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Abstract: In this paper, we introduce the notion of new generalized o — 1)— Ger-
aghty contraction type maps in the context of metric space and establish some
fixed point theorems for such maps. This new contraction map is motivated by
the different Geraghty contraction type maps introduced by many authors over the
years. An example is also given to illustrate our result.
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1. Introduction
In 1973, Geraghty [5] generalized the Banach contraction principle in the setting
of a complete metric space by considering an auxiliary function. This important
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result of Geraghty was further generalized and improved upon by the works of
many authors namely Amini-Harandi & Emami [1], Caballero et al. [3] and Gordji
et al. [6] etc. In 2012, Samet et al.[17] defined the notion of a — ¥—contractive
mappings and obtained remarkable fixed point results. Inspired by this notion of
a — 1—contractive mappings, Karapinar & Samet [9] introduced the concept of
generalized a — 1 —contractive mappings and obtained fixed point results for such
mappings. In 2013, Cho et al. [4] defined the concept of generalized a—Geraghty
contraction type maps in the setting of a metric space and proved the existence and
uniqueness of a fixed point of such maps. Further as generalizations of the type
of maps defined by Cho et al. [4], Erdal Karapinar [10] introduced the concept of
generalized av — 1¥»—Geraghty contraction type maps and proved fixed point results
generalizing the results obtained by Cho et al.[4]. Recently, in 2014, Popescu [15]
generalized the results of Cho et al. [4] and gave other conditions for the existence
and uniqueness of a fixed point of a—Geraghty contraction type maps. Then, very
recently K. Anthony Singh [7] introduced extended generalized o — 1)— Geraghty
contraction type maps and proved some fixed point results generalizing the results
of Popescu [15].

In this paper, motivated by the different Geraghty contraction type maps in-
troduced by many authors, we define new generalized o — 1)—Geraghty contraction
type maps in the setting of metric space and obtain the existence and uniqueness
of a fixed point of such maps. We also give an example to illustrate our result.

2. Preliminaries

In this section, we recall some basic definitions and related results on the topic
in the literature.
Let ¥ be the family of all functions g : [0, 00) — [0, 1) which satisfies the condition

lim B(t,) =1 implies lim ¢, =0.

n—oo n—oo
By using such a map, Geraghty proved the following interesting result.

Theorem 2.1. [5] Let (X, d) be a complete metric space and T a mapping on X .
Suppose that there exists 5 € F such that for all x,y € X,

d(T'z,Ty) < B(d(z, y))d(z, y).
Then T has a unique fized point x, € X and {T"x} converges to x. for each x € X.

Definition 2.2. [17] Let T : X — X be a map and o : X x X — R be a function.
Then T is said to be a—admissible if a(x,y) > 1 implies a(Tx, Ty) > 1.

Definition 2.3. [8] A map T : X — X is said to be triangular a—admissible if
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(T1) T is a—admissible,
(T2) a(x,z) > 1 and a(z,y) > 1 imply o(z,y) > 1.

Lemma 2.4. [8] Let T : X — X be a triangular a—admissible map. Assume
that there exists ©1 € X such that a(xy,Tz1) > 1. Define a sequence {z,} by
Tpr1 = Txy,. Then we have ax,, ) > 1 for all m,n € N with n < m.

Cho et al. [4] introduced the following contraction and proved some interesting
fixed point results generalizing many results in the existing literature.

Definition 2.5. [4] Let (X, d) be a metric space and o : X x X — R be a function.
Amap T : X — X is called a generalized av— Geraghty contraction type map if
there exists B € F such that for all x,y € X,

afz,y)d(Tx, Ty) < B(M(x,y))M(x,y),

where M (z,y) = max{d(z,y),d(x,Tz),d(y, Ty)}.

Erdal Karapinar [10] defined the following class of auxiliary functions.

Let ¥ denote the class of functions ¢ : [0,00) — [0, 00) which satisfy the following
conditions:

(a) v is nondecreasing;

(b) ¢ is subadditive, that is, ¥(s +t) < ¥(s) + ¥(t);

(c) v is continuous;

(d)¥(t)=0<1t=0.

Erdal Karapinar [10] also introduced the following contraction and proved some
interesting fixed point results generalizing the results of Cho et al.[4].

Definition 2.6. [10] Let (X,d) be a metric space and o : X x X — R be a
function. A map T : X — X is called a generalized o — 1)— Geraghty contraction
type mapping if there exists B € F such that for all v,y € X,

a(z,y)(d(Tz,Ty)) < B(Y(M(z,y))) (M (z,y)),

where M (z,y) = max{d(z,y),d(x,Tz),d(y, Ty)} and ) € V.
Popescu [15] extended the notion of generalized a—Geraghty contraction type map
and gave the following definition.

Definition 2.7. [15] Let (X,d) be a metric space and o : X x X — R be a
function. A map T : X — X is called a generalized a— Geraghty contraction type
map if there exists 8 € F such that for all x,y € X,

OZ(LL', y)d(Tl’, Ty) < B<MT(‘T’ y))MT(xv y)»
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where My(z,y) = max {d(m, y), d(z, Tx), d(y, Ty), —d“’%d@fﬂ} .

K. Anthony Singh [7] further introduced the following contraction and proved some
fixed point results generalizing the results of Popescu [15].

Definition 2.8. [7] Let (X, d) be a metric space and o : X x X — R be a function.
A map T : X — X is called an extended generalized o — 1— Geraghty contraction
type map if there exists B € F such that for all x,y € X,

a(z, y)y(d(Tz, Ty)) < B (Mr(z,y))) Y (Mr(z,y)),

where My (z,y) = max {d(x,w,d(x,Tx),d(y,Ty), %} and Y € .

3. Main Results

We now state and prove our main results. Here we introduce the following new
definitions. The new contraction map defined below is motivated by the different
Geraghty contraction type maps introduced by many authors as in the above sec-
tion 2.
Let Q be the family of all functions 6 : [0,00) — [0, 1] which satisfy the following
conditions
(1) O(t) < 1 for t > 0, and
(2) nh_)rgo 6(t,) = 1 implies nh—>nolo t, = 0.

Remark 3.1. Here instead of the family F we are introducing a slightly extended
family €.

Definition 3.2. Let (X,d) be a metric space and o : X x X — R be a func-
tion. Then the mapping T : X — X is called a new generalized o — 1)— Geraghty
contraction type map if there exists 8 € Q) such that for all v,y € X,

oz, y)p(d(Tz, Ty)) < 0 (N(z,y))Y(N(z,y)),

where N(x,y) = max {d(:v, y), deTo)td(y.Ty) d(m’Ty);d(y’TI)} and ¢ € V.

2 Y

Theorem 3.3. Let (X, d) be a complete metric space, o : X x X — R be a function
and T : X — X be a mapping. Suppose that the following conditions hold:

(i) T is a new generalized oo — 1v— Geraghty contraction type map,

(i) T is triangular a—admissible,

(#i) there exists x1 € X such that a(xy,Tzy) > 1,

(iv) T is continuous.

Then T has a fized point x* € X and {T"x1} converges to z*.

Proof. Let x; € X be such that a(x;,Tz;) > 1. We construct a sequence of
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points {z,} in X by 2,41 = Tz, for n € N. If z,, = x,,,41 for some ng € N, then
Tn, 1s clearly a fixed point of 7" and the proof is complete. Hence, we suppose that
Ty # Tpyq for all n € N.

By hypothesis, a(z1,22) > 1 and T is triangular a—admissible. Therefore by
Lemma 2.4., we have

a(xy, xpp1) > 1 forall neN.

Then we have

Y(d(Tni1,Tnr2)) = Y(A(T2n, T2n41)) < (@, X)) P(A(T 20, Tn41))
O( V(N (zpn, Tpi1))) (N (2y, py1)) forall neN. (1)

IN

Here we have

N(zp,Tpt1) =max {d T, Tpy1), d(n, Txn) + C;(xn+1, Txny1) 7 d(2p, T2ny1) ; d(zni1, Tn) }
=max {d Ty Trp), d(@n, Tni1) 4'2Cl($n+17 Tnt2) 7 d(Tp, Tnio) +2d($n+1, Tpt1) }
= {d T Tns), d(zy, Tny1) +2d(xn+1,xn+2)7 d(xn,;nH) }
=max {d(mn, Tri1), (T, Tnt1) +2d($n+1, Tpya) }

If d(xn+17 xn+2) Z d(-rn; :UnJrl)a then N(xna 'Z'n+1> S d(xn+17 xn+2)-
Now from (1) and the definition of 6, we have

w(d<xn+17 xn+2)) < w(d<xn+17 xn+2)>

which is a contradiction.
Therefore, we have

d(pi1, Tnao) < d(xy, x4q1) for all n e N.

Thus the sequence {d(z,, r,.1)} is nonnegative and nonincreasing and also by then
we have N(x,, Tpe1) = d(Ty, Tpyt)-

Now, we prove that d(z,,z,11) — 0 as n — oo.

It is clear that {d(z,, z,41)} is a decreasing sequence which is bounded from below.
Therefore there exists > 0 such that lim d(x,,z,.1) = r. We show that r = 0.

n—oo

We suppose on the contrary that r > 0.

Then, we have (( :
w d Tn+1, Tni2
W dwm tmy)) = W Ta))) <1
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Now by taking limit n — oo, we have

lim O(¢(d(xy, 2ne1))) = 1.

n—roo
By the property of 6, we have lim ¢(d(zp, zp41)) =0 = lim d(x,,2,4+1) = 0 that
n—00 n—00

is r = 0 which is a contradiction. Hence r = 0 that is

lim d(zp, zp41) = 0. (2)

n—0o0

Now we show that the sequence {x,} is a Cauchy sequence. Let us suppose on the
contrary that {x,} is not a Cauchy sequence. Then there exists ¢ > 0 such that,
for all positive integers k, there exist my > n; > k with

d(zp,,, Tp,) > € (3)
Let m; be the smallest number satisfying the conditions above. Then we have
A(Tpy—1,Tp,) < € (4)
By (3) and (4), we have

€ < d(xpm,, Tn,)
S d(xmk, xmk—1> + d<xmk—17 xnk)
< d(Tpy—1,Tm,,) + €

that is,
€ < d(Tmy, Tn,) < €+ d(Tpmy—1,Tm,) forall keN. (5)

Then in view of (2) and (5), we have

lim d(z,, Tn, ) = €. (6)

k—o0

Again, we have

A( Ly s Tny) < ATy Trng—1) + ATy s Ty —1)
S d(xmm xmk—1> + d(CL’nk, xnk—l) + d(xmk—h xnk—l)

and
d(xmk—ly xnk—l) S d(mmk—la mmk) + d(xnk—h xnk) + d(l'mka xnk)
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Taking limit as k — oo and using (2) and (6), we obtain

lim d(@pm, -1, Tn,—1) = €. (7)
k—o0

Also, we have

|d(l‘nk’ xmk—l) - d(mmw xmk)| < d(xmk’ xmk—l)'
Taking limit as k — oo, we get

lim d(z,, Tm,—1) = €.
k—o00
Similarly, we have

klggo d(Zpy,, Tpyp1) = €.

By Lemma 2.4., we get o2y, —1, Tm,—1) > 1. Therefore, we have

V(T Tny)) = V(AT Ty 1, Ty 1))
a(xnk_17 xmk_l)w(d(Txnk—17 Txmk_l))

O (N (@ny 15 Ty 1) VPN (T 1, Ty 1))

IA A

Here we have

d(mnkfla Txnkfl) + d<xmkfl> T.I'mk,1)

N<xnk—1a xmk—l) =1nax {d(xnk—la xmk—l)a

2 Y
d<xnk717 Txmkfl) + d(xmkfla T.?an,l)
2
d ne—1s4n d mp—1y~m
:maX{d(xnklaxmkl)a (ZE =1L k)—; (.73 =1L k)’

d(‘rnk—la Imk) + d(xmk—la xnk) }
2

And we see that

;}LIEO N(2p,—1, Tmy—1) = €

Now we have

v(d(zn,, Tm,))
w<N(xnk*17 ‘xmkfl))

< OV (1, Ty 1)) < 1.
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By using (6) and taking limit as kK — oo in the above inequality, we obtain

lim 9(¢(N($nk—17zmk—1))) = 1.

k—o00

So, lim (N (zp,—1,Zm,—1)) =0 = lim N(2,,_1,Zm,—1) = 0 = €, which is a con-
k—o00 k—o0

tradiction. Hence {z,} is a Cauchy sequence. Since X is complete, there exists
r* € X such that z,, — x*. As T is continuous, we have Tz, — Tx* that is

lim x,,; = Tx" and so x* = Tz*. Hence x* is a fixed point of 7.
n—oo

Popescu [15] introduced the following two new concepts.

Definition 3.4. [15] Let T : X — X be a map and o : X x X — R be a function.
Then T is said to be a—orbital admissible if a(x, Tx) > 1 implies a(Tx, T?z) > 1.

Definition 3.5. [15] A map T : X — X s said to be triangular a—orbital admis-
sible if (T1) T is a—orbital admissible, (T2) a(z,y) > 1 and a(y,Ty) > 1 imply
a(z, Ty) > 1.

Lemma 3.6. [15] Let T : X — X be a triangular a—orbital admissible map. As-
sume that there exists x1 € X such that a(xy,Tz1) > 1. Define a sequence {z,}
by py1 = Tx,. Then we have oy, x,) > 1 for all myn € N with n < m.

Obviously, every a—admissible map is an a—orbital admissible map and every tri-
angular a—admissible map is a triangular a—orbital admissible map. If we replace
the condition (ii) of Theorem 3.3. by a weaker condition “T is triangular a—orbital
admissible”, we can still prove the theorem. Thus we have the following theorem:

Theorem 3.7. Let (X, d) be a complete metric space, o : X X X — R be a function
and T : X — X be a mapping. Suppose that the following conditions hold:

(i) T is a new generalized o« — 1p— Geraghty contraction type map,

(i) T is triangular a—orbital admissible,

(#i) there exists x1 € X such that oa(xq,Tz1) > 1,

(iv) T is continuous.

Then T has a fized point x* € X and {T"x1} converges to z*.

For the uniqueness of a fixed point of a new generalized a@ — 1) —Geraghty contrac-
tion type map, we consider the following hypothesis:

(G) For any two fixed points z and y of T, there exists z € X such that a(z, z) > 1,
a(y,z) > 1 and a(z,Tz) > 1.

Theorem 3.8. Adding condition (G) to the hypotheses of Theorem 3.3. (or The-
orem 3.7.), we obtain that x* is the unique fixed point of T.

Proof. Due to Theorem 3.3. (or Theorem 3.7.), we obtain that z* € X is a fixed
point of T'. Let y* € X be another fixed point of T'. Then by hypothesis (G), there



New Generalized o — 1p— Geraghty Contraction Type Maps and Fized Points 9

exists z € X such that
alz*,z) > 1, a(y*,z) > 1 and a(z,Tz) > 1.
Since T' is triangular a—admissible (or triangular a—orbital admissible) we get
alz*,T"z) > 1 and a(y*,T"z) > 1 for all n € N.
Then we have
P(d(a”, T 2)) < ala”, T"2)p(d(Ta", TT"2))
< OW(N (2", T"2)))p(N (2", T"2)), Vn €N,

Here we have

* Ta* TNz TT™ * T Trz Tx*
N, T"2) :max{d(x*,T"Z), d(z*,Tz*) + d(T"z, z) d(z*, 2)+d(T"z, Tx )}

2 ’ 2
d(T"z, T"z) d(x*, T 2) +d(T"z, x*) }
2 ’ 2

= max {d(l‘*, T"2),

By Theorem 3.3. (or Theorem 3.7.) we deduce that the sequence {1"z} converges
to a fixed point z* € X. Then taking limit n — oo in the above equality, we get
lim N(z*,T"z) = d(z*, 2*). And let us suppose that z* # z*. Then we have

n—oo

Yld(z”, T 2))
(N (z*,T"z))

And taking limit as n — oo, we get
lim O(¢(N(z*,T"z))) = 1.
n—oo
Therefore we have lim (N (z*,T"2)) = 0= lim N(z*,T"z) = 0 that is d(z*, 2*) =
n—oo n—oo

0, which is a contradiction. Therefore we must have z* = z*. Similarly, we get
z* = y*. Thus we have y* = z*. Hence x* is the unique fixed point of T

Here we give an example to illustrate Theorem 3.3.

Example 3.9. Let X = {1,2,3} with the metric d defined as d(1,1) = d(2, )
=d(3,3) =0, d(1,2) = d(2, 1)—1 and d(1,3) = d(3, 1)—d(2 3) =d(3,2) = 3
Then (X,d) is a complete metric space. And let 6(t) = i for all £ > 0. Then
0 € Q. Also let the function ¢ : [0,00) — [0, 00) be defined as ¥(t) = £. Then we
have v € W.

Let a mapping 7' : X — X be defined by T'(1) = T'(3) = 1,7(2) = 3. And let a
function o : X x X — R be defined by

1 T =
a(x,y):{ (z=1y)

otherwise.

< O((N (2", T"2))) < 1.

=



10 South FEast Asian J. of Mathematics and Mathematical Sciences

Then, T is triangular a—admissible, which is condition (ii) of Theorem 3.3. Con-
dition (iii) of Theorem 3.3. is satisfied with ; = 1. And condition (iv) of Theorem
3.3. is satisfied because T is continuous. We finally show that condition (i) is also
satisfied, that is

oz, y)p(d(Tx, Ty)) < 0(p(N(z,y)) (N (z,y)).

If (z,y) = (1,1) or (2,2) or (3,3) then d(Tz,Ty) = 0. Therefore condition (i) is
obviously satisfied.

If (z,y) = (1,3) or (3,1) then d(Tx,Ty) = d(1,1) = 0. Therefore condition (i) is
satisfied.

If (x,y) = (1,2) then we have

a(z,y)(d(Tz, Ty)) = a(1,2)Y(d(T (1), T(2))) = 1@ = i-
And
N(o.y) = N(L2) = max {d(l 2 d(l,T(l));d(?,T(Q))’d(l,T(Q));d(ZT(l))}
. {d(LQ), d(l,l);d(?,?))’ d(l,3);d(2, 1)}
{1}

Therefore, 6(v(N(z,y)¥(N(z,y)) = 7 f ;Z((Jff’é))y)) = 1+;V il}v2()1/32)/3 a
1/3

1
—————— = —. Thus condition (i) is satisfied. Similarly, we see that condi-
1+2x1/3 5

tion (i) is satisfied for (z,y) = (2,1). If (z,y) = (2, 3), then a(z,y)Y(d(Tz, Ty)) =

a(2,3)6(d(T(2), T(3))) = }ld(?’Tvl) -~

And

N(z,y) = N(2,3) =max {d(g, 3, 42 7(2)) . d(3,7(3)) d(2,7(3)) : d(3,7(2)) }
e {d@, 3), 423) —QF a(3,1) d(21) -; d(3,3) }

1 343 140 111 1
=max4 —, ,——— ¢ =max{§ =, =, = ¢ = —.
2" 2 2 222 2
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Y(N(z,y) N(2,3)/3 _
14+ 2¢(N(z,y))  1+2xN(2,3)/3

Therefore, 0(¢(N(x,y)))(N(x,y)) =
1/6 1

1+2x1/6 8
Thus condition (i) is satisfied. Similarly, we see that condition (i) is satisfied for
(x,y) = (3,2). Hence all the conditions of Theorem 3.3. are satisfied and 7" has a

unique fixed point z* = 1.

4. Conclusion

Recently, fixed-circle problem has been considered and studied by many authors
as a geometric generalization of the fixed point theory in metric spaces and its
generalizations. In some cases when we do not have uniqueness of the fixed point,
such a map sometimes under certain conditions fixes a circle which we call a fixed-
circle. Various fixed-circle theorems have been obtained using different approaches
(see [11], [12], [13], [14], [18]). Also, in some papers, application of the obtained
fixed-circle results was given to discontinuous activation functions on metric spaces.
Therefore, it is becoming important and also interesting to investigate new fixed-
circle results.

In closing, we want the readers to investigate, under what conditions, we can
prove the results in this paper in fixed-circle. In general, we can always seek
answer to the question: What is (are) the necessary and sufficient condition(s) for
a self-mapping (two or more self-mappings) that make a given circle the fixed-circle
(common fixed-circle)?
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