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1. Introduction
Let A denote the class of analytic functions of the form:

z):z—l—iakzk (zeU={z:2z€Cand|z| <1}) (1.1)

and S be the subclass of A, which are univalent functions.
Let ¥ € S be given by

2)=z+> bF, b #£0, (1.2)
k=2
the Hadamard product (or convolution) of f and V¥ is given by

(f * —z—l—Zakka (U« f)(2). (1.3)

For the parameter A (A > 0) and an analytic function f € A, we obtain the
following integral operator (see Irmak [3, with p = 1])

z
A

[l o

where the function I' is well-known gamma function.f(z) € A, we can easy
determine that

QM [f](2) =

by
A k
= . 1.
Q| z+z<k+1) apz (A > 0) (1.5)
It is readily verified from (1.5) that

2(Q () =207 [f1(:) - f1(z)  (A>0). (1.6)
It is well known that every function f € S has an inverse f~!, defined by
[(f@)=2  (2€0)

and

rrt) =e (ol <n()i (=),
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where
fHw) = w— apw® + (245 — az) w* — (5aj — basas + as) w' + - -+ .

A function f € A is said to be bi-univalent in U if both f and f~! are univalent
in U. Let ¥ denote the class of bi-univalent functions in U given by (1.1). For a
brief history and interesting examples in the class ¥ (see [4]).

Brannan and Taha [5] (see also [31]) introduced certain subclasses of the bi-
univalent functions class ¥ similar to the familiar subclasses §* () and K («) of
starlike and convex functions of order a (0 < av < 1), respectively (see [4]). Thus,
following Brannan and Taha [5], a function f € A is said to be in the class S5, (o)
of strongly bi-starlike functions of order o (0 < a < 1) if each of the following
conditions is satisfied:

fey and |arg (ZJJ:(S))‘ <% 0<a<l;zel) (1.7)
" arg (Zgg(fuu)]))‘ < a—; 0<a<l, wel), (1.8)

where the function g is given by
g(w) = w — agw® + (2&3 — CL3) w® — (5&% — Bagas + (14) wh . (1.9)

and g is the extension of f~! to U. The classes Si () and Ky () of bi-starlike
functions of order av and bi-convex functions of order o (0 < a < 1), corresponding
to the function classes S* () and K («) were also introduced analogously. For each
of the function classes 8% () and Ky («), they found non-sharp estimates on the
first two Taylor-Maclaurin coefficients |as| and |as| (for details, see [5] and [31]).

Recently, the subject of bi-univalent functions actually, revived by Srivastava et
al. [29] by their pioneering work on the study of coefficient problems. Various sub-
classes of the bi-univalent function class ¥ were introduced and non-sharp estimates
on the first two coefficients |az| and |ag| in the Taylor-Maclaurin series expansion
(1.1) were found in several recent investigations (see, for example, [1-3, 6-20, 24-38,
30, 32])and including the references therein. The afore-cited all these papers on
the subject were actually motivated by the pioneering work of Srivastava et al.
[29]. However, the problem to find the coefficient bounds on |a,| (n = 3,4, ...) for
functions f € ¥ is still an open problem.

Motivated in this line we consider the following comprehensive classes of bi-
univalent function:
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Definition 1.1. Let f given by (1.1) and V given by (1.2), respectively, then f is
said to be in the class Qs (a; ¥V (2)) if the following conditions are satisfied:

2(fx0) (2) am .
f €Y and arg (W) < 7 (0 <a< 1, zZ e U) (110)
and /
w(g*xV) (w) am 0<l w
arg ) () ) <5 O0<a<l; wel), (1.11)

where the function g is given by (1.9).

Definition 2.2. Let f given by (1.1) and V given by (1.2), respectively, then f is
said to be in the class Ps (B;V(2)) if the following conditions are satisfied:

2(f* 1) (2) -
fex and m((f*\ll)(z)>>ﬂ 0<p<1; z€) (1.12)
and /
w (g v) (w) .
§R< 0+ 0) (W) >>B 0<pB<1; wel), (1.13)

where the function g is given by (1.9).
We note that for suitable choices of U we obtain the following subclasses:

(i) Putting W(2) = - :

defined as follows:

in Definition 1.1, we obtain the following subclass Qs (o) ,

arg(zf’<z))‘<% (O<a§1;zeU)}

{fEZ and ) 5

and

arg(w;zl(;;]))‘<a—; O0<a<l; wel).

00 2 A

(ii) Putting ¥(2) = 2+ > (k——i-l) z¥ in Definition (1.1), we obtain the following
k=2

subclass Qs (\; «) , defined as follows:

g (A2
PUIE)

{fEE and <OZ—27T (0<0z§1;/\>0;z€U)}
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and

(e @) | _ar .
ag< "1/ (w) >|<2 0<a<l; A>0;, wel),

where Q* is defined by (1.5).

(iii) Putting ¥(2) =z + >
k=2

-
> - 1)
the following subclass D¥ («) , defined as follows:

semz" (m>0) in Definition 1.1, we obtain

{fEE and arg(%) <O;—7T (0<a§1;m>0;z€U)}
and /
arg(%) <042_7r 0<a<1l, m>0; wel),

where Z™ is a Poisson distribution series [22].

(iv) Putting
e (6 + (k-

W p—
(2) z+kz::2 7

in Definition 1.1, we obtain the following subclass P& (v, ¢; «) , defined as follows:

1) +1\"
)+ ) (v >0,0>-1; neZ={0,%1,---})

(T (0 ()| _an 0. e
{fGE and arg( 770D o) )‘<2(0<oz§1,720,€>—1,n€Z,zEU)},
and
ar%(wgln(gjj;)ff(g))> <% O<a<l;y>0;{>—-1;neZ; wel),

where J" (v, /) is the Prajapat operator [23].
To prove our results, we need the following lemmas.

Lemma 1.1. [21] If h € P then |dy| < 2 for each k, where P is the family of all
functions h analytic in U for which R (h(z)) > 0, h(z) =1+ dyz + dy2> + -+ for
z e U.

Lemma 1.2. [32] Let k,l € R and z1,20 € C. If |21| < R and |z| < R, then
2[kIR 5 k| = i,

(k+ 1) 21+ (k—1) 2| < (1.14)
2{IR 5|kl < 1.
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2. Fekete-Szego inequalities for the function class Qs («o; ¥(2))
Unless otherwise mentioned, we assume throughout this paper that 0 < a <
1,0<pB<1,z€U, \, m>0and V¥ is given by (1.2).

Theorem 2.1. Let f given by (1.1) belongs to the class Qs (a; ¥(2)), then

2a
as| < , 2.1
| 2|_\/b§+a[4bg—3b§] (21)
and
I A T WS £ SR NS
2 @t \b ") larnr\n )7 b,
as — paz| < . (2.2)
a ok (N @
bg 7 (CY + 1) b% b3 a 4b3
Proof. It follows from (1.10) and (1.11) that
2(fx0) (2) o
e 2
and /
w(g*¥) (w) _ o
where p and ¢ in P and have the forms
p(z) =14 p1z+p2z® +p3z® + - (2.5)
and
g(w) =1+ quw + gu’ + ggw’ + - - - . (2.6)
Now, equating the coefficients in (2.3) and (2.4), we get
azby = p1a, (2.7)
ala—1
2a3bs — azb; = apy + %pi (2.8)

—a,gbg = 14, (29)
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and .
3ajbs — 2azbs = ags + %q%. (2.10)
From (2.7) and (2.9), we get
b= —q (2.11)
and
2a3b5 = o (P} + q7) - (2.12)
From (2.8), (2.10) and (2.12), we obtain
2 a? (p2 + g2)

a (2.13)

27 B2+ o [dbs — 362
Applying Lemma 1.1 for the coefficients p; and ¢o, we immediately have

2c
V03 + o [4bs — 303

las| <

This gives the bound on |ay| as asserted in (2.1).
Next, in order to find the bound on |az — pa3|, by summing and subtracting
(2.8) and (2.10), we get

a(a—1
@@ywﬁgza@rwﬁ+—L?—Hﬁ—ﬁy (2.14)
It follows from (2.11), (2.12) and (2.14) that
2b2 _
gy = B0 22— a) (2.15)

b3 4bg
Applying (2.7) and (2.9), we dispose of p; and ¢;, we have

e | (B N ] [ et (BN e
SRR TR b ) T TR a2\ P T a)
From Lemma 1 and Lemma 1.2, we get the desired result (2.2). This completes

the proof of Theorem 2.1.

Putting ¥(z) = 1 :

in Theorem 2.1, we obtain the following corollary:

Corollary 2.1. Let f given by (1.1) belongs to the class Qs (,7), then

2a

as| <
|2’_ 1+«

: (2.16)
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and
4o® o? a
1-— 1-— > —
az — pai| < . (2.17)
o? «
1-— < —
2

A
Putting ¥(z) = 2z + Z ( ) 2% (A > 0) in Theorem 2.1, we obtain the
following corollary:

Corollary 2.2. Let f given by (1.1) belongs to the class Qs (a; ), then

E+1

|CL2| < s (218)

and
2 2\ 2 2\
4a? <3) u a? <3) ol > Q
o\ 2 o\ - ' o\ 2 o\ - o\
w0 (3) \ () v (5) () (3)
ag — paj| <
9\ 22
a . o? (3) o < a
o\ ' o\ 2 o\ o o\ A
(3) e (3) () (3)
(2.19)
mk—1
Putting ¥(z) = z + Z oD 1) e~™2z* in Theorem 2.1, we obtain the following
corollary:

Corollary 2.3. Let f given by (1.1) belongs to the class D¥ («), then

20

a
laz] < \/m2e 2" + o [2m2e" — 3m2e= 2

, (2.20)
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and
40 o a? o «
(v + 1) m2e—2m (2™ =) (o + 1) m2e—2m (2e7" =) > 2m2e~m
}a:s — ua%‘ <
2 ) a? (2e-™ — 1) < o
m2e—m "(a+ 1)m2e—2m PSS omze—m
(2.21)
x [l+1 E—1)\"
Putting ¥(z) = z + > ( i J{l(g )) 2% in Theorem 2.1, we obtain the
k=2

following corollary:

Corollary 2.4. Let f given by (1.1) belongs to the class P (v, l; ), then

2
jas| < ° . (2.22)

yHl41 ”+a (il ”_3 T4+ 0+ 1\
1+7 1+7 1+7

4a? 140 \" 1+0 \*"\
(a+1) <(27+€+1> _“<7+£+1> )

o’ (( 14¢ )”_M( 14¢ )2">>a< 14¢ )
as — pad| < . (o;+1) 2y+0+1 y+L+1 4 \27+0+1
O‘<27+£+1> ;

402 < 1+¢ >”_ ( 1+¢ )2” <a( 1+¢ )”
@+ \\2yrer1) H\G5rrt A\2y+e+1

(2.23)

and

3. Fekete-Szeg6 inequalities for the function class Py (8; V(z2))
This section begins by finding the estimates on the coefficients |as| and |as| for
functions in the class Py (8; ¥(2)) .

Theorem 3.1. Let f given by (1.1) belongs to the class Ps (8;V(z)), then

2(1-p5)
|ag| < Dby 02
41-p)"  (1-5)

asl < + .
jas] < (1+~)202  (1427)bs
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and for p € R
2(1—f) (b2 o B2 |
2b3 — b3 (E_“) " dby — 203 (E‘“) = I
|a3 — ,uag‘ < : (3.3)
1-5 1 (@ _ ) <L
by 4bs — 202 \by 1) = 4y
Proof. It follows from (1.12) and (1.13) that
Q) )
YR - 5)p) (3.4)
and )
w(g*¥) (w)
g0 (w) =B+ (1-5)qw), (3.5)

where p and ¢ have the forms (2.5) and (2.6), respectively. Equating the coefficients
in (3.4) and (3.5), we get

a2b2 = (1 — 5) P, (36)
2a3bs — a3by = (1 — ) pa, (3.7)
—azby = (1 - B) qu, (3.8)

and
3a2bs — 2asbs = (1 — B) qa. (3.9)

From (3.6) and (3.8), we get

DP1=—q (3.10)

and
2a33 = (1 — B)* (p} + qi) - (3.11)

From (3.7) and (3.9), we obtain

s (1=08)(p2+q2)
a; = TR

(3.12)

Applying Lemma 1.1 for the coefficients py and ¢y, we immediately have

2(1-5)

< .
a2l =\ 3,
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This gives the bound on |ay| as asserted in (3.1).
Next, in order to find the bound on |az — pua3|, by summing and subtracting
(3.7) and (3.9), we get

dazbs — 461%53 =(1—=5)(p2— ). (3.13)
It follows from (3.10), (3.11) and (3.13) that

2b2 1 — .
4z = az; L 5)42];2 %), (3.14)

We have

i —p, [E2B) (BN 18 =P (5 _ \_1-8
43— Jiz = P2 [4173—2173 (b3 P)F T | TP =2 \by ") T T |
From Lemmal and Lemma 1.2, we get the desired result (3.3). This completes the
proof of Theorem 3.1.

Remark 3.1. By specializing the parameter by, we obtain various results for dif-
ferent operators defined in the introduction.
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