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Abstract: In this paper, we have proved some common fixed point theorems of a
family of self maps without continuity in 2-Banach space. We have used functions
on R,” to R, and also generalize many existing results.
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1. Introduction

In 1965, Gahler ([5], [6]) introduced 2-Banach space and Iseki [7] obtained some
results on fixed point theorems in 2-Banach spaces. After the introduction of 2-
Banach space many research workers have extended fixed point theorems of metric,
Banach spaces etc. in the new setup of 2-Banach spaces. Mishra et al. [10], Khan
and Khan [8], Saha et al. [12], Mishra et al. [11], Saluja [13], Saluja and Dhakde
[14], Das et al. [1], Shrivas [15], Das et al, [2] - [3], Liu et al. [9] and etc. have
worked on fixed point and common fixed point theorems in this space. In this
paper we also have proved some unique common fixed point theorems in 2-Banach
spaces.
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2. Definitions and Preliminaries
Gabhler [5] has introduced the notion of 2-norm as follows:

2-norm: Let X be a linear space and ||., .|| is a real valued function defined on X
where

i) ||la,b]| = 0 if and only if a and b are linearly dependent;

ii) [la, b = [|b, all;

ii) [la, 26 = [2] ||a, bl

v)lla, b+l < lla,b] + lla, ]
for all a,b,c € X and x € R. Then |.,.| is called a 2-norm and the pair (X, ||.,.||)

is called a 2-norm space.

In this paper, we denote X as a 2-normed space unless otherwise stated.
Convergent: A sequence {x,} in a 2-norm space X is said to be convergent if
there is a point # € X such that lim, .« ||z, — z,al| =0 for all a € X.

Cauchy Sequence: A sequence {z,} in a 2-norm space X is called a Cauchy
sequence if limy, ;00 ||€n — T, a|| = 0 for all a € X.

2-Banach Space: A linear 2-norm space is said to be complete if every Cauchy
sequence in X is convergent in X. Then we say X is a 2-Banach Space.

Let us consider a function f:R,> — R, given by

to+ 13 ty+ts

f(t1,ta, t3, 4, t5) = max{ty,

% (2.1)

2 72
t t ts3 t t
f(tlu t27t37t47t5) = maX{ . * ; i 37 . —;)_ 5}' (22)

3. Main Part
In this part we have proved some unique common fixed point theorems in 2-
Banach spaces.

Theorem 3.1. Let {F,}2, be sequence of self maps on 2-Banach space (X, ||.,.||)
satisfying
|Fo— Fyy,pll < af(le—y, ol o= Fie, pll, ly— Fyy, pll, Iz — Eyg, ol lly— Fiz, pl),
where a < 1 and f satisfies the relation (2.1). Then {F,,}5°, have a unique common
fized point in X.
Proof. Let {z,} be sequence of points of X given by z,,11 = F;z,, with the initial
approximation xy € X for a fixed ¢. If Fiz, = =z, ie., z,0.1 = x,, then x, is a
common fixed point of {F,}. So without loss of generality assume x, 1 # .

We now show that lim,,_,« ||z, — =, p|| = 0.
Since,

[ €041 = 2, pl| = | Fizn — Fjzn_y, pl|
< @ (1n — 1,5l 20 — Fitms 2l o1 = Fyzn s, ol I6m — Fyn,l, 1701 —
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= af(lzn — -1, pll; |20 — Tngr, P[], |01 — xn,opll Mzn = o, Il 1201 — Tnt1, )
:amaX{H-iEn—ZUn—l,pH l|lzn— wn+17pll+llxn 1=Zn,p|| Ot[Tn—1— xn+1,pll}

2
|z —2n41 P||+||90n 1= J»‘mpH lzn—1—@n,pll+llzn— xn+17pll}
2 2

< amax{||z, — zn_1,p|, |

< amax{||z, — Tp-1, |, (|20 — Tnt1, plI}- (3.1)

If ||z, — p-1,p|| < ||Zn — Znt1, ||, then from (3.1), we have
||xn+1 - xmpH < O‘Hxn—i-l - xnupH
implies 1 < «, which is a contradiction.
Therefore {||z,, — x,—1,p||} is a sequence of real numbers monotone decreasing and
bounded below.
Suppose lim,, o |27 — p_1,p|| = s.
Since,
s = lim, o [|[Tn — Tp1,P||
= lim,, o || Fixn—1 — FjZn_2,p||
< limy oo f (|n-1 = Tp2, |, 201 — Fin—1, pll, [|T0n-2 — Fjzn_2,pl,
[en—1 = Fjons,pll; [#n—2 = Fitn, pl)
< alimy, oo f([|[Tn-1 — Tno2, I, |Tn-1 — T, DIl |Tn—2 — Tn1, Pll; |T0-1 — 20y, 2l
[Zn—2 — T, pl|)
= alim,, oo max{||Zn_y — Tp_2, p|, ”Infl_x'ﬂap”"'”xan_mnflva’ O+ll#n—2—2n,pl

2 2
< a'lim max{||z,_1 — 2n_s, ||, Hxnfl_$nap“+‘2|$n72_-1’n717p”’ H-1’n72_33n717p!+||mn71_$n7p“}

n—oo

<as

implies, s =0

ie., lim, o ||z, — 2, p|| = 0.
Now, let n > m € NU{0}. Then
2011 = Ty, pll = (| Fien — Fjm, pl|

= af (lon = Zm, pll |20 = Zngas P[5 [2m — Zmgrs Pl 20 = Zroir, I 120 = 2nga, p]))
= amax{||z, — Zm, p||, Hwn—xn+1,p||+2||wm—xm+17pll’ IIIn—wm+1,pIIJ2rllwm—xn+17p|| 1.
Taking limit as n,m — oo on the both sides of the above inequality, we get

limn,m_mo ||«Tn+1 - Im+1;p||

< amax{ lim |z, — xy,,p|,0, lim
n,m—0o0 n,m—0o0

Hxn_xmvpll+“xm_xm+l7p||+||xm_x’ﬂ7p||+||x"_xn+17pH }
2

= amax{hmn,m—mo ”xn - xmapH7hmn,m—)oo Hxn - -’Em,pH}

= Oéhmn,mﬁoo H:Cn - ajm?pHa

which implies, limy, ;00 ||Zn — Tm, p|| = 0 [ since a # 0].

Thus {z,} is a Cauchy sequence in X. Since X is complete, there exists an x € X
such that lim,, ;00 ||z, — 2, p|| = 0.
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Now we show that z is a common fixed point of {F,}>2 ;.
Again,

|Fix — 2, pl| < [|[Fx — @n, pll + |20 — 2, pl]
= |[|Fix — Fjz,_1,pll + |2, — 2, p||
< O‘f(Hx_mnfpr’ H.I’—Fﬂ‘,p“, Ha:nfl_ijn*pr’ Hx_ijn*prv Hznfl_Fi%pH)"i_
|20 — 2, pl|
= O‘f(Hxn - xn—th: “I - FixaPH? Hxn—l - l‘n,pH, HJ: - xn,pH, ||.In_1 - Ex,p”) +
|2 — 2, pl|
= amax{||z, — zp_1,p|
Taking limit as n — oo we get from above

I IIw—Fim7p||+|2|$n71—xn,pll7 Hw—xn,pll+ll2:vn71—Fw,pH} + ||lzn — 2, p||.

Fiz—wzp|| |[Fiz—zp||
5o, L 40

Le., ||Fix — x,p| < aw < a||Fx —z,p|
implies, ||Fiz —z,p|| =0

ie., Fir ==

Thus z is a common fixed point of {F,}>2 ;.

limy, o0 || Fjz — 2, p|| < avmax{0, |

To show the uniqueness, let =’ be another fixed point of {F},}>2 ;.
Since,

le =o', pll = || Fiw — Fya', p
< af(|le =2, pll, [l = Eiz, p|l, |2 = Fja', pll, [l = Fja', pll, [|«" — Fi, pl])
= af([le =2, pl|, | =, pl|, |2 =2, pl|, [z = 2", pll, ]2 = 2, pll)
= amax{||z — 2/, p||, 0, ”m_x,’p”;l‘x_x/’p”}

= aflz —2',p|,
which implies, ||z — 2/, p|| = 0 [ since o # 0 |
ie., r=u2a2.

Hence {F},}22, have a unique common fixed point in X.

Corollary 3.1. Let Fy and F» be two self maps on 2-Banach space (X, ||.,.||)
satisfying

|1 Frz—Foy, pll < af(llz—y,pl, |z —Fiz, pll, ly—Fay, pll, |2 = Fay, pll, ly— Fiz, p)),
where o < 1 and f satisfies the relation (2.1). Then Fy and Fy have a unique
common fized point in X.

Proof. Putting F; = F; and F; = F5 in the Theorem 3.1 we get the result.

Corollary 3.2. Let F be a self map on 2-Banach space (X, ||.,.||) satisfying
where o < 1 and f satisfies the relation (2.1). Then F have a unique fized point
mn X.

Proof. Putting I; = F; = F' in the Theorem 3.1 we get the result.
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Theorem 3.2. Let {F,}32, be sequence of self maps on 2-Banach space (X, |.,.||)
satisfying
|Fie— Fyy.pll < BF(la—Few.pl, ly— . pll. Il — Fyy. pll Iy — P pl, lle — . o).
where 5 < 1 and f satisfy the relation (2.2). Then {F,}°, have a unique common
fized point in X.
Proof. Let zy € X be an initial point. Construct a sequence {x,} in X, for a fixed
1, such that x, ., = Fiz,. If 2,1 = 2, i.e., Fjz, = x,, then x,, is a common fixed
point of {F,}>° . So without loss of generality, suppose z,+1 # x,¥n € NU {0}.
Since,

[Zn41 = 2, pl| = | Fizn — Fjzn_1, |
< 5f(||”’§n — Fizn, pl; 201 = Fjzn—1, pll; 20 = Fjzn—y, pll, lzn-1 — Fizn, pll, l2n —
Tp—1,P

= Bflwn = 2npr, plls 201 = 2, Pl 120 = 20, P, (201 = Zngr, 2], 120 = 201, pl)
— Bmax{ lzn=2nt1,pl[+]|zn—1—2n.pl+]|lzn— a:mpll llzn—1— xn+1,p||+||xn T 1,p||}

3
< ﬁmax{ l|zn— In+1,PH+H~’0n 1— xn,PH [|Zr—1 xn,p||+||xn—x3n+1,pH-&-H%—% 17p||}

S 5max{||xn—a:n+1,p||,||xn—xn_l,pH}. (32)

If ||z — 2n1,p| < ||Tn — Tnt1, pl|, then from (3.2) we get

[Zn41 = T, Pl < BllTnsr — 20 p
which implies, 1 < 3, a contradiction.
Therefore,

@011 = @, pl| < |20 — 201, |-
Thus {||x, — zn-1,p||} is a monotone decreasing sequence of non-negative real

numbers. Suppose lim,, .« ||z, — z,_1,p]| = 7.
Thus
r= hmn—)oo ||:En - xn—lapH = hmn—>oo ||E$n—1 - F’]"In—Z:pH

< man%oo f(H:Bn,1 - Fixnflupuv Hxn*Q - ijn*27pH> Hmnfl - ijn*%p”’
[€n—2 — Fyzn_1,pll,

|01 — Zn_2, pl|)

= lim,, Bf(”xn—l - InaP”? Hxn—? - xn—th: “xn—l - xn—lapnv Hxn—? - Imp“?

”:En—l - xn—27p||)
= lim,, o ﬁmax{(len—l—xn,pll+llxn—2—xn—1,pH+Hl‘n—1—wn—17p||, IIwn—2—xmpH+§xn—1—xn—z,pll}

3
< Blim, s masc{ Unmt=gnplten—2—ns pltleas—ra-sp]

lzn—2=2n—1,pl+|Zn—1=2np|+[Tn—1=2n_2,p

3
< Blimy oo max{||z, — Tn_1, 2|, |Tn-1 — Tn_2,p||}
= Bmax{r,r}
g /8’]"



184 South FEast Asian J. of Mathematics and Mathematical Sciences

implies, r =0 [as § < 1]

ie., lim, o ||z, — z,—1,p| = 0.
Now, for n > m € N,
“xn—i-l - xm—i—lapH - ||-F7,xn - F’]Inmp”

< Bf(”xn - Fixn?pH> Hmm - ijm>p”7 “xn - ijm’pl‘v me - Fixn7pH> Hmn - xm’plb

= Bf(lzn — Tpi1, Pls |20 = Zog1, DAl |20 — Tongr, DI 1200 — T, Pl (|20 — 2, )
—BmaX{Hx" Tyt 1,0+ Tm =Ty 1,0+ @ — xm+17p|| l|zm— xn+17p||+||wn frmvpll}

3
</8max{”l'n "En+1,p‘|+llzm $m+1,p||+|‘513n mT‘VLJ)”J’»HQ:"WI mT?’L‘|’17p|| me .’ﬂn,p”*‘rHl'n .’E:)’n_'_l,p”Jr”fEn x’ﬂhp”}

3

< Bmax{[|z, — Tny1, 2|, |Tm — Tomgr, Pl |20 — xmapH}'

Taking limit as n, m — oo on the both sides of the above inequality, we get
hmn,m—wo Hxn-i-l - xm-i-lap” < Blimy, 00 ”xn - xm7p||

implies, lim,, ;,—c0 ||Zn — Zm, p|| = 0.

Thus {x,} is a Cauchy sequence in X. Since X is complete, there is an z € X such

that lim,, . ||z, — 2,p|| = 0.

Since ||Fiz — z,p|| < ||Fiz — xp, p|| + |20 — 2, p|

= ||Fiz — Fizp—1,p|l + [l2n — 2, p||

< BF(lz=Fiz, pl s = Fywn1,pll 2= Fs, o1 — Fiz, pl, 2= 1, pll)+

|20 — 2, p||

= Bf(lz = Fz,pll, |2a-1—2n, Dll, |2 = 20, pI|, |01 — Fiz, pl|, [[2 = @01, P|) + 20 —

z,p||
—Bmax{”z Bispltlonct —supltlz=anpl lenms=Fispltlsanial) | o~ 2 )l

Taking lim,,_,,, on the both sides of the above inequality, we have
hm HFz — 2,7

F; —F;
< ma mas{ ==zttt lenms-Fzslltleratol) | fin g, - 2, )|
n—oo

_ BmaX{HF Z3 z,pll7 I Fi 23 z,pH}
< BllFiz — 2,p||
which implies, (1 — §)||Fiz — z,p|| <0
ie., |[Fiz—=zpl]=0
ie., Fz=z.
So z is a common fixed point of {F,,}° .
Let 2’ be another common fixed point of {F,}52 .
Then ,
Iz = 2, pll < || Fiz = F32', pll
< Bf(lz = Ezpll 1" = F2',pll, |2 = F52 pll, 12" = Fiz, pll, |2 = 2, pll)
= Bflz =z pl, 112 = 2 pll, 12 = 2/, pll, |2 = 2, pll, [[2 = 2/, pl])
P = R ES

3
S B”Z_ Z/7p||
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implies, ||z — 2,p|| =01ie., z=2".

Hence {F},}22, have a unique common fixed point in X.

Corollary 3.3 Let Fy and Fy be two self maps on 2-Banach space (X, ||.,.||) sat-
18fying

[Pz —Foy, pl| < Bf([lz—Fiz,pl, ly—Fay, pll, [z — Fay, pll, ly—Faz, pll, [ =y, pl),
where 5 < 1 and f satisfy the relation (2.2). Then Fy and Fy have a unique com-
mon fized point in X.

Proof. Put F; = F; and F; = F5 in the above Theorem 3.2 we get the result.

Corollary 3.4. Let F be a self map on 2-Banach space (X, ||.,.||) satisfying
\Fz— Fy,pll < 8f (e — Fo,pl, Iy — Fy, ol Ie — Fy, ol Iy — Fa.pll Iz — v, 71,
where f < 1 and f satisfy the relation (2.2). Then F have a unique fixved point in
X.

Proof. Put F; = F; = I in the above Theorem 3.2 we get the result.

Theorem 3.3. Let {F,}32, be sequence of self maps on 2-Banach space (X, |.,.||)
satisfying

< ol bt =Bl 4 Bmax{||x — Fyy, pll, |y — iz, pll} +4lly — Eyy,pll
where «, B,7 are non-negative real numbers and 3o+ 25 + v < 1. Then {F,}32,
have a unique common fized point in X.

Proof. For an initial approximation yy € X construct a sequence {y,} in X such
that y,.1 = Fyy, forafixedi =1,2,3,.... lfy, = Fy,ie., ¥y, = Yny1, n=0,1,2,...
then y,, is common fixed point of {F,}°, for all n = 0,1,2,... and the proof is
completed.

So we assume that y,.1 # vy, V n € NU{0}.

Now we show that {y,} is a Cauchy sequence.
Since,

1Yn+1 = Yn, DIl = 1 Fiyn — Fyn, |

3. + b + F ).
< a Mttt ) 8 masc{ [y Fyg, Pl ynor = Figm, 1}

+’7l|yn 1 F’jyn 1,p||

< a([|lyn = Yn-1, 2l + ¥ = Y DIl + [|Un-1 = Ynt1, 2Il) + B max{||yn — yn, P, |Yn-1 —
Ynt1, P} + YN Yn-1 — yn, 2l

< alllyn = Y1, Pl + -1 = Yns DIl + 190 = Yns1s 2l + BlllYn—1 — Y, 2l + |y —
Yn+1, Pll] + VN Yn-1 = Y, D

implies, (I —a — B)|Ynt1 — yn, Pl < 2o+ B+ Y)[|yn — Yn-1, Pl

e [Yntr = v 2l < 2D 9 — g, 1l

= k||Yn — Yn—1,p| [ where 21‘””6 =k<1]
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< kQHyn—l — Yn—2, Dl

< E™|ly1 — o, pl|-
Taking limit as n — oo, we get

limy, oo [|Yns1 — Yn, 0| =0 [as k < 1].
Now, let n > m € N. Then

90 = s Bl = 1 Fitin—1 — Fyym 1,2

< a(||yn71—ym717p||+||yn71—ijmf1,p||+||ym71—Fiyn717p||)
= 1+ lyn—1—=Fym—1,2l+ym—1—Fiyn—1,ll

+ Bmax{||yn-1 = Fj¥Ym—1, 2l |¥m-1 — Fithn—1, 0} +Y|Ym-1 — Fjym-1,D||
< a([|Yyn—1=Ym—1, P+ Yn-1=Ym, Pl +Ym—1—Yn, PI1)+B max{||yn—1—Yum, P, [[Yrm—1—
Yns P} + VYm—1 = Ym, |
< lYn-1=Ym-1, P + Y01 =Y, Pl + 1190 = Y, I+ | Yim—1 = Yoms Pl 4 1Y — Y, £I) +
Bmax{||yn—1—Yn, Pl +11Yn =Y DIl 1Ym—1 =Y, DI+ Ym = Yns I+ Ym—1 = Yo .
Let limy, ;m—o0 [|[Ym — Yn, Dl = 7
Then from above we get
r<a(r+0+r+0+7r)+ Sfmax{0+r,0+7}+7~.0
implies, r < 3ar + fr
ie,(1-3a—-p8)r<0
ie,r=0([since 1 —3a— [ #0]
i.e., limy, m—oo [|Yn — Ym, p|| = 0.
Thus {y,} is a Cauchy sequence. Since X is complete, there exists a y € X such
that lim, . ||yn — v, p|| = 0.
Since,
1Ey =y 2l < 1Fy = yns 2l + lyn — v, 2
= |Ey — Fiyn—1, 0/l + lyn — v, pll

— —1 + —F; —1 + 1—F; .
< a(lia el ) sy~ Fy .l s~ Fa I+

YNyn-1 = Fiyn-1,pll + lyn — v, |
< allly = yn-1, 2l + 1y = v, 2l + llyn—1 — Fiy,pll) + Bmax{lly — yn, pll, |yn-1 —
Fiy, pll} + YN yn-1 = yn, 2l + llyn — v, 2ll-
Taking limit as n — oo we get from the above inequality,
limy, o0 | Fiy — v, 0|l < ally — Fy,pll + Blly — Fy, pll +~7.04+0
implies, (1 —a — B)|ly — Fiy,pl| <0
ie,|ly—Fyp|=0
ie., Fiy=y.
Thus y is a common fixed point of {F,,}°° .
Let z be another common fixed point of {F,,}°°,. Then

ly =z pl = 1 Fiy = Fz p|
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lly—z.pll+lly—Fjzpl+lz—Fiy

sa Tl Pl = Frul 2+ gmax{|ly — Fyz,pll, Iz = Fy. pll} + 7112 — Fy2,p|
< oluprltl sl Euil 4 gmaxd|ly — 2, p, |12 = g, pl1} + 7112 = 2,9l

< Ba+B+7)y — 2 pl
implies, (1 —3a — 8 -9y —2,p]| <0
i'e'7 Hy - vaH =0
ie,y=z.
Hence {F,}°2, have a unique common fixed point in X.

Corollary 3.5. Let Fy and Fy be two self maps on 2-Banach space (X, |.,.||)
satisfying

|Fiz — Foy, p|

< ol St 4 Bmax{||z — Foy, pll, |y — Fre,pll} +7lly = Fay. pl.

where a, B, are non-negative real numbers and 3o+ 23 +~v < 1. Then Fy and F;
have a unique common fized point in X.

Proof. Putting F; = F and F; = F5 in the Theorem 3.3 we get the desired
result.

Corollary 3.6. Let F be a self map on 2-Banach space (X, ||.,.||) satisfying

|Fz — Fy,p
< ol et e+ Bmax{ e — Fy.pll. ly = Fa.pll} +7lly = Fy. pl,
where a, B,y are non-negative real numbers and 3o+ 28 + v < 1. Then F have a
unique fized point in X.
Proof. Putting F; = F; = F in the Theorem 3.3 we get the desired result.

Theorem 3.4. Let {F,}2, be sequence of self maps on 2-Banach space (X, |.,.||)
satisfying
|Fiz — Fyy, p|

—y.pll+l|lz—F;y.p||+|ly—F;z, .
< qlptle—Fwaltly sl 4 g in o — Fyy, pll |y — Fia,pll} +1lly — Fyv. ol

where «, B,7 are non-negative real numbers and 3o+ 25 + v < 1. Then {F,}32,
have a unique common fixed point in X.

Proof. Since min{||z — Fyy, p|l, |y — Fiz,pll} < max{[lz — Fy,pll,[ly — Fiz, pl},
the result follows from the Theorem 3.3.

Theorem 3.5. Let {F,}32, be sequence of self maps on 2-Banach space (X, ||.,.||)
satisfying

|Fiz — Fyy, p|
< ol Bt 4 g maxc{ |l o —Fyy, pl [ly—Fyy, pl 3+ {llz—Fz, pll+ly—Fyy, pll],
where «, 3,7 are non-negative real numbers and 2cc + B + 2y < 1. Then {F,}32,
have a unique common fized point in X.
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Proof. With an initial approximation yo € X, construct a sequence {y, } such that
Ynt1 = Fiyn; n = 0,1,2,... for a fixed i. Similarly as previous theorems, assume
Yn+1 7é ynav n €NU {O}
First of all we show that {y,} is a Cauchy sequence.
Since,
[Yn+1 = Yn, Pl = [ Fin — Fjyn—1, P
< a(lempecteltleFansly 4 g {|ly, — Fyyor. pll, [¥n-s — Fvnr. 0]}
+Yyn = Fyn, pll + [1Yn-1 — Fiyn-1,pll]
< O‘(Hyn _yn—lapH + ||yn - yn+1>p||) +5maX{Hyn - yn,pH, Hyn—l _ympH} +7[Hyn -
Yn+15 Pl + [Yn-1 = Yn, pl]
= al[yn—Yn-1, P+ lYn—Ynt1, DI+ BIYn-1=Yn: DI+ Y0 —Ynr1, PII+Y[Yn—1—Yn, ]
implies, (1 —a —7)[[yn+1 — Yo, 2ll < (@ + B+ V)Yn — Yn—1, P

atf+y
i.e., [Uns1 = yn, 2l S(l_a MYn = Yo, pll
a+B4+7.
< (=7 _
_(1—a ’Y) [9n—1 = Yn—2, Pl
< oz+ﬂ+’y

< (3

S = ol

Taking lim,,_,,, on the both sides of the above inequality, we get
lim,, o ”yn—i-l - ynva =0.
Now, let n > m € N. Then
HynJrl - ym+lap||
= ”Fyn - ]ymvp‘
< ol PR Rantll 1 3 masc{ ||y — Fyyon, s [1gm— Fytm I+ 90— Figm, ]|+
9 — Jym7p“]
< a([lyn = Ym, 2l + 1Y = Yn+1, p1) + B max{|[yn — Ymr1, Pl [[Ym — Y1, 2l Y yn —
Ynt15 Pl + [Ym = Yms1, 2ll]-
Taking limit as n, m — oo we get from above
liHln,m—>oo ”yn-i-l - ym—i—lapH
g Oélimn,mﬁoo ”yn - ymapH + ﬁhmn,m%oo Hyn - ym+17pH + 70
< alimy, o0 [|[Yn = Y, Pl + Bl o0 [|Yn — Y DI+ Y — Yms1, 2ll]
= (a + 6) hmn,m—)oo ||yn - ym7p||
implies, im,, ;o0 ||Yn — Ym, p|| =0
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i.e., {yn} is a Cauchy sequence. Since X is complete, there exists an y € X such
that lim, 0 ||yn — v, p|| = 0.

Now we show that y is a common fixed point of {F,}22 .
Since

1Fy =y pll < 1Fiy = yn, pll + lyn — v, 2l
= 1Fy = Fyyn—1,pll + lyn — v, P
< olumect =Pl 4 g max{|ly— Fjyn—1, 2l [9n-1— Figm—1, Pl +3{lly—Foy, pll+
[Yn—1 = Fjyn-1,pl]] + [lyn — v, 1l
< oy = yn-1.00 + ly = Fiy,pll) + Bmax{lly — yu, pll [yn-1 — yn, 2lI} + llly —
Fiy, pll + Yn—1 = yn, 2l + [y — v 2]l
Taking lim,,,,, on the both sides of above inequality, we get
limy, oo | Fiy =y, 0l < elly — Fyy. pll + 8.0 + |y — Fiy,pll + 0
which implies, (1 —a —7)||Fiy —y,p|| <0
ie., |[Fy—y,pll=0
ie, Fiy=uy.
Thus y is a common fixed point of {F,}22 ;.
Let ' be another fixed point of {F,}22 ;. Then

ly = pll ZF!E-y — Fyy',p|
< a(lgally Pl 4 ginax{|ly— By, pll, Il = Fyy/ pll} +{ly — Foy,pll +1ly/ -
Fiy',pll]

< a(lly=y.pll+Ily—y, pl)+Bmax{(ly—y". pll. |v' =¥, pl }+7[ly—y. I+ v’ =", pll]
= ally =, pll + Blly — /', pl
that implies, (1 —a —B)|ly — ¢, p| < 0ie., [y =y, p| =0
ie,y=1v".

Hence the result.
Corollary 3.7. Let Fy and Fy be two self maps on 2-Banach space (X,|.,.||)
satisfying

| Frz — Fay, p

< abe=pt =Rl 4 Gax{ | — Fyy, ), Iy — Foy,pll} +2{llz = Frapll + ly -

F2y7pH];
where a, B, are non-negative real numbers and 2ac+ 5+ 2v < 1. Then Fy and F,

have a unique common fixed point in X.
Proof. Putting F; = I} and F; = F} in the Theorem 3.5 the result holds.

Corollary 3.8. Let F' be a self map on 2-Banach space (X, ||.,.||) satisfying
|Fz — Fy,p

T—y, z—Fx,
<l e bel 4 gmaxc{||z—Fy, pl, ly—Fy, ol }+7llx— F, pll +lly—Fy, pll],
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where «, 3,7 are non-negative real numbers and 2a.+ 5+ 2y < 1. Then F have a
unique fized point in X.
Proof. Putting I; = F; = F' in the Theorem 3.5 the result holds.

The next theorem is the generalization of Saluja [13] theorem 3.1. In that
theorem T' was a continuous self map on X. We have proved it to a family of self
maps without continuity as follows:

Theorem 3.6. Let X be a 2-Banach space(with dimX > 2) and {T;}°, be a
family of self maps on X satisfying

HTZm . ij7 a” < hmaX{H:L‘ —, a||, ||w—Tiw,aH-2H\y—ij,a||’ va—ij,aH;Hy—Tix,aH }’
where 0 < h < 1. Then {T;}°, have a unique common fized point in X.
Proof. Let zy € X be arbitrary. Then we construct a sequence {z,} such that
Tni1 = Tiz, for a fixed 7.

We now show that lim,, o ||Zni1 — Zn,al| =0
Now,
|Zni1 — @n, al| = | Tizn — Tho1, a|
S A max{||xn S CLH, Hxn—Tixn,aH—i-H;cn_l—Tj:cn_l,aH : ||~’Cn_zjn—1aaH;‘Hxn—l_TixmaH }
= hmax{||z, — Tp_1,al, ||$n—$n+1’all-gllwn—l—fﬂmall’ \lrn—wn:a\\-F\\;n—l—$n+11a||
< hmaX{Hxn _ xn_haH llzn— $n+17a||+||$n 1— mn,aH’ llzn—1 wn,aH;‘HZn $n+1,a||}

- hmaX{HZEn — Tp_1, aH |-’En—xn+1,a“;”$n 1 CEn,(l”}

< hmax{||z, — xp_1,a|, ||Tn — Tni1,al }. (3.3)

Suppose ||zp—1 — Tp, al| < ||z, — Tpi1, all.
Then from (3.3), ||Zns1 — Tn, al| < Al|xpi1 — @, al|
implies, 1 < h, a contradiction.
Thus [|zp41 — @, al| < ||zn — 2p-1,al|
Therefore, {||,+1—xn, al|} is a sequence of real numbers monotone decreasing and

bounded below. Suppose lim,, o ||Zni1 — Tn,al| = r.
Suppose r # 0. Then,
r= hmn—)oo ||xn+1 — Tn, CLH = hmn—>oo ||Exn - Ewn—la CL”
< lim hmac{ | — 2oy, al], J22=Tznal o iz 10l Jen=Tizacral oo Tiznal y
n—oo
— Bl oo mosc{ [y — o1, af|, Eaztuttalt i —enal lra=enaltleni-enssal
< hlimy, o max{||x, — z,_1, al, Hw"_wnﬂ’a”;”w"*l_gcn’a”, HM*I_ImaH;”xn_an’a”}}

= hlim,_,o max{r, &* =L} = hr
implies, 1 < h, a contradlctlon.
Therefore, lim,, oo ||Tni1 — Zn,al| =0
Now we show that {x,} is a Cauchy sequence.
Since for n > m € N,
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hmn,m—wo ||~Tn — T, CLH
S hmn,m—mo[Hxn — Tn-1, CLH + ||=’L‘n—1 - Tm, CI,H]
= lirnn,m—)oo Hxn—l — T, Cl”

S hmn,m%oo me — T, CZH
=0.
Therefore, {x,} is a Cauchy sequence. Since X is a complete space, there exist a
r € X such that lim,,_,., x,, = .
Next, we show that x is a fixed point of {7;}5°,
Since
lim, o0 |15 — z, a|| < limy, oo [||Tix — 20, al| + ||z, — 2, a|]
= hmn%oo H,—sz - frjmnflv CLH + hmn%oo ||xn -, CLH

. rz—T;x,a||+||xn-1—Tjxn—1,a r—T;xpn—1,0|+|tn-1—-Tiz,a
< limy o0 hmax{[[z — z,_y, a], lE=Tzal e —Ten-val e=Tymn-r ol +lea-1~Tiral y

2
. T . - T
= hlim, o max{|x — z,_1, al, le Zw’a”Jrgx" : m"’a”, e mn’aHH‘;n : Zm’a”}

< h||Tix =z, af
implies, ||T;x — z,a| # 0,
ie., T,x = x.
Thus x is fixed point of X.
Now we show that x is a unique common fixed point of {T;}2,. Let y be
another common fixed point. Then by the given condition, we get

|z =y, all = | Tz — Tjy, a
|, le=Tizaltly=Tol le—Tyaltly—Taaly

< hmax{||x — v,

= hmax{||z — y, al, llz— fvaH+||y y,aH llz— y,aIIJZrIIy xaH}
= hllz —y,a

implies, ||z — y,al| =0

ie., x=y.

Thus z is a unique common fixed point of {7;}°,
Hence the theorem.

Corollary 3.9. Let X be a 2-Banach space(with dimX > 2) and Ty and Ty be two
self maps on X satisfying

| Tz — Thy, al| < hmax{|z — v, al|, ||96*T193,a|\;Hyszy,all7 HI*sz,aH;HymeaH 1,
where 0 < h < 1. Then T} and Ty have a unique common fized point in X.
Proof. Putting T; = T; and T; = T5 in the above Theorem 3.6 we have the
required result.

This result is same as Saluja ([13]) theorem 3.1 without continuity.

Corollary 3.10. Let X be a 2-Banach space(with dimX > 2) and T be a self maps



192

South FEast Asian J. of Mathematics and Mathematical Sciences

on X satisfying
Tz — Ty, al| < hmax{||z —y,a, Hx—Tﬂcvall-QFHy—Ty,all’ IIw—Tyvallﬂ;IIy—TwyaH 1,
where 0 < h < 1. Then T have a unique fixed point in X.
Proof. Putting 7; = T; = T in the above Theorem 3.6 we have the desired
result.
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