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Abstract: Let G be a graph with vertex set V(G) and edge set E(G). For
u € V(G), Ny(u) = {w € V(G)/uw € E(G)} and Ng(u) = {e € E(G)/e = wv,
for some v € V(G)}. A bijective function f : V(G) U E(G) — {1,2,3,...,
|[V(G) UE(G)|} is said to be a vertex-edge neighborhood prime labeling, if for
u € V(G) with deg(u) = 1, ged {f(w), f(uw)/w € Ny (u)} = 1 ; for u € V(G)
with deg(u) > 1, ged{f(w)/w € Ny(u)} = 1 and ged{f(e)/e € Ng(u)} = 1. A
graph which admits vertex-edge neighborhood prime labeling is called a vertex-edge
neighborhood prime graph. In this paper we investigate vertex-edge neighborhood
prime labeling for some trees namely coconut tree, double coconut tree, spider
graph, olive tree, comb graph and F'(n, 2)-firecrackers.

Keywords and Phrases: Neighborhood-prime labeling, total neighborhood prime
labeling, vertex-edge neighborhood prime labeling.
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1. Introduction and Definitions

In this paper we consider simple, finite, connected, undirected graph G with
V(G) as vertex set and E(G) as edge set. For various notations and terminology of
graph theory, we follow Gross and Yellen [3] and for some results of number theory,
we follow Burton [1].
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For a graph G with n vertices, a bijective function f: V (G) — {1,2,3,...,n}
is said to be a neighborhood-prime labeling if for every vertex u in V(G) with
deg(u) > 1, ged {f(p)/p € N(u)} = 1, where N(u) = {w € V(G)/uw € E(G)}. A
graph which admits a neighborhood-prime labeling is called a neighborhood-prime
graph.

The notion of neighborhood-prime labeling was introduced by Patel and Shri-
mali [7]. In [8] they proved that union of some graphs are neighborhood-prime
graphs. They also proved that product of some graphs are neighborhood-prime [9].
For further list of results regarding neighborhood-prime graph reader may refer [2].

For a graph G, a bijective function f : V(G) U E(G) — {1,2,3, ..., |V(G)
UE(G)| } is said to be total neighborhood prime labeling, if for each vertex in
G having degree greater than 1, the ged of the labels of its neighborhood vertices
is 1 and the ged of the labels of its incident edges is 1. A graph which admits total
neighborhood prime labeling is called a total neighborhood prime graph.

Motivated by neighborhood-prime labeling, Rajesh and Methew [4] introduced
the total neighborhood prime labeling. In the total neighborhood prime labeling
conditions are applied on neighborhood vertices as well as incident edges of each
vertex of degree greater than 1. They proved that path, cycle Cy, and comb
graph admit total neighborhood prime labeling. Shrimali and Pandya proved comb,
disjoint union of paths, disjoint union of sunlet graphs, disjoint union of wheel
graphs, graph obtained by one copy of path P, and n copies of K} ,, and joining i*"
vertex of P, with an edge to fix vertex in the i copy of K} ,,, corona product of
cycle with m copies of K; and subdivision of bistar are total neighborhood prime
graphs [6].

In the total neighborhood prime labeling vertex of degree 1 is not considered.
Shrimali and pandya [5] extended the condition on vertex of degree 1 and they
defined vertex-edge neighborhood prime labeling which is nothing but an extension
of total neighborhood prime labeling.

Let G be a graph. For u € V(G), Ng(u) = {e € E(G)/e = uv, for some
v e V(G) }and Ny (u) ={w € V(G)/uw € E(G)} . A bijective function f : V(G)U
E(G)—{1,2,3,...,|V(G)U E(G)|} is said to be a vertex-edge neighborhood
prime labeling, if for u € V(G) with deg(u) =1, ged { f(w), f(uw)/w € Ny(u)} =
1 and for v € V(G) with deg(u) > 1, ged { f(w)/w € Ny(u) } = 1 and
gcd{f(e)/e € Ng(u)} = 1. A graph which admits a vertex-edge neighborhood
prime labeling is called a vertex-edge neighborhood prime graph.

In [5], Shrimali and Pandya proved that path, helm, sunlet, bistar, central edge
subdivision of bistar, subdivision of edges of bistar admit a vertex-edge neighbor-
hood prime labeling.
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Shrimali and Rathod proved that generalized web graph, generalized web graph
without central vertex, splitting graph of path, splitting graph of star, graph ob-
tained by switching of a vertex in path, graph obtained by switching of a vertex in
cycle and middle graph of path are vertex-edge neighborhood prime graphs [10].

A coconut tree CT'(m,n) is graph obtained by identifying the central vertex
of star graph K, ,, with a pendant vertex of path P,.

A double coconut tree D(n,r,m) is graph obtained from path P, by iden-
tifying two pendant vertices of path P, with apex vertex of star graphs K, and
K, respectively.

An olive tree T}, is a rooted tree consisting of k£ branches such that i** branch
is a path of length i.

A spider tree is a tree that has at most one vertex (called the center) of degree
greater than two.

Let G4, Gi,...,G, be the disjoint copies of star graph K, Let v; be the
pendant vertex of GG;, 1 <7 < n. The tree which contains all the stars and a path
joining vy, v, ..., v, is called a F'(n, m)-firecrackers graph.

In this paper, we prove that coconut tree, double coconut tree, spider graph,
olive tree, comb graph and F'(n, 2)-fire cracker graph are vertex-edge neighborhood
prime graphs.

2. Main Results

Theorem 2.1. The coconut tree C'T'(m,n) is vertex-edge neighborhood prime graph.
Proof. Let G be coconut tree CT'(m,n). In G, we denote consecutive vertices of
path P, by uy,us, ..., u,. Let u’l, ul2, . ,u;n be the pendant vertices and ug be the
apex vertex of star graph K ,,,. We identify u; with uy and denote the identifying
vertex with ;. Thus V(G) = {uy,ug, ... uy, v, ub, ... ul,} Let e; = wju;yq for
i =1,2,...,n—1and e = wu, for i = 1,2,...,m be the edges of G. So,
V(G)|=m+nand |V(G) =m+n—1.

Now we define f: V(G)U E(G) — {1,2,3,...,|V(G) U E(G)|} as follows.

flu;) = @—12—1 for i is odd

flu)=2n—1+i for1<i<m

fle)=2n+m—14+4 for1<i<m

Consider the following two cases.

Case 1. nis even |

fw;) :777,_1_1_% for i is even

3
f(ei)zg—i for1<i<n-1
Case 2. n is odd
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+ 1+ .
flu;) = nroTr for ¢ is even

flei)=2n—i forl1<i<n-—1

We claim that G is a vertex-edge neighborhood prime graph. Let w be an arbitrary
vertex with degree 1. One can observe that ged {f(v), f(vw)} = 1. For any
vertex w with degree greater than 1, {f(v)/v € Ny(w)} and {f(e)/e € Ng(w)}
contain at least two consecutive numbers or consecutive odd numbers or 1. So, ged

{f(v)/v € Nyv(w)} = ged {f(e)/e € Np(w)} = 1.

Hence, G is a vertex-edge neighborhood prime graph.

IMlustration 1. Vertex-edge neighborhood prime labeling of C'T'(5,6) is shown in
Figure 1.

Figure 1: Vertex-edge neighborhood prime labeling of C'T'(5,6) .

Theorem 2.2. Double Coconut tree D(m,n, m) is vertez-edge neighborhood prime
graph.

Proof. Let ui,us,us,...,u, be the consecutive vertices of the path P,. Let
Vg, U1, Vo, U3, ..., Uy and wg, wy, we, ws, ..., w,, be the vertices of two copies of star
graph K ,,, respectively where vy and w, are the apex vertices. To obtain double
coconut tree G = D(m,n,m), u; and u, are identified with vy and wy respectively.
Let d; = uyv;, g; = upw; where @ = 1,2, ....m and e; = w;u;41,2 = 1,2,...,n — 1 be
the edges of G.

Here, vertex set V(G) = {uy,us,us, ..., u,} U{vy,v9,03,...,0,} U{ wy, we,ws,
ooy Wyt and [V(G)] = 2m + n. Edge set E(G) = {e1,e2,...,e,1} U{dy,do, ...,
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dm }U{91,92, ..., 9m} and |E(G)| =2m +n — 1.
Now, we define f: V(G)U E(G) — {1,2,3,...,|V(G) U E(G)|} as follows.
f(ul) = 17 f(un) = 27

Forv# 1,n
e ={ I3 i
3 )
Foreach 1 <i<m
Flws) = { n—+2 for n is odd
! n+2i—1 forniseven
f(v»):{n+2i_1 for n is odd
’ n -+ 2i for n is even
 n4+2m 42 for n is odd
f<gi)_{n+2m+2i—1 for n is even
_Jn+2m+2i—1 fornisodd
1 Z‘)_{n+2m+2i for n is even

flei))=2(n+2m)—i forl1<i<n-—1

Now we will show that f satisfies both the conditions of vertex-edge neighborhood
prime labeling. Let w be an arbitrary vertex of G. If w is adjacent to u; with
degree 1 then ged {f(u1), f(uwqw)} = 1 because f(u;) = 1. If w is adjacent to u,
with degree 1 then ged {f(u,), f(u,w)} = 1 because f(u,) = 2 and f(u,w) are
odd numbers. Now for the vertex w with degree greater than 1, { f(v)/v € Ny (w)}
and {f(e)/e € Ng(w)} contain at least two consecutive numbers or consecutive odd
numbers or 1. Therefore, ged {f(v)/v € Ny(w)} =1 and ged {f(e)/e € Ng(w)} =
1.

Hence, f is a vertex-edge neighborhood prime labeling of G and G is a vertex-edge
neighborhood prime graph.

IMustration 2. Vertex-edge neighborhood prime labeling of D(5,13,5) is shown
in Figure 2.

Vi Vi
d
dy26 41
24
“ U, us 4 Us Ug u, ug Uy
V338 28 145 3 34 o) 43 g 4 10— (3 40 45 3e9 638 13 37
d, e, 2 e, e, es eg 7 eg e,
dpo  g\32
vy Vs

Figure 2: Vertex-edge neighborhood prime labeling of D(5,13,5).
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Theorem 2.3. Spider graph with k legs of equal length n is vertez-edge neighbor-
hood prime graph.

Proof. Let G be a spider graph with & legs of equal length n. Let w, w; 1, u;2, ..., Uiy
be the consecutive vertices of it" leg for 1 < i < k, where u is the common vertex
in each leg. Let e;1 = wu,; and e;; = u; j_1u;; for 2 < j<mand 1 <i <k,
Vertex set V(G) = {u,u;;/1 < i < kand 1 < j < n} and edge set E(G) =
{e;;/1<i<kand1l<j<n}. So, |V(G)|=nk+1and |E(G)|=nk.

Now we define f : V(G) U E(G) — {1,2,3,...,|V(G) U E(G)|} in the following
two cases.

Case (i): nis odd

flu) =1
( . 1
42— for jis odd
fluis) = ] 2
1—1—5 for j is even
For each 2\§2'§k',
( : 1
1+2n(i—1)+‘% for j is odd
fluig) = S 1 g
. n+ J ..
1+2n(i—1)+ 5 +§ for j is even
\
3 1
f(el,j):M_j for 1 <j<n

For each 2 <i <k,
flei;)=2ni+1)—j for1<j<n
Case (ii): n is even

flu)=1
For 2 <11 <k,
1
T4+ 2n6i = 1)+ 2= for jis odd
fluig) = 3+

2n(i — 1) +

5 —l—% for j is even

Consider the subcases as follows.
Subcase(ii) a. n = 0(mod4)

|+ 5
]% for 7 is odd
Flug) =93 sit2+) N
S — for j is even
f(el,]) =2 for j =1.
3n+4

fleij) = —j for2<j<n
For each 2 <i <k,
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3n+4

Subcase(ii) b. n = 2(mod4)

—7 for1<j53<n

34
ntsty for 7 is odd
flug) = z
1+ 3 for j is even

flerj)=2n+2—j5 for1<j<n

For each 2 <i <k,

fle) =2nii—1)+ 22 5 for1<j<n

Let w be an arbitrary vertex of G. For any pendant vertex w, f(v) and f(vw) are
consecutive numbers, so we are done. Let w be any vertex with degree greater than
1 and w # w. In this case {f(v)/v € Ny(w)} and {f(e)/e € Ng(w)} contain at
least two consecutive numbers or 1. So the conditions of the labeling are satisfied.
Now for w = u, we consider following two cases.

Case(i): n is odd.

{f(v)/v € Ny(u)} contains consecutive numbers.

e21 and ez are in Ng(u). Since f(eg1) =nk; +1 and f(ez1) = n(ks +2) + 1, ged
{f(ea1), fles1)} = ged{nki+1,n(k1+2)+1} = 1. So, ged {f(e)/e € Ng(u)} = 1.
Case(ii): n is even.

Subcase (ii) a: n = 0(mod4)

Nv(u) = {UZ‘J/Z. = ]_, 27 ey k’}

flur1) =3 and f(u;1) =n[2+2(i — 2)] + 2, where i =2,3,4,... .k

Since ged {f(u11), f(uga), flus1)} = {3,2n+2,4n+2} = 1, ged {f(v)/v €
Ny(w)} = 1. {f(e)/e € Ng(u)} contains 2 and some odd numbers. Thus, ged
{f(e)/e € Np(u)} = 1.

Subcase (ii) b: n = 2(mod4)

Nv(u) = {Ui,l/i = 1,2, ceey k?}

flupy) = nt , which is odd because n = 2(mod4)
fui1) =n[2+2(i —2)] + 2, where : = 2,3,4,... k

Since ged {f(u11), fuza), fusa)} = {n ; 47271 +2,4n + 2} =1, ged {f(v)/v €

Ny(u)} = 1. By similar argument ged {f(e)/e € Ng(u)} = 1.
So, f satisfies all the conditions of vertex-edge neighborhood prime labeling. Hence
G is a vertex-edge neighborhood prime graph.

Illustration 3. Vertex-edge neighborhood prime labeling of spider graph with 6
legs of length 7 is shown in Figure 3.
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Figure 3: Vertex-edge neighborhood prime labeling of spider graph with 6 legs of
length 7 .

Theorem 2.4. An Olive tree T}, is vertex-edge neighborhood prime graph.

Proof. Let G = Tj. Let w,u;1,ui2,%3,...,u;; be the consecutive vertices of
i'" path of length i. w is the common end vertex of paths in a graph G. Let
€i1,€i2,€i3,-..,€,; be the edges of it" path where e;1 is an edge between u and

u;1 and e; ; is an edge between wu; j_; and w; ;.
Here, vertex set V(G) = {u,u;1, iz, uis,...,u;;/i = 1,2,...,k} and |V(G)| =

2

2
ﬂ. Edge set E(G) = {ei1,€i2,€i3,...,€.:/i = 1,2,... k} and |E(G)| =
k2 +k

No%v we define f: V(G)U E(G) — {1,2,3,...,|V(G) U E(G)|} as follows.
Flu) =1
Consider the following two cases.
Case(i): 7 is odd
= { (1 o
i(i—1)+1+4+12 for j is even

Case(ii): 7 is even
) = i(i = 1)+ 1+ 52 for jis odd

R @—i—qu% for j is even
flej)=14+2+—j for1<j<iand1<i<k
Let w be an arbitrary vertex of G. For a vertex w with degree 1, f(v) and f(vw)
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are consecutive numbers. So, ged {f(v), f(vw)} = 1. Let w be any vertex with
degree greater than 1. Since {f(v)/v € Ny(w)} and {f(e)/e € Ng(w)} contain
at least two consecutive numbers or consecutive odd numbers or 1, ged {f(v)/v €
Ny(w)} =1 and ged {f(e)/e € Np(w)} = 1.

Hence, f is a vertex-edge neighborhood prime labeling and G is a vertex-edge
neighborhood prime graph.

Illustration 4. Vertex-edge neighborhood prime labeling of T§ is shown in Figure
4.

16
Uyy

Uys

Figure 4: Vertex-edge neighborhood prime labeling of Tg.

Theorem 2.5. The Comb graph P, ® K, is vertez-edge neighborhood prime graph.

Proof. Let G = P, ® K;. Let uy,us,...,u, be the consecutive vertices, e, es,
.., en_1 be the consecutive edges and uy, us, . .. ,u; are pendant vertices in G,
where u; and u, are adjacent. Denote edge between u; and u; by e, for each i.
Here, vertex set V(G) = {uy, ug, ..., Un, Uy, Uy, ..., u, } and |V(G)| = 2n. Edge
set B(G) = {e1,e2,...,€n_1,€1,65...,¢,} and |E(G)| = 2n — 1. Now we define
[ V(G)UE(G) — {1,2,3,...,]V(G) U E(G)|} in the following two cases.
Case(i): n is odd

i foriisodd ;7 #n
fluj)) =< n—1 fori=n

2n+1+4+1¢ foriis even
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2n+1 fori=1
flu;))=4¢ 3n+i for2<i<n-—1

3n+1 fori=n
flei)=2n—i forl1<i<n-—1

( 2n fori=1
N ) i1 for i is odd ,i # 1,n
Jle) = 2n +1¢ for i is even
n fori=n
Case(ii) : n is even
( fori=1,2
)i+l for i is even ,7 # 2, n
FU) =93 30427 foriisodd i1
[ n fori=n
f(u/‘):{?m%—z’ for1<i<n-1
E 2n+2 fori=n

fle;)=2n+1—i for1 <i<n-—1

2n+1 fori=1
3 fori =2
f(e;): 3n+3—1 forvisodd ,i#1
7 for ¢ is even ,i # 2. n
n+1 fori=n

It is easy to verify that ged {f(v), f(vw)} = 1 for any vertex w with degree 1 and
ged {f(v)/v € Ny(w)} =1 and ged {f(e)/e € Ng(w)} = 1 for any vertex w with
degree greater than 1. So, f defines a vertex-edge neighborhood prime labeling on
G. Hence, G is a vertex-edge neighborhood prime graph.

Illustration 5. Vertex-edge neighborhood prime labeling of Py ® K is shown in
Figure 5.

u, e, u, e, Uy €3 u, €, Us C€s ug € u;, €7 ug €3 Uy

D17 57 16 3 15 53 14 5 13 53 12 &5y 11 55 10 8
8¢ e;fo eiz el22  ell4 e£4 ell6  ehhs eﬁg
u| u, uj u; ul ug u; ug ug

Figure 5: Vertex-edge neighborhood prime labeling of Py ® K.

Theorem 2.6. F(n,2)-firecrackers graph is vertex-edge neighborhood prime graph.
Proof. Let G = F(n,2) be a firecrackers graph obtained from disjoints copies
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G1,Gy, ..., G, of star graph K;o. Let uj,us,...,u, be the apex vertices of star
graphs G, Gy, ..., G, respectively. u;; and ;2 are the pendant vertices in G; for
each 7. Without loss of generality we obtain G by joining u; 1, u21, . .., Uy,1 to form
a path. Let e;; = wu;;, where ¢ = 1,2,...,n, 7 = 1,2 and d; = u;1%;41,1, where
i=1,2,...,n—1. Here, vertex set V(G) = {u;,u;;/i =1,2,3,...,nand j = 1,2}
and |V(G)| = 3n. Edge set E(G) ={e;;/i =1,2,3,...,nand j = 1,2} U{d;/i =
1,2,...,n — 1} and |E(G)| = 3n — 1. Now we define f : V(G) U E(G) —
{1,2,3,...,|V(G) U E(G)|} as follows.

2 fori=1
flu;)) =4 7 for i =2
5 —4 for3<i<n
(15 2;2:; 5i for i = 1,2
fluir) = 5i for3<i<n_1 fluio) =4 5i—1 for3§z§n—1
. 6bn—2 fori=n
6n—1 fori=n
5i—1 fori=1,2 [ Bi—2 fori=12
f<€i’1)_{5z'—2 for3<i<n f(ezzz)—{f)z—g for3<i<n

fldi)=6n—-2—i for1<i<n-—1

It is easy to verify that ged {f(v), f(vw)} =1 for any vertex w with degree 1 and
ged {f(v)/v € Ny(w)} =1 and ged {f(e)/e € Ng(w)} = 1 for any vertex w with
degree greater than 1. So, f defines a vertex-edge neighborhood prime labeling on
G. Hence, G is a vertex-edge neighborhood prime graph.

IMustration 6. Vertex-edge neighborhood prime labeling of F(7,2) is shown in
Figure 6.

@ U, @ us, @ us, @ Uy @ Us, @ Ug, @ u;,
3| € 8 | e, 12 | €. 17| €4 22| €52 27| e, 32| €12
2) u, Tu, 1) u, l6)u, 2D us 20u, 3Du,

4 €1,1 9| € 13| €31 18| €4 23| €5 28| €1 33| €7,

d d d d d d
(O—— 00— G0 @)
U, 39 Uz, 38 us, Uy, Us, Ug, U,

Figure 6: Vertex-edge neighborhood prime labeling of F/(7,2).
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