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1. Introduction

In this paper, real scalar mathematical as well as random variables, will be
denoted by small letters x, vy, ..., x1, 29, .... Let 1 > 0,29 > 0 be real scalar positive
random variables, statistically independently distributed with density functions
fi(zq) and fo(xq) respectively so that the joint density is fi(x)fa(xs). A density
function f(z) is a real-valued scalar function of x such that f(z) > 0 for all  and
fx f(z)dex = 1. Let u = zyx9 the product. Then the density of u, denoted by
g(u), is available by considering the one to one transformation u = xix9,v = 1
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or u = T1T9,V = Ty so that dz; A dxy = %du A dv where the wedge product of
differentials is defined as dz A dy = —dy A dx so that dz Adx = 0,dy Ady =0
where x and y are real scalar variables. For Jacobians of transformations, involving
matrix transformations, wedge product etc see Mathai (1997). Then the density
g(u) has the following integral representations:

ow) = [ LR (1)
= [ L) n)a (12

Let us evaluate (1.1) and (1.2) for the following basic densities:

filx) = FC(L;) 27T 4> 0,v>0,0<x< 00 (1.3)
r

fo(z) FEZ);(?) M1 -2)10<r<1,a>0,8>0 (1.4)

f3(x) 11:((;1);(?) 221+ 2)7 0 <z < 00, > 0,8 > 0. (1.5)

In statistical densities the parameters are usually real but the various results in
this paper will hold for complex parameters also, the conditions are to be changed
correspondingly. When x; > 0 and x5 > 0 are independently distributed then the
(s — 1)th moment of u is the following, where F(-) denotes the expected value of

():
BEw™) = B Y E(25™") due to independence (1.6)

where, for example,

E(zih) = /0 257 fi(z)de = My, (s) = Mellin transform of f; (1.7)

with Mellin parameter s and

Blay™) = / T fy(e)de = My (s) (1.8)

whenever the Mellin transforms or the (s — 1)th moments exist. If we take the
Mellin transform of g(u), with Mellin parameter s, then we have

My(s) = My, (s)Mp,(s). (1.9)
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This is the Mellin convolution of a product property involving two functions.

The series representations in Sections 2 and 3 are obtained by using the following
results which will be stated here as lemmas.

Lemma 1.1. Form=+A\A=1,2,...

lim (« +m)I'(a+m)= lim (a+m)(atm=—1).al(a+m)

a——m a——m (O{ +m — 1)0[
r 1 —1)™
= fim etmEDh (=D (1.10)
am—m (a+m—1)..«a m!
Lemma 1.2. Form=1,2,...a# -\A=0,1,2, ..
-1)™r
F(Oz—m):M (1.11)
(—a+1),
where the Pochhammer symbol is
(@)m =ala+1)..(a+m—1),a#0,(a), = 1. (1.12)

2. Integral Representations of G-functions Through Mellin Convolu-
tions of Products

Case 2.1: (1.3) versus (1.3). Let u = z29 where x; and x5 be statistically
independently distributed real scalar random variables with z; having the density
in (1.3) with the parameters (a; > 0,7, > 0) and x2 having the density in (1.3)
with the parameters (ay > 0,72 > 0). Then from (1.1) and (1.2) the density of u,
denoted by g(u), is the following:

Y,
g(u) — c/lvyl—le—alv(ﬂ)wqe—@’;dv’c _ <a11a22)
v U v L(y)T(72)
= cuw_l/zﬂl_w—le_“l”_“ﬁdv (2.1)

Uy 1 g 1 —
=c [ (=) le oy e 20y
o U

— = —a1 ¥ —
= cu™ 1/7}”2 nlemary mav gy, (2.2)
v
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But from (1.6)
E(u™") = E(zy ) E(z5)
 enylmts—=1) (pnple+s—1)
I'(7) ['(72)
a1a9

= mr(% +s5 =172 +s—1)(a1az)""

for a; > 0,R(I';+s—1) > 0,5 = 1,2, where R(-) denotes the real part of (-). Then
from the inverse Mellin transform, the density g(u) is the following:

a1G2 2,0
9(u) = =Gl |mazul |

T (a) (23)

7177271]

where
00 1 c+ioco
G0z2 |:a1(12U’71_1772_1i| = % /c_ioo F('}/l +s— 1>F(’Y2 +s— 1)u75d5
with a; > 0,7; > 0,7 = 1,2. A general G-function is defined and denoted as
follows:

G(=) = G (z) = Gy ||

= L {H;nil P(bj + S>}{H?:1 P(l —aj — S)}
210 i, AT 2 DL = by — $)H{ITo 1 Tla; + 5)}

where i = (/(—1) the b;’s and a;’s are complex parameters and the poles of
[TZ, T(bj + s) are separated from those of [[;_, I'(1 — a; — s) to the left and
right of the contour L. Types of contour L are described and the conditions of ex-
istence of the G-function are given in detail in Mathai (1993) and hence the details
are not given here.

z7°ds (2.4)

For v1 — 79 # £, A = 0,1,2, ... the poles of the integrand are simple and in
this case the sum of the residues at the poles of I'(y; + s — 1) is the following:

o0 _1 v
) ( ,/1) L (v2=y1—v)(a1a2u)" ™% = T(ya—m1)(aragu) " o F1 (311 —72+1 aragu).
v=0 ’

We have a similar series for poles of I'(y2 + s — 1). Hence

1—1,72—1] = T(72 — 1) (aragu) o Fi( 3 — 72 + 15 arasu)

+ (11 — 72)(arau)? o Fi( 592 — 1 + Liarasu).  (2.5)

2,0
Gola [alagu‘7



Integral Representations of G-functions Through an Interesting Idea 5

Hence we have the following result:
Theorem 2.1. For vy — 72 # £A X = 0,1,2,...,7 > 0,a; > 0,57 = 1,2 the

G-function

} =T(2 — 1) (ar1a2u) o Fi( 57 — 72 + 1 arazu)
+ T(v1 — y2)(aragu) > o Fy (592 — 71 + 15 aagu)

2,0
Gos |ara u|
0,2 122 y1—1,72—1

1 1 —
_ aYl 72 w2t | pnirrlgmav—az g g,
1 1 _ =1 —aq % —
=al' ay " 1/1)72 NoleTay, ma2v gy (2.6)
v

Note that the integral representations in (2.1) and (2.2) are also connected to vari-
ous problems in different areas. It is a basic Kratzel integral and Kratzel transforms
are associated with it, see Krétzel (1979). The integrand there, normalized is the
inverse Gaussian density. A slightly generalized form of (2.1) is the reaction-rate
probability integral in nuclear reaction-rate theory, see Mathai and Haubold (1988).
The form in (2.1) is also connected to the unconditional density in Bayesian anal-
ysis when the conditional and marginal densities belong to exponential densities.
The integrals in (2.1) and (2.2) are also called generalized gamma integral, ultra
gamma integral, Kobayashi integral, Bessel integral etc by various such names in
different areas. But the series representation in (2.5) shows that it is a Bessel series
in the simple poles case and hence the name Bessel integral is the most appropriate
name to call the integrals in (2.1) and (2.2). When poles are of higher order, some
poles are of order 1 and other poles are of order 2, one gets the logarithmic series
for Bessel functions, involving logarithms, gamma and psi functions, the details for
constructing such series when poles of the integrand are of general types may be
seen from Mathai (1993). For some special parameters, the series form in (2.5) is
available in Mathai (1993) but (2.5) here is for general parameters. Some proper-
ties of Mellin convolutions of products and ratios may be seen from Mathai (2018).

Case 2.2: (1.3) versus (1.4). Let u = z322 where x; > 0 and 2 > 0 be in-
dependently distributed real scalar random variables with z; having the density
in (1.3) with parameters (a > 0,7 > 0) and x5 having the density in (1.4) with
parameters (« > 0,5 > 0). Let g(u) be the density of u. In all cases to be dis-
cussed in this section, we will use the same notations 1, xs,u, g(u) and c in all
situations in order to avoid multiplicity of notations. The results will be clear from
the contexts. Then, following through the same procedure as above we have the
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following integral representations for g(u):

— 1 av a— B— a’ F(O‘"i_ﬁ)
o) = [ S (= B e = e
= cu“‘l/vv_o‘_le_‘“’(l — %)’B_Idv (2.7)
B w1 v, P
_c/v;(;)'y 74 1(1 — ) tdo
= cuw_l/va_”’_le_az(l — )" . (2.8)

The integral in (2.7), when one density is the type-1 beta density and the other
is an arbitrary density, can be shown to be connected to Erdélyi-Kober fractional
integral of order « of the second kind, see Mathai (2014).

B ™) = E(x5 ) E(x5™!) due to independence
_ el +s—DT(at+s—1) T(a+p)
() (@) T(a+B+s—1)

for Rla+s—1) >0, R(y+s—1) > 0. Then

My(s) = My, (s)Mg,(s).
Therefore
(1) = G 6t [l L) (2.9
where

atf— 1 [ T(y+s—1)(a+s—1)
GQ,O[ +6-1 ] :_/ —sds.
1,2 au‘v_l,a_l 270 Joino MNa+p+s—1) (au)=2ds

For v—a # +X, A =0,1,2, ... the poles of the integrand are simple and in this case
the sum of the residues at the poles of I'(y+ s — 1) and at the poles of I'(a+s—1)
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are the following:

(1) i Da=7-)
2 i)

Fla+B8-7)
= (=1) 1, l(y—a—v
;( V!) (au)*™ (;(ﬁ—l/) !
F(,}/_a) a—1 . .
:W(au) 1Fi(l =814 a—7;—au),0 < u < oo.
I'(a —7)

G%:g [au|a+5—1 (au) " Fi(y—a—pB+ 1y —a+1;—au)

= T
I'(y —a)

()

(au)* " (1 - B:1+a—7—au),0 < u < oo.
(2.10)

Hence we have the following result:

Theorem 2.2. For~v—a # A A =0,1,2,....a > 0,a > 0,8 > 0,7 > 0 the
G-function

atf— [(a—7) B
Gz,o[ +61]: YLy — o — 1~y — 1: —
1,2 au}yq,aq —F(a T8 (au)" "W Fi(y—a—-F+1;y—a+1;—au)

I'(~ —
+ (’7 a)(au>a—1lpl(1_ﬁ:1+a_fy;—au),0<u<00
IN))
(17_1 1/ 1 u
= uOé— U"/_a_ e—av ]- - B_ldv
INS) v S
_ a’! -1 /Uayleajju — ) 1o, (2.11)
I'(3) v

Case 2.3. (1.3) versus (1.5). Again let u = z125 where x; > 0 and 23 > 0 be
independently distributed real scalar random variables with x; having the density
in (1.3) with the parameters (a > 0,y > 0) and x2 having the density in (1.5) with
the parameters (a > 0,8 > 0). Let g(u) again denote the density of u. Then g(u)
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has the following integral representations:

1 1 —av/U\a—1 U —(a+p8) a’ F(CK + B)
gu:c/—W e - 1+ — dv,c =
e f e TRy ORONG
— cu®! /m—a—le—ava + ylerd)gy, (2.12)
v v

1 u u

— (Z2\r—1ly—ay a1 1 f(aJr,B)d

c/vv<v> e v (14 v) v
=cu ! /vaﬂ_le_“z(l + v) @+ dy, (2.13)

Now,

-y +s— DIl(a+s—1)T(B—s+1)
I'(v) () L'(B)

for R(y+s—1)>0,R(a+s—1) >0,R(6— s+ 1) > 0. Therefore

E(™) =B} )E(@; ") =a

a

90 = Rt o)

Gf; [au’fﬁ } (2.14)

v—1,a—1

where

7 _5 1 c+ioco i

G%; [au|7_17a_1} = 2_m/ Fv+s—DI'(a+s—1DI(B — s+ 1)(au) *ds.
For v —a # £\, A = 0,1,2,... the poles of I'(y +s — 1)I'(a + s — 1) are simple.
Then the sum of the residues at the poles of I'(y + s — 1) and I'(a + s — 1) are the
following;:

—100

AN

> 00— 3= 08+ 7+ ) auy

v=0
=T(a—YT(B+7)(aw)" " Fi(y+ B;7 — a+1;au)
—1y
V!
=T(y - a)l(a+ B)(aw)* 1 Fi(a+ B;a — v+ 1;au).

The sum of these two 1F}’s is the value of the G-function for 0 < u < oo. The
continuation part gives a divergent series. That is,

G [GU!;_BW_J =T(a—y)T(8+7y)(au) " Fi(y + By — a + 15 au)
+T(y — ) (a+ B)(auw)* ' Fi(a+ B;a —y+ 1;au).  (2.15)

(au)* T (y —a—v)T(a+ B +v)

[

N
Il
o
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When the poles of the integrand are not simple, then some of the poles will be of
order 1 and the remaining are of order two. Then we have the logarithmic series,
containing logarithms, gamma and psi functions. We have the following result for
the case of simple poles:

Theorem 2.3. For~v—a # A A =0,1,2,....a > 0,a > 0,8 > 0,v > 0 the
G-function

GT3 [au\ff . } =T(a = )08+ 7)(au) " Fi(y + 8;7 — a + 1;au)
+T(y = a)T(a+ B)(au)* " Fi(a+ B — v + 1; au)

= Tk g e e

v v

— T+ B! / e (14 o) de. (2.16)

v

Case 2.4: (1.4) versus (1.4). Again let u = ;29 where z; > 0 and x5 > 0 be
real scalar random variables, independently distributed with x; having the density
in (1.4) with the parameters (o; > 0,8; > 0) and z, having the density in (1.4)
with the parameters (as > 0,82 > 0) respectively. Again let g(u) denote the
density of u. Then we have the following integral representations:

2

1, INGT +ﬁ
_ ol —)st az—1 52 4 _ J J
o) = [ o1 =0 = B e = {HF
Sl R (L (R (2.17)
v (%
1 u U
— ~(2yai—1 1— = B1—1, az—1 1— 62—1d
[ R
A K (e (2.18)
v (%

E(w™) = B2y ") B(z5)
F(ag+s—1) Loy + 51) [(ag+s—1) I'(ag + B2)
INay) Tlaa+pi+s—1) T(aw) Tlag+pfo+s—1)

for R(oj +s—1) > 0,5 =1,2. Then

F F [e5} 1—La2+P2—
ot =P e [ ] e
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where

a1—1l,as—1

GQ,O [u 041+51—1,042+52—1} _ L /c+ioo F(Cvl + s — 1)F(042 +s— 1) u—*ds
2,2 2700 Jorioo D1+ P01 +s— DI (ag+P2+s—1) '

For ay — ap # £, A = 0,1, 2, ... the poles of the integrand are simple and in this
case, going through the same procedure as before, we have

GQ,O u|a1+f31*1,a2+ﬁzfl
2,2 a1—1l,as—1

N1 - — o — 1 o — 1
F(ﬂl)F(a2+52_al)“ oF1(1 = Br,a1 —ag — fo+ Lon — g + L u)

u G Fi(1 = By, ap —an = i+ Lag —an + Lu),0 <u < 1.
(2.20)

I'(on + B1 — a2)T'(Ba)

Hence we have the following theorem.
Theorem 2.4. For a; —as # £A A = 0,1,2,..,¢05 > 0,5; > 0,5 = 1,2 the
G-function

2,0 a1+pB1—1,az+p2—1
G2 2
a1 —1l,as—1

F(ﬁl)l;((zz :—Z)— al)ua1_12F1(1 —Br,ar —ag — B+ Ly —an + 15 u)
+ I'(a 5_<gll :Zj))lﬂ(ﬁz)uaz_l2F1(1 —fr,as—on— i+l —ar+ Lu),0<u<
_ (51)1 N az—l/vval—az—l(l — )Pl - %)52—1(10
= g [ aan

Case 2.5: (1.4) versus (1.5). Again, let u = zy25 where x; > 0 and x5 > 0 be
real scalar random variables, independently distributed, with x; having the density
in (1.4) with the parameters (a; > 0,8; > 0) and z, having the density in (1.5)
with the parameters (ap > 0,55 > 0) respectively. Again, let g(u) denote the
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density of u. Then we have the following integral representations:

2

)az 1(1+ ) (a2+52)dv c = {H F CY] +BJ)

[(a;)T'(5;)

= cu®?! /vo‘l_‘”_l(l — )1+ ?—L)_(O‘ﬁﬁz)dv (2.22)
Y v

o) = [ Lot -0 )

v

= cym! /v‘”_al_l(l — E)61_1(1 + v) "2t dy, (2.23)
" v

Also, we have
E(u™") = BE(zy™")E(257)
IMNar+s—1) T +p6) Tlaa+s—1T(Fr—s+1)
I'(ar) Dl + 1 +s—1) I'(az) I'(52)
for R(ay +s—1) > 0,R(ag +s—1) > 0,R(fs — s+ 1) > 0. Then

F(al + 61) 2,1 [ —f2 Ot1+51—1i|
u) = ; ’ 2.24
g( ) F(al)F(az)F(BQ) 2,2 ‘alfl’azfl ( )
where
Gg; [u *527a1+51*1] _ L /C“O" oy +s—1DN(ag+s—DI'(Ps — s+ 1)u_sds.
a1—las—l 270 o ino Ilon+P1+s—1)

For a; — ag # A\, A =0, 1,2, ... the poles of I'(a; + s — 1)['(ag + s — 1) are simple
and in this case let us evaluate the G-function. Proceeding as before, we have

G%:; [U *ﬁQ,aHrﬁl*l}

a;—1,as—1
_ I'(ag — a)l'(Bs + o)
I'(61)
F(Oél — OCQ)P(BQ + Oég)
_'_
[(ar + B1 — az)
for 0 < u < 1. The continuation part is available by evaluating the G-function as
the sum of the residues at the poles of I'(fs — s + 1) and it is the following:

[(ag + Bo)l (g + B2) 1.5, 1
(s + B + o) (u) i F(0414'52’042‘*'52,@1+51+52,—u) u > 1.

u P (an + B2, 1 — Bisar — ag + 15 —u)

Ua2712F1(062 + Bo, 00 —ay — f1 + Lo — g + 1; —u),
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Hence

G;é [u —B2,01+B1— 1]

a1—1l,as—1
_ T(ag — a)T(Be + 1)
a I'(61)
[(ay — ao)T(Ba + az)
(a1 + 81 — az)
O<u<l1

_ Fﬁl(ifj);(f;f?) (D Fy(an + B, 05 + s + By + B =), (z L |
2.25

Uarlel(Oél + (2,1 — Prioq — s + 15 —u)

+

Ua2_12F1(042 + fo, a0 — oy — B1 + 100 — g + 15 —u),

Hence we have the following result:

Theorem 2.5. For a; —as # £AX = 0,1,2,...,05 > 0,6; > 0,5 = 1,2 the
G-function

—Ba, 1
Gg:; [u B2,a1+p1 :|

a1—1laz—1
_ [ag — 01:1)F(52 + Oﬂ)ual*lgFl(al + 6o, 1= Brian — an + 1; —)
(B1)
Doy — ag)l'(Ba + )
(o + f1 — a2)
O<u<l1

— F<?‘1(;1%);1(125+2)ﬁ2) (%)B2+12F1(041 + Ba, g + Bos a0 + i + B _£)7 u=1

_ F<a2 + 52) uag—l /Ual—ag—l(l . ’U)Bl_l(]. + ?_L)—(Oé2+52)dv
v v

+

Ua2_12F1(042 + Bo, 00—y — f1 + Ly —ag + 1; —u),

L(51)
_ F(a2 + 52) a— oap—o1— o E B1— —(a2+52)
=T u ! /Uv (1 v) Y1+ v)~le2tP)dy, (2.26)

Case 2.6. (1.5) versus (1.5). Again let u = ;29 where let 1 > 0 and x5 > 0 be
independently distributed with z; having the density in (1.5) with the parameters
(aq > 0,01 > 0) and x2 having the density in (1.5) with the parameters (ag >
0,82 > 0). Let g(u) again denote the density of u. Then g(u) has the following
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integral representations:

2
1., B u. u. I + 5)
— - al 1 (a1+B1) ( Zyax—1 1 el (a2+,32)d _ J J
o) = [ oo e et ey, e ([ [ 2

v i (a;)T(5;)
=yt /val—‘m—lu + ) eatB (] 4 Dy=(eatB) gy (2.27)
v (%
1 u U
_ Z(2yer—11 1 Zy—(eatB)ae—1 (g —(a2+62)q
c/“}(U) (1+2) w21 4 ) v
= cu™ ! /v“2‘a1‘1(1 + D)y (@atB) (] 4 y)~(eatB) gy (2.28)
v v

Now,

E(u™") = By ) E(23)
Mo +s—1)T(B—s+ 1) MNag+s—1)T(fa—s+1)

() I'(61) I'(a2) I'(52)
for R(aj +s—1) > 0,R(B; —s+1) >0,j =1,2. Then
. 1 2,2 —B1,—B2
90 = P T o [Vl e 229

where
2

7 By .- 1 c+io00 .
G [l = 5m [ IT Ty s = OP( = s+ Duas.
C—100 ]:1

For a; — ag # A\, A =0, 1,2, ... the poles of I'(a; + s — 1)['(ay + s — 1) are simple
and then evaluating the sum of the residues at the poles of I'(ay + s — 1) and
['(ag + s — 1) and then simplifying in terms of hypergeometric functions, we have
the following;:

Doy — a)T(By + @)D (Be + ar)u®™ 9 F1 (B + au, Bo + a1y oq — g + 15 u)
+ T(ay — a)T(Br + a2)T(Be + an)u®> Y F (B + g, B + ag; g — oy + 1),

for 0 < w < 1. Similarly for f;—ps # £X, A = 0, 1, 2, ... the poles of the continuation
part are simple. In this simple poles case the continuation part is the following:

I + B1)T (e + 1)L (B2 — 51)(%)'81+12F1(061 + P00 + By B — B2+ 1, %)

+ D(ar + Bo)l (g + B2)I(B1 — 52)(%)62“2}71(041 + P, 0 + B Bo — 1 + 1, %),U > 1.
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Hence we have the following:

, —B1,—P2
Gg’g [U al—l,a2—1i|
=I'(ag — a)I(By + a1)I'(B2 + &1)Ua1_12F1(51 +oq, B+ ;00 — g + 15 u)
+ (a1 — ao)T(Br + a2) (B2 + ao)u o Fi (B + g, o + oy — aq + 1 u),
O<u<l1
1

=I'(ou + B1)T (a2 + B1)T(B2 — 51)(%)51+12F1(041 + B, az + B1; 81 — B2 + 1, a)
+ T(aq + B2)T (g + B2)T(B1 — 52)(%)62“2171(041 + Ba, a0 + Bo; B2 — 1 + 1; %)7 u>1.
(2.30)

Hence we have the following result:
Theorem 2.6. Foroy—og # A A=0,1,2,....,650— B2 # £p, 0 =0,1,2, .., j >
0,8; > 0,7 =1,2 the G-function

G5t [ulo ]

= [(ag — a)T(B1 + a)T(Ba + ar)u® " Fy (B + aq, B2 + g a1 — ag + 1)

+ (g — ao)T(By + o) (B + ag)u® 9 Fi(B1 + g, Bo + oy g — o + 15 u),
O<u<l1

=I'(ouq + B1)T (a2 + B1)T (B2 — 51)( )61+ oFi(ay + Bi,ag + Bi; f1 — Bo + 1; %)

+ (a1 + Bo)l (a2 + B2)T(B1 — 32)( )ﬁ2+ oF1 (a1 + By, + Ba; By — Bi + 1 %%U > 1

= T(ay + )T (g + B)u*! /val_arl(l + v)TlatB) (1 4 — ) (@2+02) 4y

=D(e1 + B1)(an + Bu™ ™! / e e (D e 1)
v v
(2.2.31)

By considering other densities, other than (1.3), (1.4), (1.5), and then looking
at the Mellin convolutions of products we can derive other integral and series
representations of other G-functions by using the same procedure as described in
this section.
3. Integral Representations of G-functions Through Mellin Convolu-
tions of Ratios for Two Functions

Let u = 2t where z; > 0 and x5 > 0 be real scalar random variables indepen-
dently distributed with density functions fi(z;) and fy(x2) respectively. In this
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section also we will continue using the symbols u, x1, x5, ¢ in order to avoid multi-
plicity of symbols but the meanings will be clear from the contexts. Let x5 = v.
Then dz; Adzy = vduAdv. Then the density of u, denoted by g(u), is the following:

g(u) = /vfl(uv)fz(v)dv. (3.1)

If z1 = v then dz; A dzy = zdu A dv and then g(u) is the following:

o) = [0l ) (3.2

Hence we have two different integral representations for g(u) as in (3.1) and (3.2).
Note that
E(u™) = E(x$ ) E(2;**h) due to independence,

whenever the expected values exist. Then in terms of Mellin transforms of g, f1, f>
we have

My(s) = My, (s)Mp,(2 — s) (3-3)

whenever the Mellin transforms exist. Our aim in this section is to examine (3.1)
and (3.2) for the models in (1.3),(1.4),(1.5) and obtain several interesting integral
representations for G-functions. Most of these integral representations do not seem
to be available in the literature.

Case 3.1: (1.3) versus (1.3) Let u = 7! where z; > 0 and 22 > 0 be real
scalar random variables independently distributed with x; having the density in
(1.3) with parameters (a; > 0,7, > 0) and x5 having the density in (1.3) with the
parameters (ag > 0,72 > 0) respectively. Then

2
a.
g(u) = c/v(uv)“_16_“1“”v72_1e_“2”dv,c = H J
— Cu’}/l—l /U’71+’Yz—1e—a1uv—a2vdv
= D (71 + y2)u"  Hag + ayu) "2 0 < u < 0o (3.4)

v

1 — v 1 —go ¥
=c (_2)1}% 16 al”(_)"/Z 1e a2y dou
b U u
o 1 —a1v—aol
= cu 2 1/0714-72 1e arv—az 4y,
v

= (v +y)u " ag + %)_(“Jr”), 0<u<oo. (3.5)
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Note that both (3.4) and (3.5) are of type-2 beta form for the same original condi-
tions a; > 0,% > 0,j = 1,2. By interchanging (a;,v1) and (ag,y2) we obtain the
density of = 2 and the integral representations for its density.

Ew™) = E(zi ) E(x;*™) due to independence
 enTnds—1) T—st 1)
— al a2
['(v1) [(72)
ap ar 75F(71+S_1) (72_5"‘1)

Qz Q2 ()T (72)

for Ry +s—1) > 0,R(y2 — s+ 1) > 0. Hence the density g(u) for the case of
(1.3) versus (1.3) is the following:

o) = ) o [ TOn+s = DEa = s+ D as
a1 1 L1177
= (Q—Q)WGM [ ‘%_J . (3.6)

Evaluating the G-function as the sum of the residues at the poles of I'(y; + s — 1)
we have the following:

e H'T(% +7+v)

v=0
atu _ a
= (GL)M 1F<71 + 2 )1 Fo (v + 25 ——lu)
2
= (Zu) Ty +)(1+ —u) ) o< DLy <1 (i)
az a2 as

Since its continuation part also gives the same result the result will hold for 0 <
u < 0o. The continuation part is available by evaluating the G-function as the sum
of the residues at the poles of I'(y2 — s + 1), which is the following:

>

it o) R

v=0
e a
=I(n+ 72)(—10 2L By + e )
a2 a1
=(— a2 )’72+1 1+ ) (’Yl+’72) 2 < 1. (ii)

a1y aiu alu
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Note that both the forms in (i) and (i) above are one and the same and same
as the ones available from the integral representations and also they are of type-2
beta form and hence they hold for 0 < u < oco. We have the following result:
Theorem 3.1. Fora; > 0,v; > 0,5 = 1,2 the G-function

Gt [ul 7] = CRays T +92)(1+ ) 059 0 < < o0

ag 2
= (ﬂ)vfrl(l 4 ﬂ)*(vﬁ’m)jo < U < 0o
au au

1 ot 1 o
=a]' ap T ur! /v“m lemamuw=azvqy, 0 < 4 < 00
v

1 1 g 1 —arv—ao
=a]' ta I/WIHQ lemmv=02,dy () < u < o0. (3.7)
v

Case 3.2: (1.3) versus (1.4). Let u = ! where x; > 0 and 25 > 0 be inde-
pendently distributed real scalar random variables, with x; having the density in
(1.3) with the parameters (a > 0,7 > 0) and xo having the density in (1.4) with
the parameters (a > 0,5 > 0) respectively. Let the density of u be again denoted
as g(u). Then g(u) is the following:

_ v—1_—auv, a— . B— _ aV F(O{ + B)
g(u) = c/vv(uv) g v 1(1 v) v, ¢ = ) T ()T ()
=cu ! /vo‘ﬂ_l(l — )P om0 dy (3.8)
= [t - D
= cy ! /Uva+7_1e_av(1 — %)6_1dv. (3.9)

Ew™) = E(x$ Y E(xy* 1)
_ el ts—Dla—s+1)  T(a+p)
I'(v) ['(«) la+B—-s+1)

for R(v+s—1) > 0, R(aw — s + 1) > 0. Therefore

_al(a+p)

7= T D s

Gi; [au - } (3.10)
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where

1,1 —a 1 /CHOO [a—s+1) _
, - r ~1 *ds.
G [a“}v—la—a—ﬂ} peal R U A vy per G

—100

Evaluating the G-function as the sum of residues at the poles of T'(y + s — 1) we
have the following:

par Dla+B8+y+v)
zmlFl(a—l—”y'ajLﬁ—l—’y' —au) (3.11)
Fla+B+7) ’ ’ '
for 0 < u < co. Hence

S ——1 ————iFila+va+ B+ —au) (3.12)

G [l o) r(lc;(i ; 1)7)

for 0 < u < co. The continuation is a divergent series. Hence we have the following
result:

Theorem 3.2. Fora > 0,7>0,a > 0,8 > 0 the G-function

—a F(Oé + 'Y)
G}é [GU‘W_L_Q_B] = m1ﬂ(a +v,a+ B+ —au),0 <u < oo
— ! U’Yil /UOtJer(l _ U)ﬁflefauvdv
I'(8) v
a! 1/ -1 v
= w ot [ petrlemav(p — )P . 3.13
", " (313

Case 3.3: (1.4) versus (1.3). Let u = I} where 21 > 0 and 25 > 0 be inde-
pendently distributed real scalar random variables with z; having the density in
(1.4) with the parameters (v > 0,8 > 0) and x5 having the density in (1.3) with
the parameters (a > 0,y > 0) respectively. Let g(u) again denote the density of w.
The properties of u in Case 3.3 are also available from the properties of % in Case
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3.2. We have g(u) in Case 3.3 as the following:

B I a’ T(a+B)
g(u :c/vuvo‘ 11— wo) W e ®dy, ¢ =
= f e = [(7) T(@)T ()
= cu™! /vaﬂ_l(l —uw)? e ™dy (3.14)
_ U\ a-1 B-1/V\y—1 —a?
—c/v(ﬁ)v (1 -0 (Ut
=cu 7t /vaJW_l(l — ) e % d. (3.15)

But

_Tat+s—1) T(a+p) S_IF(fy—s—i-l)‘

') T(a+p+s—1) I'(7)
for R(ae +s—1) > 0,R(y — s+ 1) > 0. Therefore
o ['(a+3) 1,1 [U)—v,a+8-1
90 = P @)y ¥ Gl (3.16)

where

11 [U)—vatp-1 L [ T(a+s—1)I(y—s+1) u _ u

1Y _ y-sds = (Y say.

G2l [a a-1 ] 271 /CZ-OO Fla+p5+s—1) (a) ° G(a) sy

Sum of residues at the poles of I'(a + s — 1) gives a divergent series. Evaluating
the G-function as the sum of residues at the poles of T'(y — s 4+ 1) will give the
following;:

(D u oy, Dla+y+v)
G(5>_yzo TR D(a+B+7+v)
r
— %(%)W—llﬂ(a +v;a+ 8+ 7; —%),O <u<oo. (3.17)

Then we have the following result:
Theorem 3.3. Fora > 0,8>0,y>0,a >0 the G-function

11 [U)—vatp-1] _ [(a+7) Uy 1 ) .
Gi [ = g (TRl et B =), 0 < u< oo
_ a7+1 ua_l /va+7—1(1 . uv)ﬁ—le—avdv
L'(B) v
aYt! v
= w7t /v“”l 1 — o) e %udo. 3.18
et L (315)
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Case 3.4: (1.3) versus (1.5). Let u = I where z; > 0 and 23 > 0 be indepen-
dently distributed real scalar random variables with z; having the density in (1.3)
with the parameters (¢ > 0,7 > 0) and zo having the density in (1.5) with the
parameters (o > 0, 8 > 0) respectively. As before, let g(u) denote the density of u
then g(u) is the following:

L _ _ a'T'(a + p)
gu:c/vuv'yle awvpa=l(] 4 )@y, ¢ = ——— 2
e ) ) T ()
=cu'! /UO‘J”_le_a“”(l +v)~ @ dy (3.19)
— v —1_—av;Y\a-1 v —(a+B
—c [Ere @ Ty
=cu ! /vo‘ﬂl(l + %)*(”ﬂ)e"“’dv. (3.20)

But

syl +s=—DIla-s+HI({B+s-1)
I'(7) ING) I'(8)

for R(y+s—1)>0,R(a—s+1)>0,R(F+s—1)>0. Then

E(u™) = E(2y)E(zy") = a

g(u) = WG%:; [auufm_l] = G(au) say (3.21)

where

c+1i00
G(au) = QLm/ Fv+s—DI'(B+s—DI'(a—s+1)(au) *ds.

For v — 8 # +A\, A =0,1,2, ... the poles of I'(y + s — 1)I'(5 + s — 1) are simple and
evaluating the G-function as the sum of the residues at the poles of I'(y + s — 1)
and I'(8 4+ s — 1) we have the following two series:
—(—1)"
v!

=T(8—7)(a+7)(aw) 1 Fi(a+7v;v — B+ 1; aw);

> S (au)™ " D(y = = v)D(a+ 5 +v)

V!

Fr—y—-v)lNla+vy+v)

v=0

L(y = B)T(a+ B)(au)’ " Fi(a+ B; 8 — v + L; au).
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Therefore

G4 Jaul ", ] = T(B = (e + ) (@)™ Fia + 77 — B+ 1 au)
+T(y =B (a+ B)(auw)’ " Fi(a+ B;8—~+1au), (3.22)

for 0 < u < oo. Note that the continuation gives a divergent series. We have the
following result:

Theorem 3.4. For~v—f # A A =0,1,2,....a > 0,7 > 0,a > 0,56 > 0 the
G-function

y—1,6—1
+T(y = B)0(a + B)(aw) " Fi(a+ B; 8 — 7 + 1; au)

=a" 'T(a+p)u? /vo‘ﬂ_le_““”(l + )~y

v

G [au % 5] = DB = D@ +9) (@)~ Fila + 557 = 6+ 1au)

u

v

Case 3.5: (1.5) versus (1.3). Let u = I where z; > 0 and x5 > 0 be real
scalar random variables independently distributed with x; having the density in
(1.5) with the parameters (o > 0,8 > 0) and z5 having the density in (1.3) with
the parameters (a > 0,7 > 0) respectively. Let g(u) denote the density of u. Then

i a—1 *(0{+IB) v—1_—av o a’YI—‘(Oé_{_/B)
gu_c/vuv I +uv plemedy o= AT D)

(1) = [ o) 1+ ) Tt )
s / Ve (1 4 wv) TP dw (3.24)
= C/U(%)Uo‘—l(l + U)—(a-f—ﬁ)(%)w—le_a%dv
e / e L (3.25)

MNa+s—1)T(B—-s+1) S_lF('y—s+1)‘

E(u™) = Bz} ) E(zy"") =

T(a) NC T(7)
Then )
. 12 [U =8~
90 = e i k] 320
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where

_a_ 1 c+100
(%ﬁgbﬁ”]:_f/ D(a+s = DI(B—s+ D0y —s+1)(5) "ds.

21 Joino

The sum of residues at the poles of I'(aw + s — 1) gives a divergent series. For
f—~v#EtANA=0,1,2,... the poles of I'(f — s + 1)I'(y — s + 1) are simple. In this
case, evaluating the G-function as the sum of residues at the poles of I'(5 — s+ 1)
and I'(y — s + 1) we have the following:

=(a+)'(B ~ 7)(%)*7’111’1(@ +v7—-B+1; %).

Hence
G A7) =T+ BTG - B)EP R+ 88—y + 10
+ (o +7)(B — 7)( )7+1F1(Oé+’yv 5+1Z)O<u<oo.

(3.27)

Then we have the following result:
Theorem 3.5. Fora > 0,7y > 0, > 0,8 > 0,8 —7v # £\ X = 0,1,2,... the
G-function

a

Gy [2157] = Ta+ Aty = B i Fa+ 58— 7+ 1;2)

a—1

+ (e + )8 - vX)“%ﬂm+vv B+1Z)O<u<m

= "M (a+ But [ v* e (1 4+ ww) " dy

@\

R [ e, 08

v

Note that the results in the Case 3.5 are also available by taking % of case 3.4.
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Case 3.6: (1.4) versus (1.4). Let u = 7L where z; > 0 and 2o > 0 be real
scalar random variables independently distributed with x; having the density in
(1.4) with the parameters (o; > 0, 8; > 0) and x2 having the density in (1.4) with
the parameters (g > 0, 32 > 0). Again, let g(u) denote the density of u. Then

2

. 1 e - [a; +5;)
g(u) = c/v(uv)al Y1 —w) o2 (1 =) do, e = | | =222
v Jl_[l [(a;)L(55)
= cy! /v“1+°‘2_1(1 —uw)" 711 = v)2  dw (3.29)
_ U\ ai—1 Bi—1/Y\az—1 U\ Ba—1
S (o O (R e
= cy 2! /vo‘”'”_l(l — )1 — E)’32_1dv. (3.30)
v u

E(u") = BE(zy™")E(23"")
TIlag+s-1) [y + B1) [ag —s+1) [(ag + B2)
['(an) L(ar+Bi+s—1) I'(as) D(ag+ By —s+1)
for R(oy +s—1) > 0,R(ag — s+ 1) > 0. Then

I(ar + B)l(ae+ Ba2) 11 [ | —azar+8i—1
_ al [ ! } 3.31
g(u) F(Oél)r<042) 2,2 a1—1,—an—P2 ( )
where
GLl [u —ag,alwl—l] _ 1 /C*“’" D(og +5—1)D(ag — s+ 1) —
22 | "la1—1,—az—82 270 Jorioo T(n + 01+ s — DI (ag+ P2 —s+1) '

The sum of residues at the poles of I'(a; + s — 1) is the following:
i(—l)” Il +as +v)
v T(B —v)(ae + o+ g +v)
_ ['(ay + as)
L(B1)I (a2 + B2 + 1)

for 0 < u < 1. The sum of residues at the poles of I'(ap — s + 1) will give the
continuation part which can be written as the following:

v=0

u™ o Fy (o + g, 1 — Bisag + ag + Bos )

S (_]‘)V —ag—1—v F(al + o) + V)

Z Y [(ag + 1+ ag +v)I(By — v)
B ['(ag + az)

~ D(Bo)D (g + B1 + )

v=0

1
u B (o + g, 1 — By + ag + Bi; a)ﬂ > 1.
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Therefore

1,1 —ag,a1+p1—1
GQ,Q [U ]

a1—1,—as—pB2

F(ﬁl)r(@2+52+oz1)u 2F1(en 4 ag, 1= frion 4 ag + Fr;u),0 < w
oy + ) Lt 1
- —) T 1 — By: CI)ou > 1.
F(BQ)F(a1+61+a2)(u> 2 Fi(ar + s, 52,041—1-514-042,“),14 >
(3.32)

The expression for v > 1 will reduce to the case for u < 1. Hence we have the
following result:
Theorem 3.6. For a; >0,5; > 0,7 = 1,2 the G-function

1,1 —ag,a1+p1—1
Gy |u
) ar—1,—az2—B2

N P(ﬁl)g((zz :Zl al)uarlQFl(O‘l +az, 1= Bisa1 + g + fa;u),0 <u <1

- F(ﬁz)ll:((zi :Zj)%— ) (%)”HQFI(O” + a2, 1 = oy ar + b1 + ao; %), u>1

B m“a“l / v (1 — ) (1 - 0)P T o

— s [ ot D 639

Note that we can also interchange the parameters (ay, 81) with (ag, B2).

Case 3.7: (1.4) versus (1.5). Let u = 7' where z; > 0 and z > 0 be indepen-
dently distributed real scalar random variables with z; having the density in (1.4)
with the parameters (o > 0,5, > 0) and x5 having the density in (1.5) with the
parameters (g > 0, f5 > 0). Again, let g(u) denote the density of u. Then

2
g(u) = c/vv(uv)m_1<1 — )Py (1 + v)_(o‘2+ﬁ2)dv, c= 1_[1 W

= cy@! /va1+a2_1(1 — ) (1 4 v) T2ty (3.34)
_ v a;—1 5,11}&,1 vfaJrB
S oG R O (R Rt

= cy 2! /vo‘1+°‘2_1(1 — )1+ E)_(0‘2+52)d1). (3.35)
" u
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BE(w™) = B(zy™") Bz
. F(Oé1+8—1) F(Oél—i—ﬁl) F(a2—8+1) F(ﬁg—i‘S—l)
B I(ay) T(aa+pri+s—1) Tlay) ['(5)

for R(ag +s—1) >0, R(ag —s+1) >0,R(B2+s—1) >0. Then

g(u) _ F<a1 + Bl) Ggé |: —a27a1+51—1] (336)

[(a1)(a2)T(B2) 1= 1Al

where

u” °ds.

2,1 —ag,a1+p1—-1] 1 . F(Ozl + 5 — ].)F(ﬁQ + s — ].)F(Oég — S5+ 1)
£ [u } 2w

a1-1,52-1 21 Jy i T(ay + B +s—1)

For ag — By # £X\, A =0,1,2, ... the poles of I'(a; + s — 1)['(82 + s — 1) are simple.
The sum of the residues at the poles of I'(a; +s — 1) and I'(82 + s — 1) are the
following;:

> ﬁg — ] — V)F(Oég + oy + l/)
; V! I'(61 —v)
_ [(a + ap)l(B2 — ay)

uo‘l_lgFl(ozl +ag,l = B0 — B+ 1;—u),0<u<1

I'(B)

S (=1 5,101 = B —v)(a2 + B2 + 1)
Z D D(a; + B — B2 — V)

T(a; — Bo)T(az + Bo)
[(ay+ B = Be)

v=0

U B (ag 4 Ba, o — i — B+ 1; B2 — aq + 15 —u),

for 0 < uw < 1. The continuation is available by evaluating as the sum of residues
at the poles of T'(ay — s + 1) and it is the following:

i D(og + g + )T(Be + ap + 1) e
- V! 061+B1+042+V)

P(a1 +az)l(as + By) | —ay-1 1
T(cr + Br + ) o1 (a1 + ag, g + Po; an + B+ a; u),u_
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Therefore

G2’1 u —az,a1+p1—1
2,2 a1—1,62—1

- Tlag +a)l(Br — )
- I'(61)
[y — B2) (g + B2)
(o1 + B — Ba)
O<u<l1

[(ar +ag)l(ae + B2) 1 1
g (67 F . . > 1'
T(ar + Br + o) U 2 1(@1—|—042,0z2+52,041—|—61—|—a2,——u),u

(3.37)

u L F (o + a1 — Brsag — Ba + 15 —u)

u? Y Fi(ag + B, Bo — ay — B+ 15 By — ag + 15 —u),

We have the following result:

Theorem 3.7. For a; > 0,8; > 0,5 = 1,2,0q4 — B2 # £A, X = 0,1,2,... the
G-function

Gz,l u —az,a1+p1—1
272 a1*13ﬁ2*1

= F(al i Oﬁgﬁrl()& - al)uarlQFl(Oél +ag, 1 =By — o+ 1; —U)
[(ay — o)l (g + B2)
(o + B — B2)

O<uxl

Ll + )l (ag + B2) o, 4 1
F(Oél‘l’ﬂl—f—ag) u 2 1(0514—0{2,062"‘52,0{14—61—{—0527 u),u_

_ F(O@ + B2>ua1—1 /Ua1+0c2—1(1 _ uv)ﬁl—l(l + U)-(Oé2+/32)dv

u? G F (ag + Ba, B2 — i — B+ 15 B2 — aq + 15 —u),

I'(61)
_ F(a2+ﬂ2> —ag— altaz— _ \Bi— U\ —(az+82)
e 1/UU Fe (1 )1 D)ty (3.38)

Case 3.8: (1.5) versus (1.4). Let u= ! where z; > 0 and 23 > 0 be indepen-
dently distributed real scalar random variables with z; having the density in (1.5)
with the parameters (ay > 0,82 > 0) and x5 having the density in (1.4) with the
parameters (a; > 0,5, > 0) respectively. Let g(u) again denote the density of w.
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Then

2
INCTE)
g(u) = c/v(uv)“rl(l + uv)~(@2tB)y=1(] _ )ty ¢ = H —F(% * 53)

v

= cu®?! /v‘”*o@l(l + uw)~@2 ) (1 — y)Aildy (3.39)

L= )R

=cu ! /va1+a21(1 + )2t (1 = DyAlqy, (3.40)
v u

BE(u") = B(zi™") E(z3"")
Tlag+s—1)T'(Br—s+1) (g —5+1) [(aq + p1)
D) ['(B2) [(a;) T(ai+p—s+1)

for R(ag +s—1) > 0,R(ay —s+1) > 0,R(fs —s+1) > 0. Then

(o1 + 1) 12 [ |=B2,—a1
_ al [ : ] 3.41
) = Do ag (3] 722 (et -os A
where
By—a 1 et [(Bs—s+1)(a; —s+1)
Gl,?[ B2,—a1 }:_/ T -1 ~4ds.
22 |U ag—1,—a1—p1 211 J oo (a2 T ) F(Ozl + 5 —s+ 1) “ °

Evaluating as the sum of residues at the poles of I'(as+s—1) we have the following:

S D e LB 0 )0 + 4 0)
! .

= Y (o + 1 + ag +v)

Therefore

G;g [u —B2,—a1 ] _ I'(ag + B2)(ag + )

u®2 Y Fy (4B, agFa; o+ 81 +ag; —u
on-1—on—B Mlor + B + o) 2 F1 (4B, artag; o +B1+ao; —u)

for 0 < u < 1. The continuation part is available from the poles of I'(5; — s +
DI'(ay — s+ 1). For By —ay # £A\, A =0,1,2, ... the poles are simple and in this
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case the sum of residues at the poles of I'(f; — s+ 1) and I'(aq — s + 1) are the
following;:

- (—1) ,52,1,Z,F(Oél — By —v)'(ag + Py + 1)
VZZO v! ! 'y + 1 — B2 — v)

Doy = B2)T (g + B2) Byt o . ' _1
= T + B — Bo) U oFi (g + Bo, o —an — B1 4+ 15 P — g + 1; u>’u21

= (=1) a1 L+ ag + ) (Ba — ay —v)
)

U
— V! (B —v)
Ioag +o)(Be —an) _\ - 1
— ( 1 F2()ﬁ1<)52 1)u ! 12F1<041+042,1—51;041_62"’_1;_5)7“2 1.
Hence

1,2 —fB2,—a1
G272 [u a2—1,—a1—61]
(g + Bo)l (a1 +a2) o,y
- E ; ), 0<u<1
(a1 + 81 + ) U o R (ar + By, on + o + B+ g ), u

= F(O;2(Ilﬁ_i);1((ilﬁ_2)ﬁ2)u—62—12F1(a2 + P2, P2 —an — i+ 15 02 —an + 1 —%)

r T(By — 1
+ (a1+a2) (62 al)uialilgFl(Ctl—FOéQ,l—ﬂl;al_ﬁQ—i_l;__):uz L.
L(51) u

(3.42)

Therefore we have the following result:

Theorem 3.8. For a; > 0,8; > 0,5 = 1,2,8, —aq # £A X = 0,1,2,... the
G-function

1,2 —,82,—a1
G272 [U agfl,falfﬂl]
[(ag + B2)l(on +aa) o, 4
- T ; ), 0<u<1
(a1 + B + o) " 2B (@ + Ba, cn + agyon + B + azi —u), u
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_ [y + B2) (o1 — B2) 1

F(Oél—FBl _ﬁ2) U_ﬁ2—12F1(042+52;62 — Q7 —ﬁl+17ﬁ2_a1+1’_a)
I'loay + ao)l’ —Q o 1
+ ( 1 I?()ﬁf)ﬁ? 1)u 1 12F1(041+CY2,1—51;061—524—1;—5)’“2 1
= %uazl /quJrazl(l + uv)*(a2+52)(1 _ U)Blfldv
1 v
F(O-’Z + 52) —a1—1 Ltag—1 —( Vo
— s 47 « a1t 1 o¢2+52)1__51 1d. .
TG /U” (1+2) (1——)" " dv (3.43)

Case 3.9: (1.5) versus (1.5). Let u= ! where z; > 0 and 25 > 0 be indepen-
dently distributed real scalar random variables with z; having the density in (1.5)
with the parameters (o; > 0, 6; > 0) and x5 having the density in (1.5) with the
parameters (ag > 0, Sy > 0) respectively. Again, let g(u) denote the density of w.
Then

2
_ _ _ - I'(aj + 55)
g(u) = c/v(uv)o‘1 L1 4 ww)~leatBlyea—1(] 4 g)~leatf)qy ¢ = J
c ]li[l INCRINE)
=cu! /v“1+°‘2_1(1 + )T (1 4 ) ~la2tB) ) (3.44)
_ v a1—1 —(a14+51) UNas—1 v —(a2+B2)
—c [ (2 1 ¢ 14— d
o [ @) Dy
=cy 2! /va1+o‘2_1(1 + v) TP (] 4 E)_(‘3‘2+52)dv. (3.45)
" u

E(u™") = B(zi™") E(23"")
Doy +s—1)T (B —s+ 1) TN(ae—s+ 1) I(fa+s—1)
I'(an) I'(51) I'(az) I'(B2)

for R(ay +s—1) > 0,R(Ba+s5s—1) > 0,R(f1—s+1) > 0,R(aa—s+1) > 0. Then

. 1 12,2 u —B1,—az
) = T o (" (340

PR 1 c+1i00
Gy [U T }_ / [(on+s—1)I(fo+s—1)0(Br—s+1)I (e —s+1)u"ds.

—1300
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For ay — B # £A\, A =0,1,2, ... the poles of T'(a; + s — 1)I'(S2 + s — 1) are simple.
Then evaluating the G-function as the sum of residues at these poles we have the
following:

o0

—1y¥
Z ( V') qu—l-i—VF(BQ — Q] — V)F(ﬁl +ap + V)F(a2 + o + V)
v=0 :
=T — a)I'(B1 + 1) (2 + 0z1)ua1—12F1(51 +ay, a0+ ag;oq — By + 1 u),
O<u<l1

Z (_1)Vu/32_1+yf(041 = P2 = v)I(B1 + B2+ )l (a2 + B2 + v)

vl
v=0

=T(a1 — Bo)L (B + B2)L (s + Bo)u” 5 Fy (81 + Bo, o + B2; B2 — a1 + L5 u),

for 0 < u < 1. For f; —ag # A\, A =0, 1,2, ... the poles of I'(f; —s+1)['(ag —s+1)

are simple. Then evaluating the G-function as the sum of the residues at these poles
we have the following:

o

Zuﬁll”(_y—l!)yl“(al + B+ v)L(Ba + Br + V) (g — By — V)

v=0

=T(a1 + B1)L(B2 + Bi)T (a2 — Br)u o Fi(ar + B, Ba + Bu; B — az + 1 %)’u >1

Z (—%)Vu—az—l—vp(al +as +V)I(Bo+ g + V)[(B1 — ag — V)

14
v=0

1
=TD(a 4 a2)D(Ba + a2)T(B1 — a2)u™ o Fi (o + g, Bo + oy 0 — B1 + 1 5)# > 1.

Therefore
G [l
=T — o) I'(B1 + 1) (2 + 041)Ua1712F1(51 + o, a0 +ag; 0 — o+ 1 u)
+T(ay — B2)D(B1 + Bo)T( + Bo)u 9 Fy (B + Ba, g + B2; Bo — ay + 1),
O<u<l1
1
=T'(ay + B)T(By + BT (ag — B u™ LB (aq + By, Bo + Bu; B — an + 1; 5)

1
+ (a1 + a)T(B2 + a2)D(B1 — an)u™ " Fi (a1 + as, B2 + az;an — Bi + 1 5)7

(3.47)
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for u > 1. Hence we have the following result:
Theorem 3.9. Fora;—[( # A\ A =0,1,2, ..., 0001 #£p,1n=0,1,2, ..., >
0,8; > 0,7 =1,2 the G-function

G35 [l s

= D(B2 — an)T(Br 4 1) (a2 + on)u™ "5 Fy (b1 + ar, 0 + aryan — B + 1 u)

+ D(ar — B2)L(B1 + Bo)D (s + Bo)u® o Fy (Br + Ba, vz + Ba; Bo — i + L),

O<u<xl1
1
=I'(a; + B)1(B2 + 1) (e — 51)11761712}71(0&1 + b1, B2 + Bi; B — oo + 1 a)
1
+ T(a + @2)T(B2 + a2)T(B1 — ag)u™ 2" Fy (g + ofls + ag;an — B1 + 1; 5),
u>1

=T(ay + )T (g + B)u* ™! /Ual+a21<1 + uw) @A (] 4 ) TleatB) gy

v

=T(ay + 1) (g + Bo)u 2t /valJ’O‘Q—l(l + v)_(a1+51)(1 + E)_(‘)‘2+62)d1).
" u
(3.48)

Note that in this theorem we can interchange the parameters (a4, £1) and (ag, B2).
We can also obtain several other results on G-functions by considering other densi-
ties other than (1.3),(1.4), (1.5). Note that we need not consider densities but take
integrable functions with Mellin transforms existing for positive variables. Then
also we can arrive at various integral representations and series forms for various
types of G-functions. We can also obtain double integral representations by taking
three positive variables instead of two variables and by considering Mellin convo-
lutions of products and ratios. In this case, ratios can be defined in many different
ways. These situations will not be discussed here.
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