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Abstract

This paper presents interdisciplinary work between Fractional Calculus and Nu-
merical Analysis. Authors established new formulae of Fractional derivative in the
form of Forward and Backward Differences. Fractional derivatives of 2", cos z and
General Class of polynomial S*(z) with the help of newly defined formulae also
obtained.
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1. Introduction
1.1 Notations

Following notations used for deriving several results.
A, = Forward Difference Operator, v/, = Backward Difference Operator, D =
Differential Operator, E = Shift Operator, I = Identity Operator, h = Interval of
Differences, R = Set of Real Numbers and N = Set of Natural Numbers.
1.2 Definitions

Let t € R and f(t) is a function of ¢ then for n € R, following Operators defined
as:
Shift Operator

E™ f(t) = f(t +nh), E7"f(t) = f(t = jh)
Forward Difference Operator

Anf(t) = f(t+h) = f(t)

Backward Difference Operator

Vnf(t) = f(t) = f(t = h)
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Differential Coeflicient

Df(t) = lim

h—0

f{t+h) - f(t)
h

1.3 Formulas
Well-known relationships between Shift Operator, Finite Differences and Dif-
ferential Coeflicient are given by

Fh=e"P =T+ A, (1)
and
Eh=eP =1y, )
WhereD:%[Vh—l—vzh—i—%%— .......
B B fit+n)—f1t) . Apft) . af(t+h)
PIO=1P0 === —— == =i O
for higher order
AV " h
D(n)f(t) — f(n)(t) _ }llli% };L.]:L(t) _ }lll_{% Vh (}tl:_ n ) (4)
Vi) = (I =B f(t) =) (=1 "CETMf(h) (5)
=0
Vil(t) =Y (1) "Cie P f (1) (6)
=0
h
i = (-1 Z 2 @
=0
Formula for fractional order differences (CISM Lecture Notes [3]) defined as
Vil () =) (=1 "CET (1) (8)
=0
Vil () = (1) *Cie M f(1) (9)

J=0
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ViR =3 NOZ ’”D (10)

7=0
2. Main results
Result 1. The fractional forward and backward differences formula in terms of
Derivatives for a € RT

o0 h2 D2 J
A (1) hDaZO‘C]( 3? o, > ft) (11)
J=
and oo 212 J
Ef(t) hDO‘ZaC]( h?f o, ) f(®) (12)
Proof.

For forward difference,
from equation (1), we have

Apf(t) = ("= D)f(t)
hD  h2D?

= hD{lJr o T g T }f(t)

for n difference, we get

ARf(t) = h"D" [1 + (h;,) + h23D2 Fo )Ff(t)

o~ ., (hD  h2D? 7
—hDZC(2|+ TR )f(t)

J=0

this formula can be generalized for fractional order differences (CISM Lecture
Notes [3]) as

> hD  h2D? 7
ARf(t) =hD* ) °C; (2, gt ) £(2).
Jj=0 '

Similarly, for backward difference,
from equation (2), we have

Vaf(t) = (I—e"P)f(t)
hD  h2D?

= hD[1—7+T— ........ }f(t)
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n" difference gives

VUf(t) = R"D" {1—(%—%} b )} £(1)

e o (RD h2D? 7
— "D §‘ Oj (Jj(i— TR ) F(t)
J:

this formula can be generalized for fractional order differences (CISM Lecture
Notes [3]) as

> hD  h2D? 3
Vi f(t) =h"D*) " °C; (7— TR ) f(@).

J=0

Result 2. Fractional Derivative formula in terms of Forward and Backward Dif-
ferences are

oo [e.o]

1 ) ) S
Def() = lflh—Z P Y PO B ferah) (19)
D f(t) = lim - DGV Y O T Sran) ()
j= i=
another forms
appy = DR appyiln _ Oh
Def(t) = " > Co=1)(GE = S+ Y £() (15)
Dof(t) = %(_1)% 3 acj(% + % T Y F(t) (16)
§=0

this formula can be generalized for fractional order derivatives (CISM Lecture Notes
[3]) as

D" £(t) = lim = 3™ €, () B+ (17
=0
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from (1), we have

E7h=(I+0,)7 =) TG, (18)
i=0
and -
E7h=(I - =) IC(-1) v, (19)
i=0
from (17) and (18), we get
o 1, L i A
D f(t) = lim Z Cy(=1) Z ICH(=1)" A, f(t+ ah)
j= i=
This completes the proof of (13).
Equations (17) and (19) leads to
« : 1 - « j - j A %
Df(t) = ,lgmzo Cy(=1) Z IC(=1)" 7}, f(t + ah)
i= i=
This gives (14).
Again from (1), we have
1 AVSRVAN "
D" = — ——h T
10 = g m- S B 0

using Binomial expansion, we obtain
n M N A2 J
an(t) - h_r}: ncj(_1>] (—h — —h + o ) f(t),
=0

this formula can be generalized for fractional order derivatives (CISM Lecture Notes

3]) as

Df(t) = % 3 *Cy(—1)! (ﬁ _ Lk + e, )J f(t).
=0

-
This leads the proof of (15).
Again from (2), we have

D" f(t) (=1" {— Vh Vi _Vh_ ]nf(t)
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D f(t) = —(—1});"VZ [1 + (vzh + %fz‘ + )]nf(t)

using Binomial expansion, we obtain

D" f(t) Vh Z "C; ( 32 ST )jf(t),

this formula can be generalized for fractional order derivatives (CISM Lecture Notes

3]) as
J
Def(t) = ha Vv Z o ( Vgh F— ) £(0).
this follows the proof of (16).

Result 3.The Fractional derivative of 2" is given by

1 & x+ah) jh
D(z") = — E Fo |—n; —; 2
h yo 10|: n, 71’+O[h:| (O>
where o < n.
Proof From equation (17), we have
1 & o
a ary (_ 1\ p—Jjh n
D*(a") = lim o= EO Ci(=1))E"(z + ah)", (21)
]:
using (2), we obtain
1 — o
af, .n _ : . arYy (_1\j,—JhD n
D (") = lim -2 j§:0: Ci(=1)7e P (2 + ah)
1 ZOO -Zm (=jhD)’
— «@ 1\
= }]}L% T : CJ( 1) - (l)' ($+Oéh>
Jj= i=

this equation reduces to,

D(z") = lim i Z an(—l)j i (—1)]<h])l(n)'(x I ah)n—z’ (22)

h—0 he g —~ ()(n—9)!
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The following result (23) mentioned in (Erdelyi et al [1], page 85)

(=1)'T'(j — o)
“C; , 23
'S TG+ Do) 2
From (22) and (23), we obtain
1 K (—a)ilr+ah)* = (—n) [ jh '
DY ™) =1 . J
(z") i“hz () Z (@ \z+ah)’
_ 1 o (—a)j(z +ah)" jh
—}L%ﬁ; () o | =M
Result 4.The Fractional derivative of cosz is given by
i 1 o= (—a)j(z + ah)® - jh
“cosx Z ' }ILILI[I) e Z ) 1Fo | —2k; —; ok (24)

k=0 7=0

Result 5.The Fractional derivative of S/™*(x) a general class of polynomial is given

by
- : - (x + ah) jh
DS (x A, 1 | =k — ————
e
k=0 =0
(25)
Proof. The general class of polynomial given by (Srivastava [2]), is
™ . )

k=0

where m is the arbitrary positive integer, the coefficient A,, x;n, k > 0 are arbitrary
constant real or complex.
Using the result of theorem 2 and equation (26), we immediately get the desire
result.

Note: Thus, we can easily obtain fractional derivatives of all functions and
polynomials which are in power series forms.
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