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1. Introduction
The subject of fractional calculus and fractional differential equations is a

rapidly growing area of mathematics. There are many applications of this sub-
ject in many field such as engineering, viscoelasticity, economics and biological
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sciences. There are many remarkable research articles in which theory regarding
the existence and uniqueness of solutions established. One can see the research
articles [3, 5, 11, 13, 15] for more details. The basic theory of fractional calculus
and fractional differential can be found in many books like [4, 6, 9, 16, 19, 30, 32].
In the literature, it has been seen that functional integral and fractional differential
equations are closely related. For detailed work one can see the references [8, 16,
26, 27]. Fixed point theory is a great tool to study the existence and uniqueness
of solutions of fractional differential equations. Theory and applications of fixed
point theory can be found in [1, 7, 14, 29] and the references therein. For some
interesting recent work one can see the research articles [18, 20, 21, 22, 23, 26, 27,
28].
Very recently Al-Syed and Ahmad [2] discussed the existence of solutions for the
following initial value problems of the functional integro-differential equation

du

dt
= h(t, u(t),

∫ t

0

g(s, u(s))ds),

with nonlocal condition

u(0) +
n∑
i=1

qiu(σi) = u0,
n∑
i=1

qi > 0, σi ∈ (0, T ].

Motivated by this work we study fractional case of the above work and consider
the following functional fractional integro-differential equations

CD
p
u(t) = h(t, u(t),

∫ t

0

g(s, u(s))ds) (1.1)

with nonlocal condition

u(0) +
n∑
i=1

qiu(σi) = u0,

n∑
i=1

qi > 0, σi ∈ (0, T ]. (1.2)

Where CD
p

denotes the Caputo fractional derivative of order p ∈ (0, 1], t ∈ J =
[0, T ], u : J → X, C[J,X] denote the Banach space of all continuous functions from
J to X with the norm ‖u‖ = sup

t∈J
|u(t)|, h : J × X × X → X; g : J × X → X are

given functions. We will prove the existence and uniqueness of solution u ∈ C[J,X],
under certain conditions. Where X is the Banach space with the norm ‖ · ‖. Also
we will study the continuous dependence of the solution on u0, on the nonlocal-data
qj and on the functional g.
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For application point of view, we also study the initial value problem (1.1)-(1.2) if∑n
i=1 qi is convergent.

2. Preliminaries

Definition 2.1. The fractional integral operator (in Riemann-Liouville sense) of
order p > 0 of the function u is defined as

Ipu(t) =
1

Γ(p)

∫ t

0

(t− s)p−1u(s)ds,

where Γ(.) denotes the Euler gamma function.

Definition 2.2. We define the fractional derivative of u of order p > 0 in Caputo
sense as

CD
p
u(t) =

1

Γ(1− p)

∫ t

0

(t− s)−pu′(s)ds, (2.1)

where 0 < p ≤ 1 and u′(s) = du(s)
ds

.
Consider the initial value problem (1.1)-(1.2) with the following assumptions

H1. Let h : J × X × X → X satisfies the Carathedory condition. There exist a
function φ ∈ L1[0, T ] and a positive constant k1 > 0, such that

|h(t, x, y)| ≤ φ(t) + k1|x|+ k1|y|.

H2. Let g : J×X → X satisfies the Carathedory condition. There exist a function
ψ ∈ L1[0, T ] and a positive constant k2 > 0, such that

|g(t, y)| ≤ ψ(t) + k2|y|.

H3. sup
σi∈[0,1]

∫ σi
0

(σi − s)p−1φ(s)ds ≤M1, sup
σi∈[0,1]

∫ σi
0

∫ s
0

(σi − s)p−1ψ(θ)dθds ≤M2.

H4.
1

Γ(p+1)

(
1 + E

∑n
i=1 qi

)(
k1T

p + k1k2T p+1

p+1

)
< 1, where E = (1 +

∑n
i=1 qi)

−1.

Definition 2.3. A function u ∈ C[J,X] is said to be the solution of the initial
value problem (1.1)-(1.2) if it satisfies the equations (1.1)-(1.2).

Lemma 2.4. The solution of initial value problem (1.1)-(1.2) can be represented
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by the following integral equation

u(t) = E
[
u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds
]

+
1

Γp

∫ t

0

(t− s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds, (2.2)

where E = (1 +
∑n

i=1 qi)
−1.

Proof. Let u be a solution of the fractional initial value problem (1.1)-(1.2).
Applying Riemann-Liouville operator on both sides of (1.1). We get

u(t) = u(0) +
1

Γ(p)

∫ t

0

(t− s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds. (2.3)

Using the nonlocal condition (1.2), we get

n∑
i=1

qiu(σi) = u0

n∑
i=1

qi +
n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds,

since,
∑n

i=1 qiu(σi) = u0 − u(0), we get

u0 − u(0) = u0

n∑
i=1

qi +
n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds,

which gives

u(0) =
1

1 +
∑n

i=1 qi

[
u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds
]
.

(2.4)
Using (2.3) and (2.4), we obtain

u(t) =
1

1 +
∑n

i=1 qi

[
u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds
]

+
1

Γ(p)

∫ t

0

(t− s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds.

3. Existence of Solution

Theorem 3.1. Let the assumptions H1 − H4 are satisfied. Then initial value
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problem (1.1)-(1.2) has at least one solution u ∈ C[J,X].
Proof. Define the operator associated with the integral equation (2.2)

Fu(t) = E

[
u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds

]
+

1

Γ(p)

∫ t

0

(t− s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds.

Let Qr = {u ∈ R : ‖u‖ ≤ r}, where r =
E|u0|+ 1

Γ(p+1)

(
1+E

∑n
i=1 qi

)(
M1+k1M2

)
1−
[

1
Γ(p+1)

(
1+E

∑n
i=1 qi

)(
k1T p+

k1k2T
p+1

p+1

)] ,
it is clear that Qr is nonempty, closed, bounded and convex subset of C[0, T ]. Then
we have, for u ∈ Qr

|Fu(t)| ≤ E
[
|u0|+

n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1|h(s, u(s),

∫ s

0
g(θ, u(θ))dθ)|ds

]
+

1

Γp

∫ t

0
(t− s)p−1|h(s, u(s),

∫ s

0
g(θ, u(θ))dθ)|ds

≤ E

[
|u0|+

n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1

(
φ(s) + k1|u(s)|+ k1

∫ s

0
|g(θ, u(θ))|dθ

)
ds

]
+

1

Γ(p)

∫ t

0
(t− s)p−1

(
φ(s) + k1|u(s)|+

∫ s

0
|g(θ, u(θ))|dθ

)
ds

≤ E

[
|u0|

+
n∑
i=1

qi

(
M1

Γ(p+ 1)
+

k1T
pr

Γ(p+ 1)
+

k1

Γ(p)

∫ σi

0
(σi − s)p−1

(∫ s

0
(ψ(θ) + k2|u(θ)|)dθ

)
ds

)]
+

M1

Γ(p+ 1)
+

k1T
pr

Γ(p+ 1)
+

1

Γ(p)

∫ t

0
(t− s)p−1

(∫ s

0
(ψ(θ) + k2|u(θ)|)dθ

)
ds

≤ E|u0|+
E

Γ(p+ 1)

n∑
i=1

qi

(
M1 + k1T

pr + k1M2 +
k1k2T

p+1r

p+ 1

)
+

1

Γ(p+ 1)

(
M1 + k1T

pr + k1M2 +
k1k2T

p+1r

p+ 1

)
≤ E|u0|+

1

Γ(p+ 1)

(
1 + E

n∑
i=1

qi

)(
M1 + k1T

pr + k1M2 +
k1k2T

p+1r

p+ 1

)
= r.

Then F : Qr → Qr and the class of functions {Fu} is uniformly bounded in Qr.
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Now, let t1, t2 ∈ (0, 1] such that |t2 − t1| < δ, then

|Fu(t2)− Fu(t1)| = 1

Γ(p)

∣∣∣∣ ∫ t2

0

(t2 − s)p−1h

(
s, u(s),

∫ s

0

g(θ, u(θ))dθ

)
ds

−
∫ t1

0

(t1 − s)p−1h

(
s, u(s),

∫ s

0

g(θ, u(θ))dθ

)
ds

∣∣∣∣
≤ 1

Γ(p)

∫ t1

0

∣∣∣∣[(t2 − s)p−1 − (t1 − s)p−1
]
h

(
s, u(s),

∫ s

0

g(θ, u(θ))dθ

)∣∣∣∣ds
+

1

Γ(p)

∫ t2

t1

∣∣∣∣(t2 − s)p−1h

(
s, u(s),

∫ s

0

g(θ, u(θ))dθ

)∣∣∣∣ds
≤ 1

Γ(p)

∫ t1

0

∣∣(t2 − s)p−1 − (t1 − s)p−1
∣∣

×
(
φ(s) + k1|u(s)|+ k1

∫ s

0

|g(θ, u(θ))|dθ
)
ds

+
1

Γ(p)

∫ t2

t1

∣∣(t2 − s)p−1
∣∣(φ(s) + k1|u(s)|+ k1

∫ s

0

|g(θ, u(θ))|dθ
)
ds

≤ 1

Γ(p)

∫ t1

0

[
(t2 − s)p−1 − (t1 − s)p−1

]
φ(s)ds

+
k1r

Γ(p)

∫ t1

0

[
(t2 − s)p−1 − (t1 − s)p−1

]
ds

+
k1

Γ(p)

∫ t1

0

[
(t2 − s)p−1 − (t1 − s)p−1

] ∫ s

0

(
ψ(θ) + k2|u(θ)|

)
dθds

+
1

Γ(p)

∫ t2

t1

[
(t2 − s)p−1

]
φ(s)ds

+
k1r

Γ(p)

∫ t2

t1

[
(t2 − s)p−1

]
ds

+
k1

Γ(p)

∫ t2

t1

[
(t2 − s)p−1

∫ s

0

(
ψ(θ) + k2|u(θ)|

)
dθds.

We see that (t − s)p−1 ∈ L
1

1−p1 [0, t] for t ∈ [0, T ] and p1 ∈ [0, p). Let d = p−1
1−p1

,

N1 = ‖φ(s)‖
L

1
1−p1 [0,T ]

and N2 = ‖
∫ s

0

(
ψ(θ) + k2|u(θ)|

)
dθ‖

L
1

1−p1 [0,T ]
.

Now we apply the Hölder inequality [32]

|Fu(t2)− Fu(t1)| ≤ 1

Γ(p)

(∫ t1

0

(
(t2 − s)p−1 − (t1 − s)p−1

) 1
1−p1 ds

)1−p1

‖φ(s)‖
L

1
1−p1 [0,t]
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+
k1r

Γ(p+ 1)

(
(t2 − t1)p − tp2 + tp1

)
+

k1

Γ(p)

(∫ t1

0

(
(t2 − s)p−1 − (t1 − s)p−1

) 1
1−p1 ds

)1−p1

×‖
∫ s

0

(
ψ(θ) + k2|u(θ)|

)
dθ‖

L
1

1−p1 [0,t]

+
1

Γ(p)

(∫ t2

t1

(t2 − s)
p−1
1−p1 ds

)1−p1

‖φ(s)‖
L

1
1−p1 [0,T ]

− k1r

Γ(p+ 1)
(t2 − t1)p

+
k1

Γ(p)

(∫ t2

t1

(t2 − s)
p−1
1−p1 ds

)1−p1

‖
∫ s

0

(
ψ(θ) + k2|u(θ)|

)
dθ‖

L
1

1−p1 [0,t]

≤ N1

Γ(p)

(∫ t1

0

(
(t2 − s)d − (t1 − s)d

)
ds

)1−p1

+
k1r

Γ(p+ 1)

(
(t2 − t1)p − tp2 + tp1

)
+
k1N2

Γ(p)

(∫ t1

0

(
(t2 − s)d − (t1 − s)d

)
ds

)1−p1

− N1

Γ(p)(1 + d)1−p1
(t2 − t1)(1+d)(1−p1) − k1r

Γ(p+ 1)
(t2 − t1)p

− k1N2

Γ(p)(1 + d)1−p1
(t2 − t1)(1+d)(1−p1)

≤ N1

Γ(p)(1 + d)1−p1

(
(t1)1+d − (t2)1+d + (t2 − t1)1+d

))1−p1

+
k1r

Γ(p+ 1)

(
(t2 − t1)p − tp2 + tp1

)
+

k1N2

Γ(p)(1 + d)1−p1

(
(t1)1+b − (t2)1+b + (t2 − t1)1+b

)1−p1

− N1

Γ(p)(1 + d)1−p1
(t2 − t1)(1+d)(1−p1) − k1r

Γ(p+ 1)
(t2 − t1)p

− k1N2

Γ(p)(1 + d)1−p1
(t2 − t1)(1+d)(1−p1)

≤ N1

Γ(p)(1 + d)1−p1
(t2 − t1)(1+d)(1−p1)
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+
k1r

Γ(p+ 1)

(
(t2 − t1)p − tp2 + tp1

)
+

k1N2

Γ(p)(1 + d)1−p1
(t2 − t1)(1+d)(1−p1)

− N1

Γ(p)(1 + d)1−p1
(t2 − t1)(1+d)(1−p1) − k1r

Γ(p+ 1)
(t2 − t1)p

− k1N2

Γ(p)(1 + d)1−p1
(t2 − t1)(1+d)(1−p1).

Which shows that the class of functions {Fu} is equi-continuous in Qr.
Let un ∈ Qr such that un → u as n→∞. Then by the assumption H1 −H2, it is
clear that h(t, un(t), vn(t))→ h(t, u(t), v(t)) and g(t, un(t))→ g(t, u(t)). Also

lim
n→∞

Fun(t) = lim
n→∞

[
E

[
u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, un(s),

∫ s

0
g(θ, un(θ))dθ)ds

]
+

1

Γ(p)

∫ t

0
(t− s)p−1g(s, un(s),

∫ s

0
g(θ, un(θ))dθ)ds

]
.

(3.1)

By using assumption H1−H2 and Lebesgue Dominated convergence Theorem [12],
from (3.1) we obtain

lim
n→∞

Fun(t) = lim
n→∞

[
E

[
u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, un(s),

∫ s

0
g(θ, un(θ))dθ)ds

]
+

1

Γ(p)

∫ t

0
(t− s)p−1h(s, un(s),

∫ s

0
g(θ, un(θ))dθ)ds

]
= Fu(t).

Which shows that Fun → Fu as n→∞. Therefore F is continuous.

lim
t→0

u(t) = E

[
u0−

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi−s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds

]
∈ C[0, T ].

Then by Schauder fixed point Theorem [1] there exist at least one solution u ∈
C[J,X] of the integral equation (2.2).

4. Infinite-Point Boundary Condition

Theorem 4.1. Let assumption H1 −H4 are satisfied and

M = M1 +
k1‖u‖
p

+ k2M2 +
k1k2‖u‖
p(p+ 1)

.
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Then the initial value problem (1.1)-(1.2) has at least one solution u ∈ C[J,X].
Proof. Let the assumptions of Theorem 3.1 be satisfied. Let tn, tn =

∑n
i=1 qi be

convergent sequence, then

un(t) =
1

1 +
∑n

i=1 qi

[
u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds

]
+

1

Γ(p)

∫ t

0

(t− s)p−1h(s, un(s),

∫ s

0

g(θ, un(θ))dθ)ds.

(4.1)

Taking the limit to (4.1), as n→∞, we have

lim
n→∞

un(t) = lim
n→∞

[
1

1 +
∑n

i=1 qi

[
u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u(s),∫ s

0
g(θ, u(θ))dθ)ds

]
+

1

Γ(p)

∫ t

0
(t− s)p−1h(s, un(s),

∫ s

0
g(θ, un(θ))dθ)ds

]
= lim

n→∞

1

1 +
∑n

i=1 qi

[
u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u(s),∫ s

0
g(θ, u(θ))dθ)ds

]
+ lim
n→∞

1

Γ(p)

∫ t

0
(t− s)p−1h(s, un(s),

∫ s

0
g(θ, un(θ))dθ)ds.

(4.2)

Now |qiu(σi)| ≤ |qi|‖u‖, therefore by the comparison test
∑∞

i=1 qiu(σi) is conver-
gent. Also∣∣∣∣ ∫ σi

0

(σi − s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds

∣∣∣∣ ≤ ∫ σi

0

(σi − s)p−1
(
φ(s) + k1|u(s)|

+k1

∫ s

0

g(θ, u(θ)dθ)
)
ds

≤
∫ σi

0

(σi − s)p−1
(
φ(s) + k1|u(s)|

+k2

∫ s

0

(ψ(s) + k2|u(s)|)dθ
)
ds

≤ M1 +
k1‖u‖
p

+ k2M2 +
k1k2‖u‖
p(p+ 1)

≤ M,
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then

∣∣∣∣qi ∫ σi0
(σi− s)p−1h(s, u(s),

∫ s
0
g(θ, u(θ))dθ)ds

∣∣∣∣ ≤ |qi|.M and by the comparison

test
∑∞

i=1 qi
∫ σi

0
(σi − s)p−1h(s, u(s),

∫ s
0
g(θ, u(θ))dθ)ds is convergent.

Now, using assumption H1 − H2 and Lebesgue Dominated convergence Theorem
[12], from (4.2) we obtain

u(t) =
1

1 +
∑∞

i=1 qi

[
u0 −

∞∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds

]
+

1

Γ(p)

∫ t

0

(t− s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds.

(4.3)

Hence, the theorem is proved.

5. Uniqueness of Solution

Consider the following assumptions
H5. Let h : J ×X ×X → X is measurable in t for any x, y ∈ X and satisfies the
Lipschitz condition

|h(t, x, y)− h(t, u, v)| ≤ k1|x− u|+ k1|y − v|, (5.1)

H6. Let g : J×X → X is measurable in t for any x ∈ X and satisfies the Lipschitz
condition

|g(t, x)− g(t, u)| ≤ k2|x− u|, (5.2)

H7. Let there exists constants L1 and L2 such that

sup
σi∈[0,T ]

∫ σi

0

(σi−s)p−1|g(s, 0, 0)|ds ≤ L1, sup
σi∈[0,T ]

∫ σi

0

∫ s

0

(σi−s)p−1|h(s, 0)|dθds ≤ L2,

Theorem 5.1. Let the assumptions H5-H7 are satisfied. Then the initial value
problem (1.1)-(1.2) has a unique solution.
Proof. From assumption H5 we have h is measurable in t for any u, v ∈ R and
satisfies the lipschitz condition, then it is continuous for x, y ∈ R,∀t ∈ [0, T ], and

|h(t, x, y)| ≤ k1|x|+ k1|y|+ |g(t, 0, 0)|.

Which shows that assumption H1 is satisfied. In a similar way, we can show that
assumption H2 is also satisfied with the help of assumption H6. Therefore Theorem
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3.1 ensures the existence of solution of initial value problem (1.1)-(1.2). Let u, v
be two solutions of (1.1)-(1.2), then

|u(t)− v(t)| =
∣∣∣∣E[u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds

]
+

1

Γp

∫ t

0

(t− s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds

−E
[
u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1h(s, v(s),

∫ s

0

g(θ, v(θ))dθ)ds

]
+

1

Γp

∫ t

0

(t− s)p−1h(s, v(s),

∫ s

0

g(θ, v(θ))dθ)ds

∣∣∣∣
≤ E

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1

∣∣∣∣h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)

−h(s, v(s),

∫ s

0

g(θ, v(θ))dθ)

∣∣∣∣ds
+

1

Γp

∫ t

0

(t− s)p−1

∣∣∣∣h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)− h(s, v(s),

∫ s

0

g(θ, v(θ))dθ)

∣∣∣∣ds
≤ E

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1

(
k1‖u− v‖+ k1

∫ s

0

|g(θ, u(θ))− g(θ, v(θ))|dθ
)
ds

+
1

Γ(p)

∫ t

0

(t− s)p−1

(
k1‖u− v‖+ k1

∫ s

0

|g(θ, u(θ))− g(θ, v(θ))|dθ
)
ds

≤ k1ET
p‖u− v‖

∑n
i=1 qi

Γ(p+ 1)
+
k1k2ET

p+1‖u− v‖
∑n

i=1 qi
Γ(p+ 2)

+
k1T

p‖u− v‖
Γ(p+ 1)

+
k1k2T

p+1‖u− v‖
Γ(p+ 2)

=
1

Γ(p+ 1)

(
1 + E

n∑
i=1

qi

)(
k1T

p +
k1k2T

p+1

p+ 1

)
‖u− v‖.

Which gives(
1− 1

Γ(p+ 1)

(
1 + E

n∑
i=1

qi

)(
k1T

p +
k1k2T

p+1

p+ 1

))
‖u− v‖ ≤ 0.

Since 1
Γ(p+1)

(
1 + E

∑n
i=1 qi

)(
k1T

p + k1k2T p+1

p+1

)
< 1, therefore u(t) = v(t) and the
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solution of the initial value problem (1.1)-(1.2) is unique.

6. Continuous Dependence

6.1. Continuous Dependence on u0

Definition 6.1. Let u∗ is the solution of the initial value problem

CD
p
u∗(t) = h(t, u∗(t),

∫ t

0

f(s, u∗(s))ds) (6.1)

with nonlocal condition

u(0) +
n∑
i=1

qiu
∗(σi) = u∗0,

n∑
i=1

qi > 0, σi ∈ (0, T ]. (6.2)

Then, the solution u ∈ C[J,X] of initial value problem (1.1)-(1.2) is said to be
continuously depends on u0, if

∀ε > 0, ∃ δ(ε) > 0 s.t. |u0 − u∗0| < δ =⇒ ‖u− u∗‖ < ε.

Theorem 6.2. Let the assumptions H5-H7 are satisfied. Then the solution of
initial value problem (1.1)-(1.2) continuously depends on u0.
Proof. Let u, u∗ be two solutions of the initial value problem (1.1)-(1.2) and
(6.1)-(6.2) respectively. Then

|u(t)− u∗(t)| =
∣∣∣∣E[u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u(s),

∫ s

0
g(θ, u(θ))dθ)ds

]
+

1

Γ(p)

∫ t

0
(t− s)p−1h(s, u(s),

∫ s

0
g(θ, u(θ))dθ)ds

−E
[
u∗0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u∗(s),

∫ s

0
g(θ, u∗(θ))dθ)ds

]
+

1

Γ(p)

∫ t

0
(t− s)p−1h(s, u∗(s),

∫ s

0
g(θ, u∗(θ))dθ)ds

∣∣∣∣
≤ E|u0 − u∗0|+ E

n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1

∣∣∣∣h(s, u(s),

∫ s

0
g(θ, u(θ))dθ)ds

−h(s, u∗(s),

∫ s

0
g(θ, u∗(θ))dθ)ds

∣∣∣∣+
1

Γ(p)

∫ t

0
(t− s)p−1

∣∣∣∣h(s, u(s),

∫ s

0
g(θ, u(θ))dθ

−h(s, u∗(s),

∫ s

0
f(θ, u∗(θ))dθ

∣∣∣∣ds
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≤ E|u0 − u∗0|+ E
n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1

(
k1‖u− u∗‖

+k2

∫ s

0
|g(θ, u(θ))− g(θ, u∗(θ))|dθ

)
ds+

1

Γ(p)

∫ t

0
(t− s)p−1

(
k1‖u− u∗‖

+k2

∫ s

0
|g(θ, u(θ))− g(θ, u∗(θ))|dθ

)
ds

≤ E|u0 − u∗0|+
k1T

p‖u− u∗‖E
∑n

i=1 qi
Γ(p+ 1)

+
k1k2T

p+1‖u− u∗‖E
∑n

i=1 qi
Γ(p+ 2)

+
k1T

p‖u− u∗‖
Γ(p+ 1)

+
k1k2T

p+1‖u− u∗‖
Γ(p+ 2)

≤ Eδ +
1

Γ(p+ 1)

(
1 + E

n∑
i=1

qi

)(
k1T

p +
k1k2T

p+1

p+ 1

)
‖u− u∗‖.

Which gives

‖u− u∗‖ ≤ Eδ[
1− 1

Γ(p+1)

(
1 + E

∑n
i=1 qi

)(
k1T p + k1k2T p+1

α+1

)] = ε

Thus, the solution of initial value problem (1.1)-(1.2) continuously depends on u∗0.

6.2. Continuous Dependence on the Nonlocal Data qi

Definition 6.3. Let u∗ is the solution of the initial value problem

CD
p
u∗(t) = h(t, u∗(t),

∫ t

0

g(s, u∗(s))ds) (6.3)

with nonlocal condition

u(0) +
n∑
i=1

q∗i u
∗(σi) = u0,

n∑
i=1

q∗i > 0, σi ∈ (0, T ]. (6.4)

Then, the solution u ∈ C[J,X] of initial value problem (1.1)-(1.2) is said to be
continuously depends on nonlocal data qi, if

∀ε > 0, ∃ δ(ε) > 0 s.t. |u0 − u∗0| < δ =⇒ ‖u− u∗‖ < ε.

Theorem 6.4. Let the assumptions H5-H7 are satisfied. Then the solution of
initial value problem (1.1)-(1.2) continuously depends on the nonlocal data qi.
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Proof. Let u, u∗ be two solutions of the initial value problem (1.1)-(1.2) and
(6.3)-(6.4) respectively. Then

|u(t)− u∗(t)| =
∣∣∣∣E[u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u(s),

∫ s

0
g(θ, u(θ))dθ)ds

]
+

1

Γ(p)

∫ t

0
(t− s)p−1h(s, u(s),

∫ s

0
g(θ, u(θ))dθ)ds

−E∗
[
u∗0 −

n∑
i=1

q∗i
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u∗(s),

∫ s

0
g(θ, u∗(θ))dθ)ds

]
+

1

Γ(p)

∫ t

0
(t− s)p−1h(s, u∗(s),

∫ s

0
g(θ, u∗(θ))dθ)ds

∣∣∣∣
≤ EE∗nδ|u0|+

∣∣∣∣E∗ n∑
i=1

q∗i
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u(s),

∫ s

0
g(θ, u(θ))dθ)ds

−E
n∑
j=1

q∗i
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u∗(s),

∫ s

0
g(θ, u∗(θ))dθ)ds

+E

[ n∑
i=1

q∗i
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u∗(s),

∫ s

0
g(θ, u∗(θ))dθ)ds

−
n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u(s),

∫ s

0
g(θ, u(θ))dθ)ds

]∣∣∣∣
+
k1T

p‖u− u∗‖
Γ(p+ 1)

+
k1k2T

p+1‖u− u∗‖
Γ(p+ 2)

≤ EE∗nδ|u0|+ nδ

[(
k1T

p

Γ(p+ 1)
+
k1k2T

α+1

Γ(p+ 2)

)
‖u∗‖+

T pL1

Γ(p+ 1)
+
k2T

p+1L2

Γ(p+ 2)

] n∑
i=1

qi

+E

∣∣∣∣[ n∑
i=1

q∗i
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u∗(s),

∫ s

0
g(θ, u∗(θ))dθ)ds

−
n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u∗(s),

∫ s

0
g(θ, u∗(θ))dθ)ds

+

n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u∗(s),

∫ s

0
g(θ, u∗(θ))dθ)ds

−
n∑
i=1

qi
1

Γ(p)

∫ σi

0
(σi − s)p−1h(s, u(s),

∫ s

0
g(θ, u(θ))dθ)ds

]∣∣∣∣
+
k1T

p‖u− u∗‖
Γ(p+ 1)

+
k1k2T

p+1‖u− u∗‖
Γ(p+ 2)
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≤ EE∗nδ|u0|+ nδ

[(
k1T

p

Γ(p+ 1)
+
k1k2T

α+1

Γ(p+ 2)

)
‖u∗‖+

T pL1

Γ(p+ 1)
+
k2T

p+1L2

Γ(p+ 2)

] n∑
i=1

qi

+E

[
nδ

[(
k1T

p

Γ(p+ 1)
+
k1k2T

p+1

Γ(p+ 2)

)
‖u∗‖+

T pL1

Γ(p+ 1)
+
k2T

p+1L2

Γ(p+ 2)

]
+

n∑
i=1

qi

(
k1T

p‖u− u∗‖
Γ(p+ 1)

+
k1k2T

p+1‖u− u∗‖
Γ(p+ 2)

)]
+
k1T

p‖u− u∗‖
Γ(p+ 1)

+
k1k2T

p+1‖u− u∗‖
Γ(p+ 2)

≤ EE∗nδ|u0|+ nδ

[(
a1T

p

Γ(p+ 1)
+
k1k2T

p+1

Γ(p+ 2)

)
‖u∗‖+

T pL1

Γ(p+ 1)
+
k2T

p+1L2

Γ(p+ 2)

]
(
E +

n∑
i=1

qi

)
+

(
1 + E

n∑
i=1

qi

)(
k1T

p

Γ(p+ 1)
+
k1k2T

p+1

Γ(p+ 2)

)
‖u− u∗‖.

Hence

‖u−u∗‖ ≤
EE∗n‖u0‖+ n

[(
k1T

p

Γ(p+1)
+ k1k2T

p+1

Γ(p+2)

)
‖u∗‖+ TpL1

Γ(p+1)
+ k2T

p+1L2
Γ(p+2)

](
E +

∑n
i=1 qi

)
+

(
1 + E

∑n
i=1 qi

)
1−

(
1 + E

∑n
i=1 qi

)(
k1Tp

Γ(p+1)
+ k1k2Tp+1

Γ(p+2)

) δ = ε,

where E∗ = (1 +
∑n

i=1 q
∗
i )
−1. Then the solution of the initial value problem (1.1)-

(1.2) continuously depends on the nonlocal data qi.

6.3. Continuous Dependence on the Functional g

Definition 6.5. Let u∗ is the solution of the initial value problem

CD
p
u∗(t) = h(t, u∗(t),

∫ t

0

g∗(s, u∗(s))ds) (6.5)

with nonlocal condition

u(0) +
n∑
i=1

qiu
∗(σi) = u0,

n∑
i=1

qi > 0, σi ∈ (0, T ]. (6.6)

Then, the solution u ∈ C[J,X] of initial value problem (1.1)-(1.2) is said to be
continuously depends on the functional g, if

∀ε > 0, ∃ δ(ε) > 0 s.t. |g − g∗| < δ =⇒ ‖u− u∗‖ < ε.

Theorem 6.6. Let the assumptions H5-H7 are satisfied. Then the solution of
initial value problem (1.1)-(1.2) continuously depends on the functional g.
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Proof. Let u, u∗ be two solutions of the initial value problem (1.1)-(1.2) and
(6.5)-(6.6) respectively. Then

|u(t)− u∗(t)| =
∣∣∣∣E[u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds

]
+

1

Γ(p)

∫ t

0

(t− s)p−1h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)ds

−E
[
u0 −

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1h(s, u∗(s),

∫ s

0

g∗(θ, u∗(θ))dθ)ds

]
+

1

Γ(p)

∫ t

0

(t− s)p−1h(s, u∗(s),

∫ s

0

g∗(θ, u∗(θ))dθ)ds

∣∣∣∣
≤ E

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1

∣∣∣∣h(s, u(s),

∫ s

0

g(θ, u(θ))dθ)

−h(s, u∗(s),

∫ s

0

g∗(θ, u∗(θ))dθ)

∣∣∣∣ds+
1

Γ(p)

∫ t

0

(t− s)p−1

∣∣∣∣h(s, u(s),

∫ s

0

g(θ, u(θ))dθ

−h(s, u∗(s),

∫ s

0

g∗(θ, u∗(θ))dθ

∣∣∣∣ds
≤ E

n∑
i=1

qi
1

Γ(p)

∫ σi

0

(σi − s)p−1

(
k1‖u− u∗‖+ k1

∫ s

0

|g(θ, u(θ))− g∗(θ, u∗(θ))|dθ
)
ds

+

∫ t

0

(t− s)p−1

(
k1‖u− u∗‖+ k1

∫ s

0

|g(θ, u(θ))− g∗(θ, u∗(θ))|dθ
)
ds

≤ 1

Γ(p+ 1)

(
1 + E

n∑
i=1

qi

)
k1T

p+1δ

p+ 1

+
1

Γ(p+ 1)

(
1 + E

n∑
i=1

qi

)(
k1T

p +
k1k2T

p+1

p+ 1

)
‖u− u∗‖.

Hence

‖u− u∗‖ ≤

1
Γ(p+1)

(
1 + E

∑n
i=1 qi

)
k1T p+1δ
p+1

1− 1
Γ(p+1)

(
1 + E

∑n
i=1 qi

)(
k1T p + k1k2T p+1

p+1

) = ε.

Then the solution of the initial value problem (1.1)-(1.2) continuously depends
upon the functional g.
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7. Examples

Example 7.1. Consider the following nonlinear fractional order integro-differential
equation for p ∈ (0, 1]

CD
p
u(t) = (1 + t)2 +

u(t)

3 + t2
+

∫ t

0

1

4

(
sin(2s+ 2) +

s2u(s)

3(1 + u(s))

)
ds, a.e t ∈ (0, 1]

(7.1)

with infinite point boundary condition

u(0) +
∞∑
i=1

1

3i
u

(
i

i+ 1

)
= u0. (7.2)

Set

h(t, u(t),

∫ t

0

g(s, u(s))ds) = (1 + t)2 +
u(t)

3 + t2
+

∫ t

0

1

4

(
sin(2s+ 2) +

s2u(s)

3(1 + u(s))

)
ds.

Then

|h(t, u(t),

∫ t

0

g(s, u(s))ds)| = (1 + t)2

+
1

3

(
|u(t)|+

∫ t

0

3

4

∣∣∣∣( sin(2s+ 2) +
s2u(s)

3(1 + u(s))

)∣∣∣∣ds),
and also

|g(s, u(s))| = 3

4
| sin(2s+ 2)|+ 3

12
|u(s)|.

With φ(t) = (1 + t)2 ∈ L1[0, 1], ϕ(t) = 3
4
| sin(2s + 2)| ∈ L1[0, 1], k1 = 1

3
, k2 = 3

12
,

1
Γ(α+1)

(
1 + E

∑n
i=1 qi

)(
k1T

p + k1k2T p+1

p+1

)
= 1

Γ(p+1)

(
1 +

1
2

1+ 1
2

)(
1
3

+
1
3
. 3
12

p+1

)
< 1,

∀p ∈ (0, 1], all the assumption H1 − H4 of Theorem 3.1 are satisfied. Therefore
by applying the Theorem 3.1 with convergent series

∑∞
i=1

1
3i

, IVP (7.1)-(7.2) has a
solution u.

Example 7.2. Consider the following nonlinear fractional order integro-differential
equation for α ∈ (0, 1]

CD
p
u(t) = t7 + t3e−2t + 1 +

u(t)

t+ 2
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+

∫ t

0

1

5

(
cos2(2s+ 2) +

s3u(s)

4e|u(s)|

)
ds, a.e t ∈ (0, 1], (7.3)

with infinite point boundary condition

u(0) +
∞∑
i=1

1

4i
u

(
i3 + i2 − 1

i3 + i2

)
= u0. (7.4)

Set

h(t, u(t),

∫ t

0

g(s, u(s))ds) = t7 + t3e−2t + 1 +
u(t)

t+ 2

+

∫ t

0

1

5

(
cos2(2s+ 2) +

s3u(s)

4e|u(s)|

)
ds.

Then

|h(t, u(t),

∫ t

0

g(s, u(s))ds)| ≤ t7 + t3e−2t + 1

+
1

2

(
|u|+ 2

5

∫ t

0

∣∣∣∣( cos2(2s+ 2) +
s3u(s)

4e|u(s)|

)∣∣∣∣ds)
and also

|g(s, u(s))| = 2

5
| cos2(2s+ 2)|+ 1

10
|u|.

All the assumption H1 −H4 of Theorem 3.1 are satisfied with φ(t) = t7 + t3e−2t +

1 ∈ L1[0, 1], ϕ(t) = 2
5
| cos2(2s + 2)| ∈ L1[0, 1], k1 = 1

2
, k2 = 1

10
, 1

Γ(α+1)

(
1 +

E
∑n

i=1 qi

)(
k1T

p + k1k2T p+1

p+1

)
= 1

Γ(p+1)

(
1 +

1
3

1+ 1
3

)(
1
3

+
1
3
. 1
10

p+1

)
< 1, ∀p ∈ (0, 1],

all the assumption H1 − H4 of Theorem 3.1 are satisfied. Therefore by applying
the Theorem 3.1 with convergent series

∑∞
i=1

1
4i

, IVP (7.1)-(7.2) has a solution u.

8. Conclusion
In this paper Caputo fractional differential equations are studied with infinite

point boundary conditions. The statement of the initial value problem is set up
and an interpretation of the solutions is given. Further continuous dependence on
initial point, on nonlocal data, on the functional is also studied. The fixed point
theorems are used to prove main results. The obtained results are verified by some
examples.
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