ty,0) < oy + pd(y, T, a) + nd(z, Ty, a) + d(z,y, a)
+y[d(x, Tx,a) + d(y, Ty,a)| + d[d(y, Tx,a) + d(z, Ty, a)]

for all x,y,a € X , where o, 8,7,p,q,7, 1,7 € RT and f+2y+26 < 1. Then T
has a unique fixed point in X.

Proof. Let zy be any arbitrary point in X and we define a sequence {x,} as
xr1=Txg, v9 =Txq, ..., Tony1 = TTop, Tonio = TTo,41, and so on. We may assume
that 2,11 # x9, for some n, otherwise x5, will be a fixed point. Here first we show
that d(l’gn, Lon+1, I2n+2) = 0. SO,

+ pd(z,y,a) +

A(Tant1, Tan2, T2n) = (T 20, TToni1, T2n)
[p + d(won, TTon, Ton)|[d(Ton i1, Ton1 1, Tan)]" [d(T2ni1, TT2n, Ton)]?
1+ pd(xant1, Txon, Ton) + Nd(Tan, TTopt1, Ton) + d(Tan, Tant1, Tan)
+Bd(Zan, Tons1, Tan) + V[d(T2n, TTon, Tan) + d(Tont1, TTons1, Ton)] +
S[d(zant1, TTon, Ton) + d(T2n, TTony1, Ton)]
[+ d(xon, Twan, Ton)][d(T2n11, TTont1, Ton)]" [d(Xoni1, Txon, T2n)]?
1+ pd(Toni1, Ton, Ton) + nd(xon, TTon 11, Ton) + d(Ton, Toni1, Ton)
+Bd(an, Tont1, Tan) + V[d(T2n, Tong1, Tan) + d(Tant1, Tont2, Ton)]

+0[d(Ton+41, Tont1, Tan) + A(Zop, Tont2, Ton))

or,

d(Ton+1, Tant2, Tan) < Vd(Tont1, Tant2, Tan),
which is a contradiction and hence d(z2,+1, Tony2, Ton) = 0.
Now,

d(Toni1, Tonio, @) = d(Txa,, TTopi1, a)
[p + d(@2n, T2, @)][d(22n41, T2n+1, )] [d(22011, T30, a)]1
1+ pd(xoni1, Txon, a) + nd(x2n, TTons1, a) + d(T2n, Toni1, @)
+y[d(xon, Txon, a) + d(xopi1, Toni1, a)] + d[d(z2ns1, Txon, a) + d(x2n, TTont1, a)]
[p + d(z2n, Toni1, @)][d(T2n41, Tony2, a)]"[d(Toni1, Toni1, a)]?
1+ pd(Tong1, Tong, @) + nd(Ton, Tonio, @) + d(Top, Topy1, @)
+[d(Ton, Tont1, @) + d(Tang1, Tong2, a)] + 6[d(Ton i1, Tang1, a) + d(Tan, Toni2, a)]

+ Bd(xon, Tont1,a)

+ Bd(x2n, Tony1, a)
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< Bd(xan, Tant1, a) + Y[d(Ton, Tont1, a) + d(Toni1, Tonto, @)
+0[d(zon, Tont2, Tant1) + A(Xon, Tont1, @) + d(Tont1, Tonto, @)
or,

d(Tapi1, Tonte, a) < %d@zm Tony1, @)

i.e. d(Tont1, Tony2,a) < pd(Tan, Tapg1, a) where p =
Again,

B+y+6
1—=(y+9) <1

d(xon, Topy1,a) < d(Txoy_1, Ton, a)

N [p+ d(x2n_1, Txon_1,a)|[d(xen, Txopn, a)|"[d(xon, Txon_1,a)]?
T 1+ pd(zon, Tron—1,a) + nd(xen_1, Txopn, a) + d(xon_1, Ton, a)
+0d(x2n-1, Ton, a) + y[d(xon_1, Txon_1,a) + d(xen, Txay,, a)]
+o[d(xon, TTon_1,a) + d(x2,_1, TToy, a)]
_ P+ d(@an, 22, )]|d(@20, Tant1, )] [d(220, Ton, @))°

1 + pd(xon, Top, a) + nd(Tan—1, Tant1, a) + d(Tan—1, Ton, @)

+Bd(x2n-1, Ton, @) + Y[d(T2n-1, Ton, @) + d(Tan, Tany1,a)]
+0[d(@2n, Ton, @) + d(Ton—1, Tont1, )]
< Bd(zan—1, Tan, @) + Y[d(T2n-1, Ton, a) + d(Ton, Tont1,a)]
+6[d(T2n—1, Tony1, Ton) + d(T2n-1, Tan, @) + d(Tany1, Ton, )]

or,

B+v+9
d mny T b S—
(o 2i1:0) £ 720 35)

i.e. d(zan, Tont1,a) < pd(Ton—1, Ton, a)
Thus, we get

d(xQR—la Lon, a)

d(l‘Qn—i-la Lon+2, (I) S pd($2n, Ton+1, a)
S p2d<x2n—l7 Lon, CL)
< p"d(zo, 1, a)
Using triangle inequality we have,
d(l‘na Tn+m CL) S d(xnv Tn+1, In—&-m) + d(xnv Tn+1, a)

Fd(Zpt1, Trg2, Tngm) + A(Try1, Tngo, @)
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+d(xn+m—27 Tpn4+m—1, xn—f—m) + d(l’n—i-m—h Tn4m CL)
n+m—2 n+m—1

< Z d(Tky Tht1, Tnm) + Z d(Tg, Tht1, @)
=1 k=1

Now we have,

d($n> Tn+1, $n+m) S pd(%w Tn—1, :Uner)
S de(fL‘n—lv Tp—2, xn—&-m)

S pnd<x0a X1, $n+m)

And also,
d(xna Tn+41, (l) S pd(mna Tn-1, a)
S pZd(xn—h Tp—2, CL)
< p"d(zg, z1,a)
Thus,
n+m-—2
n+m—2 n+m—1 7
Z d<xk7~rk+hxn+m> < [p +p +...+..+p ]d(x07x17 CUn—l—m)
k=1
pn+m—2
< ; ld(xo, 21, Tpym) — 0 as n — oo.
-p
and,
n+m—1
> d(wp, rera) < P4 4+ p"d (0, 1, 0)
k=1
n+m—1
< . |d(xg,z1,a) = 0 as n — oo.
-p

Thus z,, is a Cauchy sequence. Since X is a complete 2-metric space, then there
exists a point z in X such that lim,,_,, x, = z.
Now we have to show that z is a fixed point of T.

d(Tz,z,a) <d(Tz, z,x9,) + d(Tz, xon,a) + d(z2n, 2, a)

< d(Tz, z,x9,) + d(xon, z,a) + d(Tz, Txo,_1,a)
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< d(Tz,z,x9,) + d(zan, 2, a)
p+d(z,Tz,a)|[d(xen—1, TTon—1,a)]"[d(x2n-1, T2, a)]
1+ pd(zon_1,Tz,a) +nd(z, Tron_1,a) + d(z, Ton_1,a)
+5d(z, xo—1,a) + y[d(z,Tz,a) + d(x2n—1, Txon_1,a)]
+old(xon—1,Tz,a) + d(z, Txo,_1,a)l.

=d(Tz, z,x9,) + d(xay, 2, a)
[p+d(z, Tz, a)lld(ram—1, Tom, a)]"[d(on_1, Tz, a)]?
1+ pd(zon—1,Tz,a) + nd(z, xo,, a) + d(z, xan—1,a)
+d(2, Tz, a) + d(x2n—1, Tan, a)] + 6[d(x2n—1, T2, a) + d(z, Tan, a)].

+ ﬁd(Z, Ton—1, CL)

when n — 00,29, — 2z and x9, 1 — 2 .
So, we have
d(Tz,z,a) < (y+0)d(z,Tz,a)
or, 1 — (y+9)d(z,Tz,a) <0, which gives d(Tz, z,a) = 0.
Hence Tz =z. i.e. z is a fixed point of T. Now we show that z is a unique fixed
point of T. If possible let w is the another fixed point of T. then

d(z,w,a) =d(Tz,Tw,a)
p+d(z, Tz, a)|[d(w, Tw,a)]"[d(w,Tz,a)?
1+ pd(w, Tz,a) +nd(z, Tw,a) + d(z,w, a)
+4d(z,w,a) +v[d(z,Tz,a) + d(w, Tw,a)| + é[d(w, Tz, a) + d(z, Tw, a)].

Or,
d(z,w,a) < (B +20)d(z,w,a)

which is a contradiction.
So, d(z,w,a)=0 i.e. z = w. Thus z is a unique fixed point of T.
3. Remarks

In the above theorem that we proved, if we put

1. « = 3 =9 =0, we get an analogue of Kannan [12]- type of contraction in
2-metric space.

2. a = =v=0, we get an analogue of Chatterjee [4] in 2-metric space.

3. a = =4§ =0, we get an analogue of Banach’s fixed point theorem in
2-metric space.
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a =0, we get Ciric-type of contraction mapping in 2-metric space.

. v =0 =0, we get Olatinwo and Ishola [14] type of contraction mapping in

2-metric space.

=v=1,qg=7v=06=0,udly,Tz,a) + nd(z,Ty,a) = 0 such that «, 5 €
1),a+ p < 1, we get Das and Gupta [5].

=l

p=q=p=n=0=0,r=1a,0€[0,1),a+p <1and z #y, we get Jaggi

p=q=7=0=0,pu=n=v=1,a,8€0,1),a+ 5 < 1, we get Jaggi and
1

The theorem generalizes similarly several other contractive conditions.

1]

2]
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