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Abstract: By Applying extension of k-Gamma and k-Beta functions we derive the
interesting results with help k- Gamma and k-Beta functions involving elementary
functions. Using extension of k-Beta distribution we will discuss the maximum
likelihood estimators, central moments and some properties based on expectation.
For real life application will be computed the hazard rate function, mean residue
life function and entropy.
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1. Introduction

Many researchers are developing the fractional calculus theory and its applica-
tions with the help some special functions like Gamma, Beta, extended Gamma,
extended Beta , k-Gamma, k-Beta, extended k-Gamma and extended k-Beta func-
tions ( Mathai et al [9] , Chaudhry et al [3], Daiz et al [4] Mubeen et al [12]) .
Many problems of science and engineering can be evaluated by help these functions
(Bapna at al [1], Krishanamoorthy [8]) Presently more researchers are working on
k-Beta function and extension of k-beta function and these functions have more
applications in mathematical analysis and pure statistics. The aim of this paper is
to develop extended k-Beta and extended k-Gamma functions involving fractional
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calculus theory and statistical distribution theory. We are giving the following ba-
sic definitions based on our main results related to k-Beta function and extension
of k-beta function.

2. Gamma and Beta functions

The Gamma function I'z is introduced by Euler (1707-1783). Many forms of
Gamma function are given by Euler, Carl Friendrich Gauss, Karl Weierstrass and
Egan which are useful in various scientific and real life applications( Mathai et
al. [9], Bapna et al.[1], Vyas [16],and Walac [17]) The Gamma is defined by the

formula
nln?1

I'(z) = lim

W (2),

(1)

Its integral representation is also given as

Iz= /xZ1emdx; Re(z) >0 (2)

0

And
I'(z41)=2Iz (3)

Beta function B (m,n) is defined as

1
/xmll—xnldx ; Re(m)>0,R(n)>0 (4)

0
The Beta function in term of Gamma function is given by

I'mI'n

P )

Let n be positive integer. Then Pochhammer symbol (a), defined as

(a),=a(a+1)(a+2)(a+3)...(a+ (n—1)) (6)

(a)y =1 (7)
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1.2. k-Gamma and k-Beta functions

In 2007 Diaz and Pariguan (see Diaz et al.[4], Diaz et al.[5]) have introduced
the following Pochhammer k-symbol and k-Gamma function .The Pochhammer
k-symbol is (a), , defined as

(a)nk:{a(a+k)(a+2k:)(a+(n_1)k) ;n21,]{7>0}

1 ;n =20 (8)

For k > ORe(z) > 0 the k-Gamma function is defined as

I () = fim )
T (2 +nk)
(@), = kaT

And its integral form as

Ip(z+k)=2I%(2) (12)
The k- beta function for £ > 0 and Re (m) > 0,Re (n) > 0 is given by
1
By, (m,n) = /x”ila —z)F (13)
0
The relation between k-Beta and k-Gamma function are given as
_ D (m) Ty (n)

Many researchers (see more detail Kokologiannak et al [6], Kokologiannak et al
[7], Mubeen et al. [11], Rehman et al [15], Merovci [14] and Wang [18]) have
investigated some properties of k-Gamma and k-Beta functions.

1.3. Extension of Gamma and Beta functions
Extension of gamma function I'y (z) is investigated by Chaudhry and Zubair
[3]. It is defined as

Iy(2) = /xz_le_x_bxldx; Re(z) >0,b>0 (15)

0
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If b= 0 then (15) tend to (2) and extension of Beta function is given as

1
B (m,n;b) = /tm(l — t)"e_ﬁdt (16)

0

Where Re(m) > 0,Re(n) > 0,Re(b) > 0 If b = 0 then (16) tend to (4) (see
Chaudhry et al. [2], Chaudhry et al [3]).

1.4. Extension of k-Gamma and k-Beta functions
In 2016, Mubeen et al. have introduced the following extension of k-Gamma

function
o0

2k pka—k
[, (2) :/xz_le_k_ Fodx (17)
0
Where k& > 0,Re (m) > 0,Re (n),Re(b) >0
When (i) put b = 0, (17) tend to (11) (ii) put &£ = 1, (17) tend to (15) (iii) put
both k=1 and b= 0, (17) tend to (2)

The extension of k-Beta function of two variables m and n is denoted

1
k

By, (m,n;b) /:crlsl k_lefkr(bl*z)dx (18)

0

?vIH

Where Re (m) > 0,Re(n) >0,k > 0,Re(b) >0

If (i) put & =1 (18) tend to (16) (ii) put b = 0 (18) tend to (13) (iii) put & = 1
and b=0 (18) tend (4)

Trigonometry representation of extended k-Beta function is given as (Mubeen et

al. [11))

By (m, n;b)

?rlw

/cos@ N sm9)24_1{17*5“206056629(18 (19)
0

Integral representation of extended k- Beta function is given as (Mubeen et al.

[11])

(e 9]

/bs_lBk (m,n;b)dx =Ty (s)Br (m+ s,n+ s) (20)
0
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Let I, (m) denotes extended k-Gamma function then (Mubeen et al. [11])

s

o0

Ly (m) o g (n :E/ N E/(cos@)zk_1(sin0)2k_1e_mmbm%d9 dr

0 0
(21)
2. Main result some properties of extended k-beta function
Theorem 2.1. For k > 0,Re(m) > 0,Re(n) > 0,Re(r) > 0 and Re(s) > 0 then
followz'ng integral representation holds true

n k 2 2 k
// 0089 ~(sin H)ZT_Ie’b?SeC O cosec™0 g dy —= §Fk (s) B (m+s,n+s)

(22)

jus
2 OO

20e0soc? k k
(7,2)//7“ 0089 7—1 _b—soc 0 cos ec Hded — Erk (S) Bk (m -+ S, S -+ 5) (23)
0

~
2

T 2n k k
(vi1 //7’ (sinf) le_LseCQGCoseCQQder = §sz( s) By (s + 508 + n) (24)
0

=
S~

r 2 2 k k k

s—1 ——sec 0 cosec”f o _ _
/ d@dr—QFk()Bk(s—l—z,s—l—Q) (25)
0

us

2

i k k k 1 k 1
v) //7’ (cos )P (sin G)qe_bTSGCQQCOS“%deT = §Fk (s)B (s + (p2+ ),S + (q2—i— >>
0

(26)
Proof. (i) we have by (20) [ b5 !By (m,n;b)dx =Ty (s)By, (m + s,n + s) Using
0
in L.H.S. of equation (19) and replace b = r

s
2 o0

k k
// (cos 9 ~(sin 9) Pl secfcosec®d gg gy — 2Fk (s) Br, (m+s,n+s)
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Which is completes proof of equation (22)

(ii)When in equation (22) put n = £ then equation (23) will be

(iii) When in equation (22) put m = £ then equation (24) will be

(iv)When in equation (22) put m = £ and n = £ then equation (25) will be
(v)When in equation (22) put 2% — 1 = p and 2% — 1 = ¢ then equation (26) will
be

Theorem 2.2. Let k > 0;Re(m) > 0,Re(n) > 0,Re(r) > 0 and Re (b) > 0 then

extended k-Gamma, k- Gamma and k-Beta function have relation

o0

Ly (m) To i (n :Z

Ss=

( ) By, (m — sk,n — sk) Ty (m +n — sk)

Where
Re (m — sk) > 0,Re (n — sk) > 0 (27)
Proof. Using the equation (21)

™

Ly (m) g (n) = E/ 2l E/(cos@)Qk_1(sin0)2k_1e_kr2sinb2ecos2ed0 dr
0 0
. 2 T 2m+n 1 772 2 2m _ g 2n_q > 8 bk 3
= E/r e %/ (cos§)F '(sin)* Z; ' (kr251n29cos29 dr
0 0 5=
2 [ < 10 N (2}
m-+n 2 — 2(m—sk) 2(n—sk)
= E/TQIj_le_kZO( s!) (W) %/(cosa)  '(sinf)” F 'df | dr
0 5= 0
= <_1)8 bk s i 2m+n sk 1
=> T\ 7 ) Bi(m—sk,n— ©dr
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Thus equation (27) has proved.
Theorem 2.3. Let k > 0;Re(m) > 0,Re(n) > 0 and Re (b) > 0 then extended

k-Gamma functions have property

s+r s+r
Fbk Fbk ZZ ( ) (_1) Fk (m—rk‘) Fk (n—sk) (28)

e — slr!
Proof.
oo ‘mk bk oo _ﬁ_i
Lo (m) Do (n) = /l‘m_le’“kw’“dx/ym_le R dy
0 0
o0 bk T'(_l)r oo o _ﬂ o0 bk 5(_1)5 o0 - Sk _i
:;(?) rl /x ekdx; %) sl /y Fdy

0 0

[
NE

i <%)+ O o~ k)T (1 — h)

rdl
—0 Sr!

I
<)

r

Theorem 2.4. Let I'y . (m) denotes extended k-Gamma function then prove that

[ — (—1\"1 Ty (rk + 1
/e be7k(m)Fb,k(n)db:Z<7> FB]g (m—rk,n—rk>rk (m‘i_n_?ﬁ]{})_kérk—‘rl )
0 r=0

(29)

Proof. Using the equation (27)

[e.9]

/ebsrb,k (m) Lo (1) 2/ 751’2

0

( ) By (m — rk,n — rk) Ty (m +n — rk) db

> 1\ 1 r
:Z(7> By (m —rk,n —rk) Ty (m +n — rk) /e bsprk b
r!
0

r=0

r

—~[—-1\ 1 Ty (rk +1
Z(7> —'Bk(m—rk,n—rkﬂ‘k(m—i-n—rk)M
r!

Srk—i—l
r=0
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3. Extended k- Beta distribution
Let a continuous random variable X is said to have extension of k-Beta distri-

bution if its probability density function is given as (Rehman et al. [13], Mubeen
et al. [11])

k
;x%_l(l — x)%_le_km(bl—;c) ’0 < x < 1
{Bk( i 0 ; Otherwise (30)
And cumulative density function of extended k-Beta function is given as
1 i m_ n_q __b* I k (m n; k)
F.(X < = (] — )t kel o) gy — —F N 31
X< k By, (m,n;b)/x (1—2)t e . By, (m,n;b) (31)

0

Mean of extended k-beta distribution is given as

1 r m_ — bk By, (m—i—k n; b)
E _ 11 _ TRka(l-o) Jp = L 32
(z) k By (m,n;b) /q::zck (1=a) e v By (m,n;b) (82)
0

Theorem 3.1. Let X is extended k- beta Bk(m,n;b) random variable then nth
moment about mean is random variable then given as

° o Be (m +k,n;0)\°"" Bp (m + 1k, n;b)
n — SCT -1 33
a Z (=1) ( B (m,n;b) ) By (m,n;b) (33)
r=0
Proof. Using (30)
1 k
po = [ (& = A pye 7 (L= o) e do

0
By (m+k,n;b)
.. A — k S
B(m,n;k)
1
-1 f zsj sC! (_1)7’xrAs—rx%—1(1 _ x)%_1€* kz(blkfz) dx
k’Bk(m,TL,b) r
0 r=0
1 k
b

= NG A gy [ (- ) e
r=0 0

_ isCr( ) As— r B (m+rk,n;b)

By (m,n;b)

_ Z SC ( ) (Bk m—l—knb)) By, (m+rk,n;b)

By, (m,n;b) B(m,n;b)

Wthh is represent the nth moment about mean of extended k-Beta distribution
When Put s = 0, 1,2,3,4 in equation (33) then first four central moment respectively

o =1 (34)
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=0 (35)
By (m+2k,n;b) B, (m,n;b) — B (m + k,n;b)
([ Bi(m+k,n;b) 3_3 By (m+ k,n;b)\” By, (m + k,n; b)
1=\ By (myn) By (m, n;b) By (m.,n; )
B k,n) B 2k B 3k,n;b

By (m,n) By (m,n) By (m,n)

_ (Bi(m+kn)\"_ (Bi(mtkn;b)\* By (m+ kn;b)
M=\ By (myn) By (m, 13 b) By (m, ;)

6 By (m +k,n)\’ B (m + 2k,n) By (m+k,n) By, (m +3k,n) By (m+ 4k,n)

(38)
Remark: In equations (34, (35), (36) and (37), (i) put b=0 then these will follow
k-Beta distribution (see Rehman et al. [13]) (ii) put both £ = 1 and b = 0 these
will follow Beta Distribution.

Theorem 3.2. Maximum likelihood estimators
Let Xq, X9 X3 ....... , X3 be random variable of extended k-Beta distribution with
parameter (a, B,b) if 0 = («, B,b) then likelihood function of parameters is given

by

" 1 a 8_4 S L
=] —— 21 —x;)" Ry (1=w;) 39
¥ b R )
Taking the natural logarithm of the above equation, we get
log L (0) = (% — 1) log [T z: + (% - 1) log [T (1 — ;) — % T 117:1:'
i=1 =1 = e (40)

—ﬁlogk —nlog B (oz,_ﬁ; b)
Equation (40) is differentiated with respect to v, [ and b

aL B n OBy («, 5;b)
O ngl a, 3;b) O

—0 (41)
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oL () n OBy («, 5;b)

1 n
35 :%logg(l—xi)—Bk(a’ﬁ;b) 95 =" (42)
OL(0) 1w 1 n OBy (a, B;b)
b - 1 ‘<z, (1—x;) By (o, ;D) b =0 (43)

=1

Case —I If a and B known and b unknown then the maximum likelthood estimator
of b is obtained by (43)

Case-1I If B and b known and o unknown then the maximum likelihood estimator
a of is obtained by (41)

Case-II1 If o and b known and 3 unknown then the mazximum likelihood estimator
of B is obtained by (42) We will solve the equation received in case-I, II, III with
help of Newton-Raphson method.

Theorem 3.3. Let X be extended k-Beta random variable with parameter m, n
and b then extended k-Beta distribution satisfies following properties

()E (logz) = k {ak’g Bg;m’ i b)] (44)
(1) E (log (1 — 2)) = k {mog Bgflm’ m b)] (45)

(iii)E (log*c) = & [(alog Bg;m’";m) - Plog B m. i) ] (46)

(iv)E (log? (1 — 2)) = k2 [(alog B’“aflm’"; b)) _ g Bgém’n; b)] (47)

n k
(logx) 2% ~1(1 — x)Efle_mdx

w
H
@)
)
i
—_
&
—
@]
o3
8
~—
O

_ 1 0log Bi(m.n)
- om
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(i) This proof is similar to proof of (i)

1 bk

(ZZZ)E (10g2 (.I')) = m f (10g2l’) 3’}%_1(1 — x)%_le_mdl‘
0

1
_ ko me TR
- kBk(m,n;b) omz L " <]' l’) € dx

_ k2 82Bk (m,n,b)
" Br(m,n;b) om?

o kz |: <BBk(m,n;b) ) 2 _ 92 log By, (m,n;b):|
o om?2

om
Hence the required result is
(iv) Proof is similar to proof of (i).

Corollary 3.4. Let X be the extended k- beta random wvariable with parameter
m,n and b then

@ﬁmumgw:—#<?ﬂ%g%?m”» (48)
(it)Var (log (1 — x)) = —k (82 Lo g,;g@ .:5) ) (49)
@@EQ&):Bgﬁgéﬁf) (50)
@@E(ﬂ%1B)::Bk0”;;z;;zf”“® (51)

(1), Bi(m+rk,n;b)
(U>E<(1_x ) F r+1 By, (m,n;b) (52)

Theorem 3.5. For B <1 and X, k > 0, be extended k-beta By (m,n;b) random
variable then

, _a:%’l(l—x) 1T Whm)
()E(2]0 < X < g) = La(m+knid) (54)

I3 (m,n;b)
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Ig, (m +2k,n;0b)

(i) E (270 < X < B3) Tyx (o h) (55)
67
. IB (m+2k‘,n) ]Bk(m—i—k n) 2
Vv 0< X <pB)="k — | = - 56
(0)Var (a0 < ¥ < ) = R IR ERL (5
Where
B
1 m_q _ b
Is ) (m,n;b) = N (1—a)r e m=a dg (57)
0
15 incomplete extended k-Beta function.
Proof. (i) Using equation (30) and (31)
f ( ) xkil(l—z)%fle_ﬁk_x)
B ] #F (L =) e
0
m n bk
ei (1 —x)F e mam
N Ik (m,m;b)
» Bom L I (m+k,ns;b)
(22)E($[O<x<ﬁ)—lﬁk(mnb _!a:k 1—:15 e z<*r>da::W
m+2k,n;b)

, - I
(i) E (210 < X < ) = ng(mnb)ka+1(1_x> ‘e ~r ka(l=o) dy = Bfkﬂ(k(WLnb)

(i)Var (|0 < X < B)=E (220 < X < 8) — [E(z]0 < X < B))?

C Tpu (mA2km5b)  [Lag (m+ k,nib)]?
 Igx(m,n;b) Isk (m,n;b)

Hence theorem (3.5) has been proved.
3.6 Applications in real life

3.6.1 Life Time of Component Let X is extended k-Beta By (m,n;b) random
variable then the probability of failure till time x is given by

Ly (m,n;b)

=T = By (m,n;b) (58)
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Where I, (m,n;b) denotes incomplete k-Beta function
The probability that the component survives until time z is denoted S, () and
can be expressed as

&@:szwz/ﬁ@mw?;—f; (59)

Where I3, (m,n;b) denotes complement of incomplete extended k-Beta function
which is used for many problem of mathematical analysis by mathematician.

3.6.2 The Hazard Rate Function h ()
Let f, (z) be the failure density function of extended k-Beta By (m,n;b) random
variable then Hazard rate function is defined by

h@:ﬁ% (60)

Using (30) and (56) in (57)

m_q n_1 L
Tk (1 _ SL‘) Eeka(l—a)
IS, (m, n;b)

h(zx) =

(61)

The Mean Residue Life Time & ()
For extended k- Beta By, (m, n;b) random variable X the mean residue life function
Kk (x) is defined as

89

(t—a) fut)dt [ tf, (1) dt

kKx)=E(X —z|X >z)= S = 50 —x (62)

Here :{ tfy (t)dt = % thus mean residue life function will be as

IS, (m+ k,n;b)

I¢, (m,n;b) -t (63)

K (x)
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3.7 Quantity information (entropy)

3.7.1 Differential entropy

For extended k- Beta By (m, n;b) random variable X, the differential entropy A (x)
is defined as

h(z) = E (- log (f, (x / o () log (£ (2)) de (64)

Using equation (30) in (63)

b
f . 718_ kz(l—x)
kB;C m,n;b)

[(% - 1) log x + <E — 1) + log <% — 1) — #k_@ — log kBy, (m, n;b) | dx

h(x) = log kBy, (m, n;b) + U Belnokndit)

B <% B 1) kalogBk (m,n;b) B (E B 1) kaBk (m, n;b)

om k on (65)

Equation (64) is differential entropy for extended k-Beta distribution (measured in
nuts).
3.7.2 Cross Entropy
For two extended k-Beta random variables such that X,k — By (m, n;b) and X; k—
By, (m/,n';b) then the cross entropy is expressed as (measured in nats)

1

H (X17X2) = {_fX1 (I) 1Og fXQ (I)d‘r

o0 m n bk m/ n/ bk
x?_l(l — x)ﬁ_le_km(l—m) l‘T_le_le_km(l—z)
= log dx
k By (m,n;b) kB (m/,n’;b)

0

kak(m k,n—k;b)
k B (m,n;b)

o (m 0\ 9Bk (mynib) o (n' OBy (m,n;b)
f(F ) Pk () (96)

= log kBy, (m',n’; b) +
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3.7.3 Kullback-Leibler Divergence ( Relative Entropy) Dy, (X || X2)

The relative entropy Dg (X7 || X2) for two extended k-Beta random variables such
that X"k — By (m,n;b) and X"k — By, (m/,n’;b) is defined by(measured in nats)

Dip (X1 || X2) = /fX1 (x)log (%)dm =—h(Xy)+ H (X3, X5) (67)

Using equation (64) and (65) in (66)

Olog By (m,n;b) Jlog By (m,n;b) By (m/,n';b)
D X X — _ / Y I _ ! Y I 1 b )
o (X 12) = (m — ) B RE  — t) SRE R o
(68)
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