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1. Introduction

By a space (X, 7), it means a topological space (X, 7) with no separation prop-
erties assumed. If H C X, cl(H) and int(H) will, respectively, denote the closure
and interior of H in (X, 7).

Definition 1.1. [11] A subset H of a space (X, T) is called
1. a-closed if cl(int(cl(H))) C H,
2. a-open if X \H is a-closed, or equivalently, if H C int(cl(int(H))).
For a subset H of (X, T), the intersection of all a-closed subsets of X containing
H is called the a-closure of H and is denoted by cl,(H). It is known that cl,(H)
= H U cl(int(cl(H))) and clo(H) C cl(H). The union of all a-open subsets of X
contained in H is called the a-interior of H and is denoted by int,(H)

In 1982, the notions of w-closed sets and w-open sets were introduced and
studied by Hdeib [6]. In 2009, Noiri et al [12] introduced some generalizations of
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w-open sets and investigated some properties of the sets. Moreover, they used them
to obtain decompositions of continuity.

The aim of this paper is to introduce and investigate the new notions called
b-w,-open sets, a-w,-open sets and pre-w,-open sets which are weaker than w-open
sets. Moreover decompositions of continuity are obtained by using the new notions.

2. Preliminaries

Throughout this paper, R (resp. N, Q, Q*) denotes the set of all real numbers
(resp. the set of all natural numbers, the set of all rational numbers, the set of all
irrational numbers). 7, denotes the usual topology.

Definition 2.1. A subset H of a space (X, T) is said to be
1. semi-open [9] if H C cl(int(H))

2. pre-open [10] if H C int(cl(H)),

3. B-open [1] if H C cl(int(cl(H))),

4. b-open [4] if H Cint(cl(H))Ucl(int(H)).

Properties. [8] Let H be a semi-open set of a space (X, 7). Then cl,(H) = cl(H).

Definition 2.2. [13] Let H be a subset of a space (X, T), a point p in X is called a
condensation point of H if for each open set U containing p, U N H is uncountable.

Definition 2.3. [6] A subset H of a space (X, T) is called w-closed if it contains
all its condensation points. The complement of an w-closed set is called w-open.

It is well known that a subset W of a space (X, 7) is w-open if and only if
for each x € W, there exists U € 7 such that x+ € U and U — W is countable.
The family of all w-open sets, denoted by 7, is a topology on X, which is finer
than 7. The interior and closure operator in (X, 7,) are denoted by int,, and cl,
respectively.

Lemma 2.4. [6] Let H be a subset of a space (X, 7). Then

1. H is w-closed in X if and only if H = cl,(H).

2. cl,(X\H) = X\int,(H).

3. cly(H) is w-closed in X.

4. x €cly,(H) if and only if HNG # 0 for each w-open set G containing x.
5. cly(H) C c(H).

6. int(H) Cint,(H).

Remark [2, 6] In a space (X, 7,) every closed set is w-closed but not conversely.

Definition 2.5. [12] A subset H of a space (X, 1) is said to be
1. a-w-open if H C int,(cl(int,(H))),
2. pre-w-open if H C int,(cl(H)),
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3. f-w-open if H C cl(int,(cl(H))),
4. b-w-open if H C int,(cl(H))Ucl(int,(H)).

Definition 2.6. [3] A space (X, T) is said to be anti-locally countable if every non-
empty open set is uncountable.

Lemma 2.7. [3] If (X, T) is an anti-locally countable space, then int,(H) = int(H)
for every w-closed set H of X and cl,(H) = cl(H) for every w-open set H of X.

3. Weak forms of w-open sets

In this section the following notions are newly defined.

Definition 3.1. A subset H of a space (X, ) is said to be
1. a-wq-open if H C int,(cly(int,(H))),

2. semi-wq-open if H C cly(int,(H)),

3. pre-wq-open if H C int,(cl,(H))

4. B-wa-open if H C cly(int,(cl,(H))),

5. b-wa-open if H Cint,(clo(H)) Ul (int,(H)).

Properties. Let H be a subset of a space (X, 7). Then H is a-w,-open if and
only if it is semi-w,-open and pre-w,-open.

Proof. (=) Let H be an a-w,-open set. Then H C int,(cly(int,(H))) C
int,(clo(H)) and H C int,(cly(int,(H))) C clo(int,(H)). Thus H is pre-w,-open
and semi-w,-open. (<) Let H be a pre-w,-open set. Then H C int,(cl,(H)). Also,
H C cly(int,(H)), since H is semi-w,-open. We have H C int,(cl,(int,(H))).
Thus H is a-w,-open.

Remark. The following Examples shows that the concepts of semi-w,-openness
and pre-w,-openness are independent.

Example. In R with the topology 7 = {¢,R,Q*}, H = Q U {V/2} is pre-w,-
open, since int,(cl,(H)) = int,(R) = R D H. But H is not semi-w,-open, since
clo(int,(H)) = clo(¢) = ¢ 2 H.

Example. In (R, 7,), H = (0, 1] is semi-w,-open, since cl, (int,(H )) = a((O
[0,1] D H. But H is not pre-w,-open, since int,,(cl,(H)) = int,([0,1]) = (0,1)
Theorem 3.2. For a subset of a space (X, 1), the following pmpertze s hold:
1. Fvery w-open set is a-wqy-open.

2. Bvery a-w,-open set is pre-wq-open.

3. Fvery pre-ws-open set is b-wq-open.

4. Bvery b-w,-open set is B-wq-open.

Proof.

1. If H is an w-open set, then H = int,(H). Since H C cl, ( ), H C cly(int,(H))
and int,(H) C int,(cly(int,(H))). Therefore H C mtw( o(in w( ))) and H is
Q-We-Open.

2. If H is an a-w,-open set, then H C int,(cl,(int,(H))) C int,(clo,(H)). There-
fore H is pre-w,-open.

3. If H is a pre-w,-open set, then H C int,(cl,(H)) C int,(clo(H)) Ucly(int,(H)).

1)) =
QH
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Therefore H is b-w,-open.
4. If H is a b-w,-open set, then H C int,(clo(H)) U cly(int,(H)) C cly(int,(cly
(H))) U cla(int,(H)) C cly(int,(clo(H))). Therefore H is [-w,-open.

Example.
1. In R with the topology 7 = {¢,R,Q}, H = QU {V/2} is a-w,-open, since
int,,(cly(int,(H))) = int,(clo(Q)) = int,(R) =R D H. But H = QU {+/2} is not
w-open, since int,(H) =Q # H.

2. In R with the topology 7 = {¢,R,Q*}, H = QU {V/2} is pre-w,-open, since
intw(cla(H)) = intw(R) =R D H. But H is not a-w,-open, since int,,(cly(int,(H)))

= inty(cla(6)) = ¢ D H.

3. In (R, Tu), H = (0,1] is b-w,-open, since int,(cl,(H)) Ucl,(int,(H))
(cloc (H)) Utla((0, 1)) = int([0, 1]) Uela((0,1)) = (0,1) U [0,1] ©
H = (0, 1] is not pre-w,-open, since int,(cl,(H)) = int,([0,1]) = (0,1) 2
H

4

(0 (

. In (R, Tu), = [0,1] N Q is f-wq-open, since cl, (int,,(clo(H))) = cly(int, ([0, 1];;
=clo((0,1)) =[0,1] D H. But H = [0, 1] N Q is not b-w,-open, since int,, (clo,(H
U el (int,(H)) = int,([0,1])U¢ = (0,1)U¢ = (0,1) 2 H.

Theorem 3.3. For a subset of a space (X, T), the following properties hold:

1. Bvery a-wq-open set is c-w-open.

2. Every pre-wq-open set is pre-w-open.

3. Every b-w,-open set is b-w-open.

4. Every B-w,-open set is B-w-open.

Proof.

1. If H is an a~w,-open set, then H C int,(cl,(int,(H))) C int,(cl(int,(H))).
Hence H is a-w-open.

2. If H is a pre-w,-open set, then H C int,(cl,(H)) C int,(cl(H)). Therefore H
is pre-w-open.

3. If H is a b-w,-open set, then H C int,(clo(H)) U cly(int,(H)) C int,(cl(H)) U
cl(int,(H)). Therefore H is b-w-open.

4. If H is a [S-w,-open set, then H C cly(int,(cl,(H))) C cl(int,(cl(H))). There-
fore H is p-w-open.

Definition 3.4. A subset H of a space (X, 1) is called

1. a-a-open if H C int(cly(int(H))).

2. semi-a-open if H C cl,(int(H)).

3.pre-a-open if H C int(cl,(H)).

4. b-a-open if H C int(clo(H)) U cl,(int(H)).

5. B-a-open if H C cly(int(clo(H))).

Example. Let H be a subset of a space (X, 7). Then H is a-a-open if and only

if it is semi-a-open and pre-a-open.

Proof. (=) Let H be an a-a-open set. Then H C int(cl,(int(H ))) It implies H

C int(cly(int(H))) C int(clo(H)) and H C int(cl,(int ))) C clo(int(H)). Thus
is pre-a-open and semi-a-open. (<) Let H be a semi-a-open set. Then H C

clo(int(H)) and clo(H) C clo(int(H)). Also H C int(cl,(H)), since H is pre-a-



w-Topology and a-Topology 167

open. Hence H C int(clo(H)) C int(cly(int(H))) and H is a-a-open.

Remark. The following Examples show that the concepts of semi-a-openness and
pre-a-openness are independent.

Example. In R with the topology 7 = {¢,R,Q*}, H = QU {V/2} is pre-a-open,
since int(cly(H)) = int(R) = R D H. But H is not semi-a-open, since cl, (int(H))
=clo(¢) = ¢ D H.

Example. In (R,7,), H = (0, 1] is semi-a-open, since cl, (int(H )) = (( ,
[0,1] D H. But H is not pre-a-open, since int(cl,(H)) = int(]0, 0,1)

1)) =
)2 H.
Properties. For a subset of a space (X, 7), the following propertles hold:

1. Every a-a-open set is a-w,-open.

2. Every pre-a-open set is pre-w,-open.

3. Every b-a-open set is b-w,-open.

4. Every [-a-open set is [5-w,-open.

Proof.

1. Let H be an a-a-open set. Then H C int(cl,(int(H))) C int,(cla(int,(H))).
This shows that H is a-w,-open.

2. Let H be a pre-a-open set. Then H C int(cl,(H)) C int,(clo(H)). This shows
that H is pre-w,-open.

3. Let H be a b-a-open set. Then H C int(cl,(H)) U clo(int(H)) C int,(clo(H))
U cly(int,(H)). This shows that H is b-w,-open.

4. Let H be a pf-a-open set. Then H C cl,(int(clo(H))) C clo(int,(clo(H))). This
shows that H is [-w,-open.

Example. In R with the topology 7 = {¢, R, Q},

1. H = Q" is a-w,-open, since int,(clq (mt (H))) = int,(clo(H ) = int,(H)
H > H. But H = Q* is not a-a-open, since mt(cla(mt(H)))

oL H.

2. %{ = Q* is pre-w,-open, since int,(cl,(H)) = int,(H) = H D H. But H = Q*
is not pre-a-open, since int(cl,(H)) = int(H) = ¢ 2 H.

3. H = Q* is b-w,-open, since int,(cly,(H)) U cly(int,(H)) = int,(H) U cly(
HUH = H D H. But H = Q* is not b-a-open, since int(cl,(H)) U cl,(int(H)
int(H)Ucly(¢) = pUdp =0¢ D H.

4. H = Q* is f-wa-open, since cl,(int, (cly(H))) = cla(in

H. But H = Q* is not S-a-open, since cl,(int(cl,(H ))) l
5D H.

Example. For a subset of a space (X, 7), the following properties hold:

1. Every open set is a-a-open. 2. Every a-a-open set is pre-a-open.

3. Every pre-a-open set is b-a-open.

4. Every b-a-open is f-a-open.

Proof.

1. Let H be an open set. Then H = int(H). Since H C cl,(H), H = int(H) C
int(clo(H)) = int(cly(int(H))). This shows that H is a-a-open.
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2. Let H be an a-a-open set. Then H C int(cl,(int(H))) C int(clo(H)). This
shows that H is pre-a-open.

3. Let H be a pre-a-open set. Then H C int(cl,(H)) C int(clo(H)) Ucl,(int(H)).
This shows that H is b-a-open.

4. Let H be a b-a-open set. Then H C int(clo(H)) Ucly(int(H)) C clo(int(clo(H)))
Ucly (int(H)) = cly(int(clo(H))). This shows that H is f-a-open.

Example. In R with the topology 7 = {¢,R,Q}, H = QU {V/2} is a-a-open,
since int(clo(int(H))) = int(cly(Q)) = int(R) = R D H. But H = QU {V/2} is
not open, since int(H) = Q # H.

Example. In (R, 7,),

1. H = Q* is pre-a-open, since int(cl,(H)) = int(R) = R D H. But H = Q* is
not a-a-open, since int(cly(int(H))) = int(cly(¢)) = int(¢) = ¢ 2 H.

2. H = (0,1] is b-a-open, since int(cl,(H ))U clo(int(H)) = int([0, 1]) U cly((0, 1;;
)U[0,1] = [0,1] > H. But H = (0, 1] is not pre-a-open, since int(cl,(H

, 1
— int((0,1]) = (0,1) 2 H.
3. H=10,1]NQ is B-a-open, since cl,(int(clo(H))) = clo(int(]0,1])) = cla((0, 1
= 0 1] D H. But H =10,1] N Q is not b-a-open, since mt(c (H)) Ucly(int(H
nt([0,1]) U cla(6) = (0.1) U6 = (0,1) 2 H.
Remark. Since every open set is w-open, we have the following diagram for prop-
erties of subsets.

Diagram-2

open — «a-a-open —> pre-a-open — b-a-open — [-a-open

! ! ) ! !

w-open — a-w,-open —» pre-w,-open —> b-w,-open — [-w,-open

The converses of the above implications are not true in general as can be seen from the above

Examples.

Theorem 3.5. If H is a pre-w,-open subset of a space (X, 1) such that U C H C
clo(U) for a subset U of X, then U is a pre-w,-open set.

Proof. Since H C int,(clo(H)), U C int,(clo(H)) C int,(clo(U)) since clo(H) C
clo(U). Thus U is a pre-w,-open set.

Theorem 3.6. A subset H of a space (X,7) is semi-a-open if and only if H is
B-wa-open and int,(clo,(H)) C cly(int(H)).

Proof. Let H be semi-a-open. Then H C cl,(int(H)) C cl, (int,(cl,(H))) and
hence H is f-wa-open. In addition cl,(H) C cl,(int(H)) and hence int,,(cl,(H)) C
inty, (clo(int(H))) C cly(int(H)). Conversely let H be S-w,-open and int,,(cl,(H))
C clo(int(H)). Then H C cly(int,(clo(H))) C clo(cly(int(H))) = clo(int(H)) and

hence H is semi-a-open.
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Lemma 3.7. Let H be a subset of a space (X, 7). Then

1. H is a-closed in X if and only if H = cl,(H).

2. clo(X\H) = X\into(H). 3. clo(H) is a-closed in X.

4. x € cloy(H) if and only if HNG # ¢ for each a-open set G containing x.

5. int(H) Cinty(H).

Proof. Since the family of all a-open subsets of a space (X, 7) forms a topology
on X, we get the lemma.

Property. If U is an a-open set of a space (X, 7), then

1. cdo(UNH) = clo(UNcl,(H)) and

2. UNcly(H) C el (UN H) for any subset H.

Proof. (i) (=) Since H C clo(H), UNH C UNe¢ly(H) and cl,(UN H) C
co(UNcly(H)). (<) Let © ¢ clo(UN H). Then there exists an a-open set U
such that x € U and UN(UNH) = ¢. Now UNH = ¢ implies U C X — H and
into(U) Cinty(X —H) =X —clo(H) = into,(U)Ncly(H) = ¢ = UNcly(H) = ¢
= UN{UNcl(H)) = ¢. Then, = ¢ clo,(UNcl,(H)). Thus we obtain ¢l (U N H)
= clo(UNcly(H)). (ii) We have U Nclo(H) C clo(U Ncly(H)) = clo(UN H) by
(). Thus we obtain (ii).

Properties. The intersection of a pre-w,-open set and an open set is pre-w,-open.
Proof. Let H be a pre-w,-open set and U an open set. Then U = int,(U) and
H C int,(cl,(H)). Since every open set is a-open, U N H C int,,(U) N int,(clo(H))
= int,(UNcl,(H)) C int,(clo,(UNH)) by Proposition ??. This shows that U N H
is pre-w,-open.

Properties. The intersection of a -w,-open set and an open set is 3-w,-open.
Proof. Let H be a f-ws-open set and U an open set. Then U = int,(U)
and H C cl, (int,(clo(H))). Since every open set is a-open, U N H C U
N clo(int,(clo(H))) C clo(U Ninty(clo(H))) C co(int,(U) N int,(clo(H))) =
clo(int,(UNcly(H))) C cly(int,(clo(UN H))) by Proposition ??. This shows that
U N H is p-w,-open.

Properties. The intersection of a b-w,-open set and an open set is b-w,-open.
Proof. Let H be a b-w,-open and U an open set. Then U = int,(U) and H
C inty(clo(H)) U cly(int,(H)). Since every open set is a-open, U N H C U N
lint,(clo(H)) U cla(int,(H))|] = [UNint,(clo(H))| U [UNcly(int,(H))| = [int,(U)
N int,(clo(H))| U [UNcly(int,(H))] C [int,(UNclo(H))] U [clo(UNint,(H))] by
Proposition ??. Thus UNH C [int,(clo(UNH))|]U|cl,(int,(UNH))]. This shows
that U N H is b-w,-open.

Remark. The intersection of two pre-w,-open (resp. b-w,-open, f-w,-open) sets
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need not be pre-w,-open (resp. b-w,-open, f-w,-open) as can be seen from the
following Example.

Example. In (R, 7,),

1. A = Q is pre-w,-open, since int,(cl,(A)) = int,(R) = R D A. Also B =
Q*U{1} is pre-w,-open, since int,,(cl,(B)) = int,(R) =R D B. But ANB = {1} is
not pre-wy-open, since inty,(clo (ANB)) = int,(cl,({1})) = int,({1}) = ¢ 2 ANB.
2. A=Qand B = Q*U {1} are b-w,-open, by (1) of Example 3 and Theorem
3.2 (3). But AN B = {1} is not b-w,-open, since int,(cl,({1})) U cl,(int,({1})) =
DUCa(6)=6Ub=03 {1} =AnB.

3. A=Qand B = Q*U {1} are S-w,-open by (2) of Example 3 and Theorem 3.2
(4). But ANB = {1} is not S-w,-open, since cl, (int, (cl,({1}))) = clo(int,({1})) =
cla(int,({1})) = cla(¢) = ¢ 2 {1} = AN B.

Properties. The intersection of an a-w,-open set and an open set is a-w,-open.
Proof. Let H be a-w,-open and U be open. Then U = int,(U) and H C int,,
(clo(int,(H))). UNH Cint,(U)N[int,(cly(int,(H))] = int,[U Ncly(int,(H))] C
int,[clo(U Nint,(H))] by Proposition ??. Thus U N H C inty[cl,(int,(U) N
int,(H))| = int,[cl,(int,(U N H))] which implies U N H is a-w,-open.
Properties. If {H, : a € A} is a collection of pre-w,-open sets of a space (X, 1),
then Uyen H,, 18 pre-w,-open.

Proof. Since H, Cint,(clo(Hy)) for every v € A, Upen Ho C Ugen inty, (clo(Hy))
C inty(Usen clo(Hy)) = int,(clo(Uaen Hy)). Therefore, Uyen H, is pre-wa-open.
Theorem 3.8. If {H, : a € A} is a collection of b-w,-open (resp. [-wq-open)
sets of a space (X, T), then Ugen Hy 15 b-wy-open (resp. [-wq-open).

Proof. We prove only the first result since the other result follows similarly. Since
H, is b-w,-open for every a € A, H, C int,(clo(Hy)) U cly(int,(H,)) for every
a € A.

Then Ugen Ho C Ugenlint,(clo(Hy
= [Uneaint,(clo(Hq

C [inty,(Usencla(Hq

H,

C [inty,(cla(Ugen Hy

U cly(int,(Hy))]

U [Uaeacla(int,(Hy))]
U [cla(Uaeninty,(Ha))]
U [ela(int,(Uaen Ha))]-

)
)]
)]
)]
Therefore, Upen H,, is b-w,-open.

Properties. Let (X, 7) be a space and H C X. Let H be a b-w,-open set such
that int,(H) = ¢. Then H is pre-w,-open. Recall that a space (X, 7) is called a
door space if every subset of X is open or closed.
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Properties. If (X, 7) is a door space, then every pre-w,-open set in (X, 7) is
w-open.

Proof. Let H be a pre-w,-open set. If H is open, then H is w-open. Otherwise, H
is closed and hence H C int,(clo(H)) C int,(cl(H)) = int,(H) C H. Therefore,
H =int,(H) and thus H is an w-open set.

Theorem 3.9. Let (X, 7) be an anti-locally countable space and H a subset of
(X, 7). Then the following properties hold:

1. if H is pre-wq-open, then it is pre-open.

2. if H 1s b-wy-open and w-closed, then it is b-open.

3. if H is B-ws-open, then it is B-open.

Proof. 1. Let H be a pre-w,-open set. Then H C int,(clo(H)) C int,(cl(H)) =
int(cl(H)) by Lemma 2.7, since every closed set is w-closed. This shows that H is
pre-open.

2. Let H be a b-w,-open and w-closed set. Since H and cl(H) are w-closed,
int,(clo(H)) Cinty,(cl(H)) = int(cl(H)) and ¢l (int,(H)) C cl(int(H)) by Lemma
2.7. Since H is b-ws-open, H C int,(clo(H)) U cly(int,(H)) C int(cl(H)) U
cl(int(H)). This shows that H is b-open.

3. Let H be a f-wy-open set. Then H C cl,(int,(clo(H))) C cl(int,(cl(H))) =
cl(int(cl(H))) by Lemma 2.7. This shows that H is S-open.

Definition 3.10. [5] A space (X, T) is called a-space if every a-closed set in X is
closed in X.

Remark. For an a-space (X, 7) and H C X, H is pre-w,-open (resp. b-w,-open)
if and only if H is pre-w-open (resp. b-w-open).

Remark. If H is a semi-open subset of a space (X, ), then H is pre-w,-open (resp.
b-w,-open) if and only if H is pre-w-open (resp. b-w-open).

4. Decompositions of continuity

Definition 4.1. A subset H of a space (X, T) is called
1. a t-wy-set if int(H) = int,(clo(H));
2. a B-wy-set if H=UNV, where U € T and V' 1is an t-w,-set.

Example. 1. In (R, 7,), H = Q is not a t-w,-set, since int,(cl,(H)) = int,(R) =
R # ¢ = int(H).

2. In R with the topology 7 = {¢, R, Q*}, H = Q s a t-w,-set, since int,,(cl,(H)) =
int,(H) = ¢ = int(H).

Remark. In a space (X, 1),
1. Every open set is a B-w,-set.
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2. Every t-w,-set is a B-w,-set.
The converses of (1) and (2) in Remark 4 are not true in general as illustrated in
the following Examples.

Example. In Example 4 (2), H = Q is a t-w,-set and hence by (2) of Remark 4,
H =Qis a B-w,-set. But H = Q is not open, since Q ¢ 7.

Example. In Example 4 (2), H = Q* is open in R and hence by (1) of Remark 4,
H is a B-ws-set. But int,(clo(H)) = int,(R) = R # Q* = int(H). Thus H = Q*
is not a t-w,-set.

Example. In (R, 7,), H = Q is not a B-w,-set. If H =UNV, where U € 7 and V'
is t-w,-set, then H C U. But R is the only open set containing H. Hence U = R
and H = RNV =V which is a contradiction, since H = V is not a t-w,-set by
Example 4 (1). This proves that H = Q is not a B-w,-set.

Properties. Let A and B be subsets of a space (X, 7). If A and B are t-w,-sets,
then AN B is a t-w,-set.

Proof. Let A and B be t-w,-sets. Then we have int(AN B) C int,(cl,(ANB)) C
inty(clo(A)Ncly(B)) = inty(clo(A))Nint,(cly(B)) = int(A)Nint(B) = int(ANB).
Then int(AN B) = int,(cl,(AN B)) and hence AN B is a t-w,-set.

Properties. For a subset H of a space (X, 1), the following properties are equiv-
alent:

1. H is open;

2. H is pre-w,-open and a B-w,-set.

Proof. (1) = (2): Let H be open. Then H = int(H) C int,(cl,(H)) and H is
pre-w,-open. Also by Remark 4 H is a B-w,-set. (2) = (1): Given H is a B-w,-set.
So H=UNV where U € 7 and int(V) = int,(clo(V)). Then H c U =mt(U).
Also, H is pre-w,-open implies H C int,(clo(H)) C int,(clo(V)) = int(V) by
assumption. Thus H C int(U) Nint(V) = int(U NV) = int(H) and hence H is
open.

Remark. The following Examples show that the concepts of pre-w,-openness and
being a B-w,-set are independent.

Example. In (R,7,), H = Q is pre-w,-open, since int,(cl,(H)) = int,(R) =R D
Q= H. But H=Q is not a B-w,-set by Example 4.

Example. In R with the topology 7 = {¢,R,Q*}, H = Q is a t-w,-set, by (2) of
Example 4. Hence H = Q is a B-w,-set by (2) of Remark 4. But H = Q is not
pre-wy-open, since int,(cly(H)) = int,(H) = ¢ 2 Q = H.
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Definition 4.2. A subset H of a space (X, T) is called
1. a ty-we-set if int(H) = int,(clo(int,(H)));
2. a By-wa-set if H=UNV, where U € T and V' is a ty-wq-set.

Example. In R with the topology 7 = {6, R, Q}, H = Q* is not a t,-w,-set, since
int,(cly(int,(H))) = int,(clo(H)) =int,(H) = H # ¢ = int(H).

Example. In R with the topology 7 = {¢, R, Q*}, H = Q* is a t,-w,-set, since
int,(cly(int,(H))) = inty(cla(@)) = inty(¢) = ¢ = int(H).

Remark. In a space (X, 7),
1. Every open set is a B,-w,-set.
2. Every to-wa-set is a B,-w,-set.

Example. In R with the topology 7 = {¢, R, N, Q*, Q*UN}, H = Q is a t,-w,-set,
since int,(cly(int,(H))) = int,(clo(N)) = int,(H) = N = int(H). Hence by (2)
of Remark 4, H = Q is a B,-w,-set. But H = Q is not open, since Q ¢ 7.

Example. In R with the topology 7 = {¢,R,Q*}, H = Q* is open, since H € T
and hence H = Q* is a B,-w,-set by (1) of Remark 4. But H = Q* is not a to-w,-
set, since int,(cly(int,(H))) = int,(clo(H)) = int,(R) =R # Q* = H = int(H).

Example. In R with the topology 7 = {¢,R,Q}, H = Q* is not a B,-w,-set. If
H=UNYV where U € 7 and V is t,-w,-set, then H C U. But R is the only open
set containing H. Hence U = R and H = RNV = V which is a contradiction,
since H =V is not a t,-w,-set by Example 4. This proves that H = Q* is not a
B,-w,-set.

Properties. [ fA and B are t,-w,-sets of a space (X, 7), then AN B is a t,-w,-set.
Proof. Let A and B be t,-w,-sets. Then we have int(ANB) C int,(cl, (int,(AN
B))) Cinty[cla(int,(A)) N ely(int,(B))] = int,(cla(int,(A))) Nint,(cla(int,(B)))
= int(A) Nint(B) = int(AN B). Then int(AN B) = int, (cl,(int,(AN B))) and
hence AN B is a t,-w,-set.

Properties. For a subset H of a space (X, 7), the following properties are equiv-
alent:

1. H is open;

2. H is a-w,-open and a B,-w,-set.

Proof. (1) = (2): Let H be open. Then H = int,(H) C cl,(int,(H)) and
H = int,(H) C int,(cly(int,(H))). Therefore H is a-w,-open. Also by (1) of
Remark 4, H is a By-wa-set. (2) = (1): Given H is a By-wa-set. So H=UNV
where U € 7 and int(V) = int,(clo(int,(V))). Then H C U = int(U). Also H
is a-w,-open implies H C int,(cly(int,(H))) C inty(cla(int,(V))) = int(V) by
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assumption. Thus H C int(U) Nint(V) = int(U NV) = int(H) and H is open.

Remark. The following Examples show that the concepts of a-w,-openness and
being a B,-w,-set are independent.

Example. In R with the topology 7 = {¢,R,Q}, H = Q* is a~w,-open, since
inty,(cly(int,(H))) = int,(clo(H)) = int,(H) = H D H. But H = Q* is not a
Ba-we-set by Example 4.

Example. In (R,7,), H = (0,1] is a ty-we-set, since int, (cl(int,(H))) =
int,(cla((0,1))) = int,([0,1]) = (0,1) = int(H). Hence H = (0, 1] is a By-ws-set
by (2) of Remark 4. But H = (0, 1] is not a-w,-open, since int,,(cl,(int,(H))) =
(0,1) 2 (0,1] = H.

Definition 4.3. A function f : X — Y is said to be w-continuous [7] (resp. pre-
W -CONLINUOUS, B-wa-continuous, a-weq-continuous, By-wq-continuous) if f~1(V)
is w-open (resp. pre-wy-open, a B-w,-set, an a-wy-open, a B,-w,-set) for each
open set V in Y.

By Propositions 4 and 4 we have the immediate result.

Theorem 4.4. For a function f: X — Y, the following properties are equivalent:
1. f is continuous.

2. [ is pre-wy-continuous and B-w,-continuous.

3. f is a-wy-continuous and Ba-wq-continuous.
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