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Abstract: Multigroup is a group-like algebraic structure drawn from multiset
whose underlying set is a group. The concept of commutators in multigroup con-
text has been hitherto introduced in literature. The purpose of this paper is to
further explore the idea of commutators in the light of multigroups. A number of
some related results are obtained and characterized. The idea of admissible sub-
multigroups A and B of C' € MG(X) under an operator domain D is explicated,
and it is shown that (A, B) and [A, B| are D-admissible.
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1. Introduction

The idea of multisets as noted in [20], was first suggested by N. G. de Bruijn
(cf. [5]) in a private communication to D. E. Knuth, as an important generalisation
of crisp set theory, by violating a basic property of crisp sets that an element can
belong to a set only once. The notion of multisets is a boost to the concept of
multigroups via multisets, which generalises group theory. In [21], the concept of
multigroups in multisets framework was proposed and a number of results were
obtained. The notion is analogous to other non-classical groups (e.g., fuzzy groups
[22], etc.). A complete survey on the concept of multigroups was carried out in [7,
17], and it was established that multigroup via multiset is a generalisation of group
theory.
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The notion of multigroups as an application of multisets has been extensively
researched upon since inception. A number of algebraic properties of order of an
element in a multigroup were considered in [3] and some results on multigroups
which cut across some homomorphic properties were explored in [4]. The notions
of upper and lower cuts of multigroups were proposed and discussed in details with
some results in [6], and the notions were extended to homomorphic sense and a
number of results were explored [10]. The ideas of submultigroups of multigroups
and abelian multigroups were explicated with some results in [15]. In continu-
ation, the concepts of normal submultigroups and characteristic submultigroups
of multigroups were proposed in [13, 18] with some results, and some homomor-
phic properties of multigroups were studied in [12]. Some other group analogous
theoretic concepts were established in [1], [2], [9], [11], [14], [16], [19], [23].

The concept of commutators in multigroup setting was proposed in [14]. How-
ever, some relevant properties of commutator submultigroups of multigroups are
yet to be exploited. This constitutes the motivation of this article. The aim of
this paper is to explore the concept of commutators in the light of multigroups and
present a number of some related results. Also, the idea of admissible submulti-
groups under an operator domain is proposed and characterised. The remaining
part of this article is thus presented: Section 2 provides some preliminaries on
multisets and multigroups. In Section 3, the idea of commutators of multigroups is
revisited and some of its properties are discussed. Also, admissible submultigroups
under an operator domain is proposed and characterised. Section 4 concludes the
paper and provides direction for future studies.

2. Preliminaries
In this section, we present some existing definitions and results to be used in
the sequel.

Definition 2.1. [24] Let X be a non-empty set. A multiset A over X is of the
form

A= (D) e xy,

where Cy is a function Cy : X = N and N = {0} UN.
The set X is called the ground or generic set of the class of all multisets containing
objects from X.

A multiset A = [a,a,b,b,c,c, c] can be represented as A = [a?, 1%, ¢3]. Other
forms of multiset representations can be found in literature. We denote the set of
all multisets over X by MS(X).

Definition 2.2. [8] Let A and B be multisets of X. Then
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(i) AC B & Cu(z) < Cplz)Vz € X.
(ii) A= B & Ca(z) = Cp(z) Vo € X.
(iti) ACB < AC B and A +# B.
(v) ANB = Cy(x) NCp(z)Vz € X.
(v) AUB = Cy(x)V Cp(x) Vo € X.

Note that A and V denote minimum and maximum operations.

Definition 2.3. [21] Let X be a group. A multiset A of X is said to be a multigroup
of X if it satisfies the following two conditions:

(i) Calry) = Calx) A Caly) Yo,y € X,
(ii) Ca(z™') > Cu(z)Vz € X,

where C'y denotes count function of A from X into a natural number N.
It can be easily verified that if A is a multigroup of X, then

Cale) = \/ Calz)Vz € X,

zeX

that is, C'a(e) is the tip of A, where e is the identity element of X. Also, CM4(z™!) =
CMa(z) Vx € X, since

CMa(z) = CMa((z~H71) > CMa(z™h).

The set of all multigroups of X is denoted by MG(X).

Definition 2.4. [15] Let A € MG(X). A submultiset B of A is called a submulti-
group of A denoted by B C A if B is a multigroup. A submultigroup B of A is a
proper submultigroup denoted by B C A, if B C A and A # B.

Definition 2.5. [15] Let A, B € MG(X). Then, the product Ao B is defined to

be a multiset of X as follows:

Crop() = Vuey:[Ca(y) ANCp(2)], if3y, 2z € X such thatx = yz
AcB\T) = 0, otherwise.

Proposition 2.6. [21] Let A € MS(X). Then A € MG(X) if and only if
Ao A= A.
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Proposition 2.7. [21] Let A € MG(X). Then, the sets A, and A* defined by
A, ={x € X | Cy(z) >0}

and

A" ={x € X | Cu(z) = Cyle)}
are subgroups of X.
Proposition 2.8. [6] Let A € MG(X). Then, the set Ay, defined by
Ap={r € X | Cy(z) > n,n e N}
is a subgroup of X for n < Cyu(e) and A" defined by
A" = (g e X | Cu(z) > n,n € N}

is a subgroup of X forn > Ca(e).
Definition 2.9. [13] Let A,B € MG(X) such that A C B. Then, A is called a
normal submultigroup of B if for all x,y € X,

Ca(zyr™") = Caly).

Definition 2.10. [21]Let A € MG(X). Then, A is said to be commutative if for
all x,y € X,

Ca(zy) = Ca(yx).

Definition 2.11. [7] Let X and Y be groups and let f : X — Y be a homo-
morphism. Suppose A and B are multigroups of X and Y, respectively. Then, f
induces a homomorphism from A to B which satisfies

(1) Cray(1y2) = Cray(mn) A Cray(y2) Yy, 12 €Y,
(i) Cp(f(w122)) > Cp(f(21)) A Cp(f(72)) V1,72 € X,
where

(i) the image of A under f, denoted by f(A), is a multiset of Y defined by

Vi1 Calz), [ (y) #0

0, otherwise

Cra(y) = {

for eachy € Y and
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(1) the inverse image of B under f, denoted by f~(B), is a multiset of X defined
by
Cffl(B) (.CE) = CB(f(.QT)) Ve e X.

Definition 2.12. [18] Let A, B € MG(X) such that A C B. Then, A is called a
characteristic submultigroup of B if

Cpo(z) = Cy(z)Vr e X
for every automorphism, 0 of X. That is, 0(A) C A for every 0 € Aut(X).
Proposition 2.13. [18] Let B € MG(X). Then, every characteristic submulti-
group of B is a normal submultigroup of B.

3. Results on commutator in multigroups context
Recall that the commutator of two elements x and y of a group X is the element
[z,y] = 7'y lzy € X. If H and K are subgroups of X, then the commutator
subgroup or derived subgroup [H, K| of X is generated by {[z,y]|x € H, y € K}.
Now, we recall the definition of commutator in multigroup context as thus [14]:

Definition 3.1. Suppose A and B are submultigroups of C € MG(X). Then,
(A, B) is a multiset of X defined as follows: Vo € X

VicianCala) ACg(b)], ifzis a commutator in X

Ca,p)(z) = { 0 z

The commutator of A and B is a multigroup [A, B] of X generated by (A, B).
Now, we present some properties of commutator in multigroup as follow:

Proposition 3.2. Let A € MG(X). If A is commutative, then Ca([z,y]™) =
Ca(ly, 7)) Vo,y € X.
Proof. Suppose A is commutative. Then, we get
Calz,y]™) 2 Ca([z,y]) = Calz™y 'ay)
= Caly 'z yx)

otherwise.

= Cally, 2)),
= Ca([z,y]™) > Ca([y, x]). Similarly,
Ca(ly:2]) = Cal(ly,2]™)™") > Cally,2]™)
= Cally™'a™y2)™)
= Cal(z™'y ay)™)
= CA([xay]_1)7
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= CA([yu‘rD > CA([x’y]_1>‘ Hence OA([xuy]_1> = OA([?J?‘T]) vxuy € X.

Proposition 3.3. Suppose A € MG(X) and [z,y] is a commutator of v and y in
A. Then Cy([z,y]) = Cal(e) if and only if A is commutative.
Proof. Assume Cu([z,y]) = Ca(e), where e is the identity element in A. Then
Ca(z7ly toy) = Cale) = Ca((yz)tay) = Cale) = Ca(zy) = Ca(yx). Thus A
is commutative.

Conversely, if C4(zy) = Ca(yx). Then, we have

Cal(yz) 'ay) =

(ya) " yz)

(x~ 137)( ')
v'2) ACa(y™'y)
€),

Thus Ca(z 'y 2y) = Ca([z,y]) > Cale). Again we have

Cale) = Ca((yx)~tyz) > Ca([z,y]), since Cy(e) > Ca(x)Vz € X. Thus Cx([z,y]) =
C4(e). Hence the result follows.

Y
SSSS

(
(
(
(

Remark 3.4. If a multigroup A of X is commutative, then it is easy to see that
Ca(zlr,yle™") = Ca([zaz™!, zy27 ) Vo9, 2 € X,

Proposition 3.5. Let x,y,z € X and A be a commutative multigroup of X. Then
(i) Callw,y2)) = Callw, 2w, "),
(ii) Ca(lzy, 2)) = Callw, 2'ly, 2)).

Proof. For x,y,z € X, we have

(i)

Ca([z,yz]) = Calz™(y2) " zyz)
= Cuz 'z ly tayz)
- OA([:anz)
and similarly, we have
Ca(lz, 2[w,y*) = Cala™'z7y 'ayz)
= Callz,y])

The result follows.
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(i)
Callry,2]) =

Similarly,

Callz, 9y, 2]) = Ca(ly 'z 'y zyy)ly, 2])
Ca([z, z]Y).

Hence the result.
Lemma 3.6. If x,y,z € X and A is a commutative multigroup of X, we have
(1) Callzy, z]) = Callz, 2][z, 2, ylly, 2]),
(i) Ca([z,yz]) = Ca([z, 2l[z, y][z, y, 2]).

Proof. Straightforward from Proposition 3.5.

Proposition 3.7. Let x,y,z € X, and A be a multigroup of X. Then, we have
Callz,y=4, 2]y, 271, x|z, 271, y]*) = Cale), where e is the identity of X.
Proof. For x,y,z € X, we have

Callz,y",2") = Caly™ [z yxy ™", 2]y)
= Caly (ya~ 'y ') (a7 gy zy)
= Cyu(z ™ty tez e yzy2y).
Setting @ = zzx 'yr, b = yry ‘zy and ¢ = zyz 'zz. By observation, b and
¢ can be obtained by cyclic permutation of x,y,z. Furthermore, we see that
Ca(lz,y 1, 2]Y) = Ca(a™'b). Deducibly, it follows that Ca([y, 271, x]?) = Ca(b'c)
and C4([z,271,y]") = Ca(c 'a). Since

Ca((a™'b)(b'e) (¢ a)) = Cale),
the result follows.

Theorem 3.8. Let x,y € X, z = [x,y] commutes with both x and y. If A is a
multigroup of X, then Ca([z',y’]) = Ca(2Y) Vi, j.
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Proof. By a given hypothesis, Cx(z) = Ca(z 'y tzy), and so Caly lzy) =

Ca(zz), where

Caly™'a'y) = Ca((y~'ay)') = CA((J?Z)i)
= Cy(2'2")

as x and z commute. Conjugating by y gives

Cr (y 23:Zy2) CA(y 1xzzzy) — C (y—lajzyzz)
= Cal(2'2)2)
— ( % Qz)
as y and z commute. Repeating this argument j times, we have Cy(y/a'y’) =
Ca(2°2%), hence Cy([z?,y’]) = C4(2Y).

Theorem 3.9. Suppose A € MG(X) and x,y,z € X. If y commutes with z in A
and X is abelian, then Cu([z,y, 2]) = Ca([z, 2,y).
Proof. Firstly, we have

CA([ZE,y,Z]) = OA([[xay]7Z)
= Cullz,y]"'=" [z, y]2)
= Culy 'o tyzz oty tay2)
= Cule M zy 27y (zz o 2) 2y tayz).

We observe that zy~tx~ly and 22 127!z lies in X, and thus commute. It follows
that

Ca[z,y,2]) = Cale™ (z2" 2™ 2)(wy~ 2™ 'y)2 "'y ayz).
Since y and z commute, then

Calfr.y2) = Calz"a 2oy~ o 2 azy)

= CA([Z'? <, y])
This completes the proof.

Theorem 3.10. Let A € MG(X) and z,y,z € X. If [x,y] commutes with both x
and vy, then

Callz,y™") = Callz™,y]) = Callz,y™").

Proof. By synthesizing Lemma 3.6., we have

CA(e) = CA<[I{L‘_1,yD = CA([I‘,y][l’,yjl’_l][l’_l,y]).



Some Results on Commutators in Multigroup Framework 75

But [x,y,z7'] = [[z,9],27!] and [z, y] commutes with x by hypothesis. It follows
that Ca([z,y,27']) = Ca(e) = [z,y,27 '] = e, where e is the identity of X. Thus

Cale) = Callz,yllz"" y]) = Callz,y]™) = Callz™",9]).

Similarly, we have Ca([z,y]™') = Ca([z,y']). Hence the equality holds.

Definition 3.11. Let A, B € MG(X) such that A C B. Define A®) = A. For

n € N and suppose A"V can be defined for n > 1. Then, A™ can be defined by
Aln) — (A(nfl)’A(nfl))_

Theorem 3.12. If A is a multigroup of X, then A™ C A=Y for all n € N.
Proof. We show the proof by induction on n. Let x € X. If z is not a commutator
in X. Then

C(A,A) =0and CA(ZL‘) >0 = C(A,A) =0< CA(:L‘)

Suppose x is a commutator in X. Then, for a,b € X we have
C(A,A) = \/ [CA((Z) /\CA(b)]
z=[a,b]

= \/ [Cal@™) ACA(b™") A Ca(a) A Ca(b)]

z=[a,b]

< \/ [Cala'b"ab)]
z=[a,b]

= Ca(x),
and so (A, A) C A. Since A € MG(X), then
Cao(z) = Cram a0)(z) < Ca(z) = Cypo)(z),
and so the result follows for k = 1. Since C 4y (2) < Cym-1)(z) for n € N, we have

OA(k+1)(ZE) = O(A(k)’A(k))(I)
C(A(kfl)’A(kfl))(x)
Thus A®TD C AK) = AK) C A*-1) Hence the result follows for n = k.

Theorem 3.13. Suppose A and B are submultigroups of C € MG(X). Then
[A, B] = [B, A].

IN
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Proof. Let z € X. Since [A, B] is a multigroup generated by (A, B), if we prove
that (A, B) = (B, A) we are done. Assume z is not a commutator in X, then z~!
is not a commutator and consequently,

C(A,B)(x) =0= C(B’A)(l‘_l).
Suppose x = [a, b] for some a,b € X. Then
Caap(x) = \/ [Cala) ACp(b)]
z=[a,b]

=\ [Cs(b) ACa(a)

o=1=[b,a]
= Cialx™).

Hence (A, B) = (B, A) implies [A, B] = [B, A].
Corollary 3.14. Suppose A and B are submultisets of C € MG(X). Then

(i) [4, Bl. = [B, AL,

(i) [A, B]* = [B, A]*.
Proof. Using Proposition 2.7 and Theorem 3.13, the results follow.
Corollary 3.15. If A and B are submultisets of C € MG(X). Then, for n € N,

(i) [A>B][n] = [BaA]["]7
(ii) [A, B]" = [B, Al"l,

Proof. Combining Proposition 2.8 and Theorem 3.13, the results follow.

Theorem 3.16. Suppose A € MG(X), then [A, A] C A.
Proof. If z is not a commutator in X, then C4 (x) = 0. Suppose z is a
commutator, then

Cuan(z) = \/ [Ca(a) A Cy(b)] for some a,b e X

z=[a,b]

_ \/ [CA(afl) A CA(bfl) A Cy(a) N Ca(b)]

z=[a,b]

<\ [Cala™"b7ab)]

z=[a,b]

== CA(ZL‘)
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Thus (A, A) C A= [A,A] C A

Theorem 3.17. Suppose A, B,C, D € MG(X) such that A C B and C C D, then
[A,C] € [B, D].

Proof. Recall that [A,C] = ((A,C)). If x is not a commutator in X, then

C(a,py(x) = 0 and therefore there is nothing to prove. Suppose z is a commutator,
then

Cuacy@) = '\ [Cala) A Ce(b)] for somea,b € X
z=la,b)
< \/ [Cp(a) A Cp(b)]

z=[a,b]
Thus [A,C] = ((A,C)) C((B, D)) = [B, D]. Hence [A,C] C [B, D].
Corollary 3.18. Let A,B,C,D,E,F € MG(X). If [C,D] C [A, B] and [E, F] C
Proof. Suppose [C,D] C [A,B] and [E,F| C [A,B]. Then [[C,D],[E, F]] C
[[4, B], [A, B]] C [A, B]. Hence [[C, D], [E, F]] C [A, B].
Proposition 3.19. Let A, B € MG(X). Then [A, B] o [B, A] = [A, B].
Proof. Combining Proposition 2.6 and Theorem 3.13, we get [A, B] o [B, A] C
[A, B]. Again, if = 0, we have Cj4 pjo[p,a)(2) = 0. Otherwise,

Cia,BloB,A)(T) = \/ [Cra,p(a) A Cip,a(b)]

r=ab

> C[AB](ZE) AN C[A,B](e)
= Clap(),
and so, [A, B] C [A, B] o [B, A]. Hence [A, B] o [B, A] = [A, B].
Proposition 3.20. Suppose A, B,C,D,E,F € MG(X) such that [C, D] C [A, B]
and [E, F| C [A,B]. Then [C,D]o |E,F] C [A, B].
Proof. Let x € X. If v = 0, we have Cl¢ pog,r)(z) = 0. Otherwise,

Cie,pjole,F)(T) = \/ [Cre,p(a) A Cig,r(b)]

r=ab

< \/ [Ca,py(a) A Cla,p (D)]
r=ab

= Cla,Bo[4,8)()

= Ca,p/(2).
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Hence [C, D] o [E, F] C [A, B].

Lemma 3.21. Suppose A and B are submultigroups of D € MG(X) such that
A C B, then [A,C] C [B,C] for any submultigroup C' of D.

Proof. Given A C B, then Cy(z) < Cp(z) Yz € X. Let C be any submultigroup
of D. If x is not a commutator in X, then

Cao(z) =0=Cpol(z).

Suppose x = [a, b] for some a,b € X. Then we have

Cucyx) = \/ [Cala) ACc(b)]

z=[a,b]

<\ [Csa) ACo(b)]
z=[a,b]

= Cio(@),

implies that (A,C) C (B,C) and so [A,C] C [B,C].

Theorem 3.22. Let A and B be normal submultigroups of D € MG(X) and let C
be any submultigroup of D. Then [Ao C, B] C [A, B] o [C, B] with equality holding
if CMa(e) = CMc(e), where e is the identity of X.

Proof. Firstly, we show that (Ao C,B) C [A,B]o[C,B]. Let x € X. If z is not
a commutator in X, then Ciasc,p)(r) = 0 and the result is trivial. Suppose z is a
commutator in X. Then

Clace,py(@) = \/{Caoc(a) ACp(b)x = [a,b], a,b € X}
= V{V{Ca(w) ACc()la=uv, u,v € X} ACp(b)|x = [a,b], a,b € X}
= V{V{lCaw) ACc)]ACpb)la=uv, u,v € X}z =[a,b], a,b€ X}
= V{VA{lCaw) ACB®)]A[Co(v) ACB(b)la=ww, u,v € X}z = [a,b], a,b€ X}
= \V{[Ca(u) ACB®)] A[Co(v) ACp®)]z = [uv,b], uv,b e X}
VA{C1a,5)([u,) A Cie, ) ([v, b)) |2 = [uv, b], uv,b € X}
VACra,1([u,0]°) A Cie, ([, b)) | = [uv, B], uv,b € X}
VACa,5/®) A Cle,)(2) |z = yz, y, 2 € X}

Cla,BJolc,B] (%),

A

where y = [u,b]", z = [v,0] and x = yz = [uv,b] = [u,b]"[v,b]. Since [A, B] is

normal, [A, B] o [C, B] is a multigroup of X. Hence [Ao C, B] C [A, B] o [C, B].
Finally, suppose Ca(e) = Cg(e). Then, A C Ao C and C C Ao C. Thus,

[A, B] C[AoC,B] and [C, B] C [AoC, B] by Lemma 3.21. Hence, [A, B]o[C, B] C
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[AoC, B] since [Ao C, B is a multigroup of X. Consequently, the desired equality
holds.

Definition 3.23. A non-empty collection D of endomorphisms of a group X is an
operator domain on X. A multiset A of X is admissible under D or D-admissible
if for every f € D, f(A) C A, where f is a function. Thus f(A) C A if and only
if AC f7H(A).

Theorem 3.24. Suppose A and B are admissible submultisets of C € MG(X)
under an operator domain D, then (A, B) and [A, B] are D-admissible.

Proof. The fact that A and B are D-admissible, we have

Cr1a)(w) > Cy(z) and Cp-1(py(v) > Cp(x) Vf € D.
Let f € D and x € X. If z is not a commutator in X, then

Crap)(z) =0 < Crap(f(z)).
Suppose x = [a, b] for some a,b € X. Then

Cam(r) = \/ [Cala) ACp(D)]

x=[a,b]

\/ [Calf(a)) ACs(f(b))]

o=[a,b]

= V' [Ca(f(a) ACB(f(B))

f(@)=[f(a),f(b)]
< [Ca(c) NCp(d)], c,d e X
(fﬁ) [e.d]

= Cup(f(2)).

Thus (A4, B) C f7'((4, B)). Hence (A, B) is D-admissible. Since [A, B] is gener-
4,

ated by (A, B), it follows that (A, B) C f~([A, B]). Thus [A, B] C f~Y([A, B]).
Hence [A, B] is D-admissible.

IN

4. Conclusion

In this article, the ideas of commutator of multigroups and commutator sub-
multigroups of multigroups have been proposed and characterised with a number
of some related results. Some homomorphic images and preimages of commutator
of multigroups were considered with some results. The notion of admissible sub-
multisets A and B of C' € MG(X) under an operator domain D was explained, and
it was shown that (A, B) and [A, B| are D-admissible. However, more properties
of commutators in multigroup setting could be exploited in future research.
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