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1. Introduction, Notations and Definitions

For real and complex q, |g| < 1, then

o0

(a5 q)ee = [[(1 = ad"),

k=0
where « is any complex number.
Also,
[ala A2, A3, ...y Q]oo - [al; Q]oo[a2; Q]oo“'[ar; Q]oo'

Ramanujan’s defined the general theta function as,

f(a,b): Z an(n+1)/2bn(n71)/27 (11)

which by an appeal of Jacobi’s triple product identity [Gasper and Rahman 2;
App.11 (11.28)] yields,

f(CL, b) = [ab7 —a, _bu Q]oo (12)
The most important special cases of (1.1) are,

o0

Blg)= > ¢ = % = 0% ¢")c[~ 4 "] - (1.3)

n=—oo
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— 45 ¢%)oc
fea = 3 (eI = (g g, (15)
and
X(=4) = [ %], (1.6)
Let
zr = z(ryx) = By [1)r, (r—1)/r; 1; 2]
e Rill/r,(r = 1)/ri 131~ a]
o | L/r (r — rhl=x
=g () = _ 1.7
G = q-(x) = exp [ rcosec T/r SR (= 1) jri 2] (1.7)
where r=2,3,4,5,6 and |z| < 1.
o Fila, b; c; x] (a)i(b
= (Ok
with (a)r = ala+1)(a+2)...(a+k —1); ag=1.
Let n denote a fixed natural number and assume that
o [1)r (r—1)/r;1;1 — af B oF [1)r,(r—1)/r;1;1 — f] (1.8)

2PN [L/r, (r = 1)/riLia] o R[L/r (r = 1) /151 ]

where r=2,3,4 and 6. Then a modular equation of degree ‘n’ in the theory of
elliptic function of signature ‘r’ is a relation between a and [ induced by (1.8).
We often say that § has degree n order a and m(r) = z(r,«a)/z(r, 8) is called
multiplier.

We shall use the following modular equations due to Ramanujan in our analysis.
(i) If B and the multiplier m have degree 3, then

SO () REC = A

me () (5 -G o

[Andrews and Berndt 1; Entry (17.3.21) p. 391]
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(ii) If B and the multiplier m have degree 5, then

R A

(82 -G em

[Andrews and Berndt 1; Entry (17.3.22) p. 391]

(iii) If 8 and the multiplier m have degree 7, then

() () ) ) e

=)+ (155) " G "G

[Andrews and Berndt 1; Entry (17.3.23) p. 391]

(iv) If B and the multiplier m have degree 9, then

() () () s

e (5) (55 -Ghe) T o

[Andrews and Berndt 1; Entry (17.3.24) p. 391]

(v) If p and the multiplier m have degree 13, then

() () () () o

a=() (55 - Gies) Gies) o

[Andrews and Berndt 1; Entry (17.3.25) p. 391]
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(vi) If 8 and the multiplier m have degree 25, then

()" () () () o
(

5 [« 1/8 1—a\Y® a(l — a) 1/8 a(l — a) 1/12
=-G) (=) -Gizs) 2(Gass) - oo
[Andrews and Berndt 1; Entry (17.3.27) p. 391]

We shall make use of the following results due to Ramanujan,

_ \/_Z z(1—x) L/24
o -4 { q _} _ (1.21)
[Ramanujan 3; Chapter 17 entry 12 (i)]
x(q) = NEa=n) xf/f_ o (1.22)
q

[Ramanujan 3; Chapter 17 entry 12 (v)]

2. Modular Identities

In this section we establish certain modular identities,
(i) In modular equations (1.9) and (1.10), 3 is degree 3 over o and m is the multiplier
associated with a and § so, from (1.21) and (1.22), we have

flg) = L2 {‘“(1;“)}1/24, s = Y2 {2 5)}1/24 @)

V2 V2
B V2 ~ V2
B e N 7 .
q q*
Let us assume that
M) o fel—a
i Rt 23

and

o- X :{agl—a)}lm. (2.4)
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Thus we have P
~—m
Q

Now, eliminating «, f and m from (1.9) and (1.10) using (2.3) and (2.4) we get the
modular identity,
P'+ PPQ® = P'Q™ +9Q". (2.5)

(ii) In the modular equations (1.11) and (1.12), 5 is degree 5 over o and m is the
multiplier associated with o and § so, from (1.21) and (1.22), we have

flg) = V2 {“(1‘“)}1/24, ) =2 {20 5)}1/24. 26)

V2 q V2
_ , _ , 2.7
K T () =0
q q°
Let us assume that
_ fle) {au - a)}”‘*
7o) VM Ba-n ) 2
" (¢°) (-
_ xlg  Ja(l -«
O= (g {6(1 - 5)} ' 29
Thus we have P
5= Jm (2.10)
Now, eliminating a, f and m from (1.11) and (1.12) by making use of (2.9) and

(2.10) we get the modular identity,
PQ* + P® = P?Q° + 5Q°. (2.11)

(iii) In the modular equations (1.13) and (1.14), § is degree 7 over o and m is the
multiplier associated with o and f so, from (1.21) and (1.22), we have

fla) = ?;21 {a(lq—a)}I/M’ flg") = \{\;27 {B(lq; 5)}1/24' (2.12)

\6/§

x(q) = _ xX(q") = —F—
B 24 04(1—007 B 24 6<1_B>
V q V

(2.13)
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Let us assume that

_ @ _ o fet—an "
At =
and . )
X)) fa(l—a) "
v = q"*x(q) {5(1 — ﬁ)} ‘ (2.15)
Thus we have
g = /m (2.16)

Now, eliminating «, 5 and m from (1.13) and (1.14) by making use of (2.15) and
(2.16) we get the modular identity,

P3Q® + P* +8P'Q" = 49Q* + Q2P +8P1(Q%. (2.17)

(iv) In the modular equations (1.15) and (1.16), 3 is degree 9 over o and m is the
multiplier associated with o and § so, from (1.21) and (1.22), we have

)= L2 {20 0‘)}1/24, ) =2 {20 m}lm. (218)

V2 q V2
- ve SR S 2.19
x S = .
q 7
Let us assume that
_ M@ -
= g =V 5ah ) 220
e x(q%) a(l—a) "
Rk 1 220
Thus we have P
0= Jm (2.22)
Now, eliminating «, 8 and m from (1.13) and (1.14) by making use of (2.21) and

(2.22) we get the modular identity,

P2Q*+ P = PQ* + 3Q. (2.23)
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(v) In the modular equations (1.17) and (1.18), § is degree 13 over o and m is the
multiplier associated with o and § so, from (1.21) and (1.22), we have

flg) = Y2 {a“q‘“)}w, ) = X2 {2 ‘@}m. (2.24)

V2 V2 q'
V2 V2
)= — e X = (2.25)
24 a(l_a) 24 B<1_6)
\/ q \/ g’
Let us assume that
__J@ o fe—an M
R e T (2:20)
and ;
_@®) _ fal -
Q= q2x(q) {5(1 - ) } ' (227)
Thus we have
g _ Jm (2.28)

Now, eliminating «, 8 and m from (1.17) and (1.18) by making use of (2.27) and
(2.28) we get the modular identity,

13Q% + P2Q5 + 4P%Q" = P? + 4Q* + P'Q". (2.29)

(vi) In the modular equations (1.19) and (1.20), S is degree 25 over a and m is
the multiplier associated with « and g so, from (1.21) and (1.22), we have

VA [a(l-a) 1/24 B(1 - 1/24
oG e e
V2 &) V2
x(q)zm N (2.31)

q g%

p_ @ :\/ﬁ{g(i—_o‘)}lm. (2.32)
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and 4
25 1—
ax(q) Bl —p)
Thus we have P
— =+/m (2.34)
Q
Now, eliminating «, 8 and m from (1.19) and (1.20) by making use of (2.33) and

(2.34) we get the modular identity,
P?Q? 4+ P+ 2PQ = 5Q + PQ?® + 2PQ*. (2.35)
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