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1. Introduction and Preliminaries

Intuitionistic fuzzy set is an extension of fuzzy sets done by Prof. K. T.
Atanassov [2] introduced a new component which determines the degree of non-
membership. R. Natarajan and S. Mohanavali [3] applied the concept of fuzzy sets
to Lattice ordered ring. N. Ajmal and K. V. Thomas [1] discussed the lattice of
fuzzy ideals of a ring. In this paper, characterization on intuitionistic fuzzy sub
L-ring is established. Also proved the converse relation is true.

Definition 1.1. A fuzzy set A is defined as A={ (z, pua(z))/ x€ A, us(x)€/0,1J}
where pa(x) is a membership function belongs to the interval [0,1].

Definition 1.2. Let X be a non-empty. An intuitionistic fuzzy set A of X is an
object of the following from A = {(X, pa(z),va(z))/x € X}, where py : X — [0,
1] and vy: X — [0, 1], define the degree of membership and the degree of non-
membership of the element v € X, respectively and

Vee X, 0< pua(z) +va(z) < 1



8 South FEast Asian J. of Mathematics and Mathematical Sciences

Definition 1.3. A fuzzy subset p of a lattice ordered ring (or (-ring)R is called a
fuzzy sub L-ring of R, if the following conditions are satisfied, for all z,y € R.

1. (i) p(x —y) > min{u(z), p(y)}
2. (i) p(zy) > min{pu(x), p(y)}
8. (i) p(x Vy) > min{p(x), p(y)}

4 () p(x Ny) > min{p(x), p(y)}

Definition 1.4. Let R be a lattice ordered ring(or L-ring in short) and A={x,ua(z),
va(z)/xe R} be an intuitionistic fuzzy subset of R. Then A is called an intuitionistic
fuzzy sub L-ring of R, if the following conditions are satisfied:

(1) pa(z V y); > min{pa(x),; pa(y)}

(ii) pa(r Ay); > min{pa(z),; pa(y)}

(i) pa(x —y) = min{pa(z), paly)}

() palzy) = min{pa(z), paly)}

(v) va(z Vy) < maz{va(z), va(y)}

(vi) va(z Ay) < maz{va(z), va(y)}

(vit) va(z —y) < maz{va(z), valy)}

(viti) va(zy) < maz{va(z), va(y)} for all z,y € R.

2. Characterization on Intuitionistic fuzzy sub L-ring

Theorem 2.1. Let A be any non-empty subset of an L-ring R, A#R. If pa, va is
an intuitionistic fuzzy sub L-ring of R, defined by

s ifreA m ifreA
pa(z) = . va(z) = .
t ifreR~A n ifreR~A

where s,t,m,n € [0,1], s>t and m<n, then A is an sub L-ring of R.
Proof. Let A be any non-empty subset of an L-ring R, A#R.
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Let x,y€ R be arbitrary.
Consider the function

() s ifze A () m ifzeA
X)) = A\ ) =
Ha t ifzeR~A A n ifreR~A

where s;t,mn € [0,1], s>t and m<n, then A is an sub L-ring of R.
Assume that @4, v4 is an intuitionistic fuzzy sub L-ring of R, then

(i) pa(zVy) = min{pa(z), paly)}

(i) palz Ay) = min{pa(x), paly)}
(iil) pa(r —y) = minfpa(z), pa(y)}
(iv) pa(zy) = min{pa(z), pa(y)}

(v) va(z Vy) < maz{va(z), va(y)}
(vi) va(z Ay) < maz{va(z), va(y)}
(vii) va(z —y) < max{va(z), va(y)}

(viii) va(zy) < maz{va(x), va(y)} for all x,y € R.

To prove:

A is an sub L-ring of R.

Let a,b€A be arbitrary. Then ps(a)=s and pa(b)=s. Here min { pa(a), pa(b)} =
min {s, s} =s. Hence all the values of pa(aVb), pa(a Ab), pa(a —b) and pa(ab)
are greater than or equal to s. But pua has only two values s and t with s > t.
Therefore, all the values of pa(aVb), pa(aAb), pa(a—0) and pa(ab) are equal to s.
This implies (a V b), (a A b), (a-b) and (ab) € A. Also va(a)=m, and v4(b)=m.
Here max{ v4(a), v4(b) }= max { m, m } =m.

Hence all the values of pa(aVb), pa(a Ab), pa(a—0b) and pa(ab) are less than or
equal to m. But v4 has only two values m and n with m<n. This implies (a V b),
(@ AD), (a—b) and (ab) € A. pa(aVb), pa(a Ab), pa(a —b) and pa(ab) are all
equal to m.

This proves that A is an sub [ ring of R.

Theorem 2.2. If A is any sub L-ring of R, A#R, then the intuitionistic fuzzy
subset pa,va of R, defined by

s ifreA m ifre A
pa(x) = . va(z) = ,
t ifreR~A n ifreR~A
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where s,t,m,n € [0,1], s>t and m<n, is an intuitionistic fuzzy sub L-ring of R.
Proof. Let A be any sub L-ring of R, A#R. Consider the intuitionistic fuzzy
subset pa,v4 of R, defined by

(2) s ifzeA (z) m ifzeA
xTr) = Urlax) =
pia t ifzeR~A A n ifzeR~A

where s;t;mn € [0,1], s>t and m<n, then A is an sub L-ring of R.
Let x,y € R be arbitrary. To prove: 4, v4 is an intuitionistic fuzzy sub L-ring of
R. It is enough to prove that,

i) pa(zVy) > min{pa(z), pa(y)}
i) pa(z Ay) > min{pa(z), pa(y)}

iii) pa(x —y) > min{pa(z), paly)}

v) va(z Vy) < maz{va(z), va(y)}
vi) va(z Ay) < max{va(z), va(y)}

vii) va(z —y) < maz{va(z), va(y)}

(
(
(
(iv) pa(zy) = min{pa(x), pa(y)}
(
(
(
(

viil) va(zy) < maz{va(x), va(y)} for all x,y € R.

We prove this cases:

Case: (i) x,y€ A.

Then pa(x)=s, pa(y)=s. = min{ua(x),pa(y)} =min{s,s}=s. Here x,ye€ A =
xVy, XAy, x-y,xy €A. Since A is an sub L-ring of R. = pa(x V y)=s, pa(x
A y)=8, pa(x-y)=s, pa(xy)=s

pa(xVy) = s =min{pa(x), pa(y)} = palz Vy) = min{pa(z), pa(y)}.
pa(x Ay) = s =min{pa(x), pa(y)t = palz Ay) = min{pa(z), pa(y)}.
pa(r —y) = s =min{pa(x), pa(y)} = palz —y) > min{pa(z), pa(y)}-

pa(zy) = s = min{pa(z), pa(y)} = pa(ry) = min{pa(x), pa(y)}-

Then all the inequalities are satisfied in this case.
x,y€ A.
Then v4(x)=m, va(y)= m. = max{va(x),va(y)} =max{m,m}=m. Here x,y€ A
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— xVy, XAy x-y,xy €A. Since A is an sub L-ring of R. = v4(x V y)=m,
va(x A y)=m, va(x-y)=m, va(xy)=m.

)
va(r —y) =m = mar{va(z),valy)} = valz —y)
va(zy) = m = maz{va(z),valy)} = va(zy)

Then all the inequalities are satisfied in this case.

Case:(ii) X,YR ~ A

Then pa(z)=t,pua(y)=t, and min{ pa(x),p4(y)}=min{t,t} = t. Here xVy,xAy,x-
v,xy € R. Then all the values of pa(x V' y), pa(x A y),pa(x-y), pa(xy) are either
t or s.

Ifpa(zVy) = s, thenpa(x Vy) = s>t =min{pa(z), na(y)}
= palz Vy) = min{pa(z), paly)}-

Ifpa(z Vy) =t thenua(z Vy) =t = min{pa(z), pa(y)}

— pa(® Vy) = min{pa(r), pa(y)}-

Ifpa(z Ny) = s, thenpa(z Ay) = s>t =min{pa(z), pa(y)}
= pa(@ —y) = min{pa(z), pa(y)}-

Ifpa(z Ay) =t thenpa(z Ay) =t = min{pa(z), pa(y)}

= pa(z —y) = min{pa(x), pay)}-

Ifpa(z —y) = s, thenpa(x —y) = s > t = min{pa(z), pa(y)}
= pa(@ Vy) = min{pa(), pa(y)}-

Ifpa(z —y) =t thenpa(z —y) =t = min{pa(z), pay)}
— pa(z Vy) = min{pa(z), pa(y)}-

Ifpa(zy) = s, thenpa(zy) = s >t = min{pa(x), pa(y)}

= palzy) = min{pa(z), pa(y)}-

Ifpa(zy) =t thenpa(zy) =t = min{pa(z), pay)}

= pa(zy) = min{pa(z), paly)}.

Then all the inequalities are satisfied in this case also.

X, YR ~ A

Then v4(z)=n,vs(y)=n, and max{ v4(x),v4(y) }=max{n,n} = n. Here xVy,xAy,x-
v,xy € R. Then all the values of v4(x V y), va(x A y),va(x -y), va(xy) are either
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m or n.

Ifva(xVy) =m,thenva(x Vy) =m <n=min{va(z),valy)}
= va(x Vy) <maz{va(z),valy)}.
Ifva(z Vy) =n,thenva(zVy) =n=max{va(z),va(y)}
= vz Vy) < max{va(z),va(y)}.
Ifva(x ANy) = m,thenva(x ANy) =m <n =maz{va(x),va(y)}
= va(r —y) < max{va(x),va(y)}.
Ifva(z Ny) =n,thenva(z Ny) =n = max{va(z),va(y)}
= va(r —y) < maz{va(z), va(y)}-
Ifva(x —y) =m,thenva(z —y) = m <n =maz{va(z),va(y)}
= va(x Vy) <maz{va(z),valy)}.
Ifva(x —y) =n,thenva(z —y) = n = maz{va(x),valy)}
= va(x Vy) < mazx{va(z),valy)}.
Ifva(zy) = m,thenva(zy) = m < n = max{va(z),va(y)}
— va(ey) < maz{va(@), va(y)}-
Ifva(zy) = n,thenvs(xy) = n = max{va(x),va(y)}
= va(zy) < maz{va(z),va(y)}-
Then all the inequalities are satisfied in this case also.
Case:(iii) X,YR ~ A
Here pia(x)=s, pa(y)=t and min {pa(x),ua(y)} = min{s,t} = t. Clearly x V y, x

Ay, x -y, xy € R. Then all the values of pa(x V y), pa(x A y),ua(x-y), pa(xy)
are either t or s.

Ifpa(zVy) = s, thenpa(x Vy) = s >t =min{pa(z), pa(y)}
= pa(@ Vy) = min{pa(x), pa(y)}-

Ifpa(z Vy) =t thenpa(z Vy) =t = min{pa(z), pa(y)}

= pa(z Vy) = min{pa(z), pa(y)}-

Ifpalz Ay) = s, thenpa(z Ny) = s >t = min{pa(z), na(y)}
= palr —y) = min{pa(r), pa(y)}-

Ifpa(z Ay) =t thenpa(z Ny) =t = min{pa(x), pa(y)}

= palx —y) = min{pa(z), pa(y)}.

Ifpa(z —y) = s, thenpua(z —y) = s > t = min{pa(z), pa(y)}
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= pa(@ Vy) = min{pa(), pa(y)}-

Ifpa(z —y) =t thenpa(z —y) =t = min{pa(z), pa(y)}
= pa(z Vy) > min{pa(x), pa(y)}-

Ifpazy) = s, thenpa(zy) = s >t = min{pa(z), pa(y)}
= palzy) = minfpa(z), pa(y)}-

Ifpa(zy) =t thenpa(zy) =t = min{pa(z), paly)}

= palzy) = minfpa(z), pa(y)}-

Then all the inequalities are satisfied in this case also.

X,YR ~ A

Here v4(z)=m, v4(y)=n and max {ra(x),va(y)} = max{m,n} = n. Clearly x V y,
X Ay, x-y,xy € R. Then all the values of v4(x V y), va(x A y),va(x-y), va(xy)
are either m or n.

Ifva(xVy) =m,thenva(x Vy) =m <n=min{va(z),valy)}
= va(x Vy) <mazx{va(z),valy)}.

Ifva(z Vy)=mn,thenva(z Vy) =n=max{va(x),va(y)}

== va(z Vy) < max{va(z),va(y)}.

Ifva(z Ny) = m,thenva(x Ay) =m <n =maz{va(z),valy)}
= vale —y) <maz{va(z),va(y)}.

Ifva(x ANy) =n,thenva(z ANy) = n =max{va(z),va(y)}

= vale —y) <mar{va(z),va(y)}.

Ifva(z —y) = m,thenva(zx —y) =m < n =max{va(x),va(y)}
= va(z Vy) < max{va(z),va(y)}.

Ifva(x —y) =n,thenva(z —y) = n = mazx{va(x),va(y)}

= va(x Vy) <max{va(z),valy)}.

Ifva(zy) = m,thenva(zy) = m < n = max{va(z),va(y)}
= va(ry) < maz{va(z),va(y)}-

Ifva(zy) = n,thenvs(xy) = n = max{va(x),va(y)}

—s va(zy) < maz{va(e), va(y)}.

Then all the inequalities are satisfied in this case also.
Thus pa, va is an intutionistic fuzzy sub L-ring of R.
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3. Conclusion:
This paper can be extended using the characterization for Intuitionistic fuzzy
sub L-ring with respect to the level subsets.
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