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1. Introduction

In this note, we characterise certain operators I,,, and K,, on the space of Jacobi
forms of weight £+ 1/2(k > 1 is an integer), index m and level 4. The operator I,
has been introduced in [2] and proved that it maps Jacobi forms of weight &+ 1/2,
index m, level 4 into the space of Jacobi forms of weight &£+ 1/2, index 1, level 4m
and character x,, - a real character mod m or 4m according as m = 1(mod 4) or
m = 2,3(mod 4). It is also known that, the operator I,,, preserves the space of cusp
forms. It has a connection with the Eichler-Zagier maps: ¢|Z,, := ¢|1,,Z, where ¢
is a Jacobi form of weight k 4 1/2, index m, level 4 and Z,, is the Eichler-Zagier
map as in [2]. We first prove that the index changing operator I, preserves the
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space of Eisenstein series.

Then, we consider an operator K, which maps the space of Jacobi forms of weight
k4 1/2, index m, level 4 into the space of Jacobi forms of weight &, index m, level
4m and it also acts on the Fourier expansion ¢ = > C(D,r)e(nt + rz) and gives

O Km= Y C(D,r)e(nt+rz).
0>D,rez
D=r2(4m)
(D,m)=1
We then prove that its kernel is equal to the space of oldforms and it is injective
on the space of newforms under the assumption that the Eichler- Zagier map Z,,
is injective on the space of Jacobi forms of weight k + 1/2, index m and level 4.

2. Notations

Throughout this paper, the letters k,m, N stand for natural numbers and
2|k. (k > 1,m = 1(mod4) is a square-free odd integer). Let 7 be an element
of H, the complex upper half plane. Let Z be the ring of integers.
For a complex number z, we write y/z for the square root with argument in
(—7m/2,7/2] and we set 2%/% = (1/z)° for any a € Z
For integers ¢, d, 4 divides ¢ and d odd, let (fz) denote the generalized quadratic
residue symbol. Let d(c) denote d(mod ¢), ¢,d € Z

Definition 2.1. Modular forms of weight k, level N, character x. For details we
refer to [3]

Let f(z) be an analytic function on the upper half-plane H and at all rational
points, and let k > 1 be an integer. Suppose that f(z) satisfies the relation

fyz) = x(d)(cz + d)* f(2)for ally = (2]) € To(N).

Then, f(z) is called a modular form of weight k, level N and character x with
V(1) = (~ 1)

Let My (N, x) denote the space of modular forms of weight k, level N and character
X- Let Si(N,x) denote the space of cusp forms in My(N,x). For cusp forms f,g
in the space Sk(N,Xx), we denote their Petersson scalar product by < f,g >.

Definition 2.2. Poincaré series in Si(N,x):
Let k > 2. Forn € N, define the n'* Poincaré series in Sp(N,x) as follows:

1 V. — i 2Ztl
Py Noxin(T) = 2 E x(d)(cr +d) ke2min(£EEG)
c,d)EZ?
((c,cg)ezl
Nle
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where in the above summation (c,d) € Z*? with (c,d) = 1 and N|c which is equiv-
alent that (¢%) € T'\ H where (a,b) € Z* with ad — bc = 1. We characterise
the Poincaré series as < f, P, nym >= %af(n), for all f € Sp(N,x) with
Fourier expansion

F(r) = ap(n)q".

n>1

Definition 2.3. Jacobi forms [1]
Let Jyi1/2.m(To(4N)) denote the space of Jacobi forms of weight k+1/2, index m,
forTo(AN) and Ji'\),  (To(4N) denote the space of cusp forms in Jyi1/2,m(I'o(4N).
If g, € J;ff'ﬂm(lﬂo(élN), we denote < ¢, > the Petersson scalar product of ¢
and .
Let Ji715 5, (Do(4N) be the space of Jacobi Eisenstein series in Jyy1/2,m(Lo(4N).
and it is the orthogonal compliment of J\",  (Uo(4N), with respect to Petersson
scalar product.

Definition 2.4. Poincaré series in Sjii1/2(4N, x):
We define the n' Poincaré series in Syi1/2(4N, X) as follows:

1 _ c 4\ 2 1 aoT + b
Pk+1/2,4N,x;n(7—) = 5 Z X(d) <EZ) (7) (CT -+ d) k 2¢e (n((;'——l—do)

(c,d)eZ?
(e, d)=1,4N|c

where the summation above varies for each coprime pair (c,d) with 4N |c, we make
a fized choice of (ag,by) € Z* with apd — byc = 1. We characterize the Poincare
series as follows:

T(k—1/2)

< f, P n = T 5 ,
f7 k+1/2,4N,x; Z4N<47Tn)k_1/2 af(”)

for any cusp form f € Spi1/2(4N, x) with Fourier expansion
F(r) = ap(n)q".
n>1
Definition 2.5. I, Operator [2]
[f¢ € Jk+1/2,m(4N7 X)a deﬁne [m by

O\ n(T,2) = Z e(N2T + 2AT)p(mT, 2 + AT).
A(m)
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L maps J\T)y (AN, x) into J\T)y | (4mN, XXm). The Fourier development of
¢\, is of the form

On(rz)= > 3 (D) e<r2;D¢+m).

0<D,reZ s(mod 2m)
D=r?(mod4) s=r(2)

Definition 2.6. K,, Operator
If¢ € Jk+1/2,m(47 X)v deﬁne

Kn=6— Y qu\ 5 (0,1/9),1] .

glm,g>1 u(g)

A direct computation shows that K, maps Jii1/2.m(4,X) into Jii1/2.m(4,x) and
preserving cusp forms and Eisenstein series. For this we compute its Fourier coef-
ficient on Jacobi form in the following.

Proof.
> Z > clnr)e(nm +r2)ln [(39)".(0,1/9).1]
9|m9>1 nreZ
r2<4mn
> Z > clnr)e(nt +1(z+p/g))
g|mg>1 n,r€ZL
re<4dmn
= Z c(n,r) Z Z (ru/g)e(nt +rz)
n,r€Z \mg>1
r2<dmn
= Z Z Je(nt +1z2)
o pest
ngg?

2

= Z Z C(D,'/’)G(TZL;DT-FTZ)

glm 0>D,reZ
D=r?(4m)
g|D,g>1

2

r*—D
= D
E c(D,r)e( pr. T+712)
0>D,reZ
D=r?(4m)
(D,m)>1
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Thus,

r2—D

OKm= D, D)
0>D,reZ
D=r2(4m)
(D,m)=1

T+712)
m

3. Statement of Results

We first prove that I,, preserves the space of Eisenstein series.
The operator I, maps Jacobi forms of weight k 4+ 1/2, index m, for T'q(4N), char-
acter y, into Jacobi forms of weight k£ 4+ 1/2; index 1 for I'j(4mNN), character xx,
where x,, is the quadratic character modulo m or 4m according as m = 1 (mod 4)
or m = 2,3 (mod4). It is also known that I,,, preserves the space of cusp forms.
Let ¢ € JZ5(N).
Then, if Pp, is the (D, )™ Poincare series in Jgfﬁip(]\f), Pp| = Ppy|Zy,. This re-
sult has been proved in [2]. Using the action of Z,, on the Poincaré series and the
definition of adjoint map we have a constant A such that

PolZ =X Y Pp,.
r(mod2m),
D=r2(mod 4m)

Now, for any ¢ in J[ ,,,(4), we have

< ¢|Ly,, Pp >=< ¢|1,,Z1, Pp >

< |, Pp|Zt >=< §|Iyn, Pp,; >

On the other hand,
< | L, Pp >=< ¢, Pp|Zy, >

=A<¢, > Pp,>

p(2m)
=AY <¢,Pp,>=0,
p(2m)

since ¢ € JL5(N) and Pp, € Ji»P(N) and J7#(N) is the orthogonal compliment
of J.,P(N) with respect to Petersson scalar product. Now,

0= Z < ¢, Pp,>=< ¢, Z Pp, >=< ¢|Zy, Pp| >=< ¢|Im, Pp, >

p(2m) p(2m)
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Hence, we have the required mapping property of I,,,.
Define,

e m(8) = {¢ € Jes1j2.m(D)|@|Zny € MP< (4m, xm) }
and

Jlgfl/zm ) = {¢ € Jk+1/2,m(4)’¢’Zm € Ml?ld(4maXm)}

Then, we have

Theorem 3.1.
Ofl/g m @Jk-i-l/Q myda2(4)| Bg2
d2lm
and
k@TK ]gfl/Q m<4)
where

de : ¢d(T, Z) — ¢d<7—> dZ)
Proof. ¢ € JI, ,,,(4). Then, ¢|Z,, € M (4m, x,). Since m = momf,
O Zm =D faldr), fa€ My(4m/d® Xm,) and d|m;.
d?lm
Thus,
N =Y ¢alZuye|Be =Y ¢alBe| Zm, ¢4 € Tnirjzma(L), ¢d Zunjaz = fa.
d?|lm d2|lm
Using, Z, is injective on Jyy1/2.m(4), we get
¢=> ¢alBe.
d2|m

This characterises the space of old forms as stated above.
Note that ker K, contains JPi¢, , (4).
Now, ¢ € KerK,,, then, C4(D,r) =0, V(D,m) = 1, therefore

CL¢|Zm<D) = O,V(D,m) =1.

¢|Zm € Mk(4m7 Xm)7 USil'lg Xm = Xmngnl = Xmov (m = mlm%a mg—square—free)
Thus
¢|Zm € Mk(4m7Xmo)7 a¢m(

D|)=0 VY(D,m)=1
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— ¢’Zm = Z fd<d7_>7 fd S Mlgld(4m/d27Xmo)
d2|lm
Hence, ¢ € Jo¢ (4m). This completes the proof of the theorem.

k+1/2,m

References

[1] Eichler,M., Zagier, D, The Theory of Jacobi forms., Boston: Birkhauser 1985

[2] Manickam, M., Ramakrishnan, B., An Eichler-Zagier map for Jacobi forms
of half integral weight, Pacific J. of Math. 227, No. 1(2006) 143-150.

[3] Miyake, T., Modular forms, Springer-Verlag, Berlin-Heidelberg, 1989.



214 South FEast Asian J. of Mathematics and Mathematical Sciences



