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1. Introduction

Let f (2) and g (2) be two transcendental entire functions defined in C. We know
2] that lim, TT(Q’T{ ]o;;’) = 0o and lim,_,, T&’f’;ﬁ’) = 00o. Lahiri and Datta [7] inves-
tigated comparative growth properties of logT (r, f o g) and T (r, g) together with
that of loglogT (r, f o g) and T (r, f(l)) . After this, Banerjee and Dutta [1] consid-
ering two functions f(z) and g (z) and following Lahiri and Banerjee [4] formed
relative iterations and studied the growth properties of iterated entire functions.

In this paper we consider k entire functions f; (z), f2(2), f3(2),..., fr (2) and
form the iteration [defined below]| to generalise the results of Banerjee and Dutta

[1].




Similarly

And

Fy (2)
Fy (2)
Fy (2)
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ff(fe(@) = (Fy(2) = . = fi (for frmr (FT (2)))

fi(fo(f3...(f1 (2) or fo(2) or..or fi(2) according as
n=km—(k—1) or km— (k—2) or ..or km)...)) = f1 (F_, (2))

=..=fi(fo (- (for (Fr]f—(k—l) (2))))) -

Solfs (oS (fL(2) = fo (F2y (2) = oo = o (fs (S (FY (2))))

fo(f3(fa--.(f2 (2) or f3(2) or ...or fr(z) or fi(z) according as
n="km—(k—1)or km — (k—2) or ..or (km —1) or km)...))

=fo(Fr_1(2) = . = Lo (f3 (- (fi (Frif(kfl) (2))))) -
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Ff(z) = fo(h Cofoma (fom (2)) = oo = fr (i (o2 (FT(2))))

FF(z) = fulfilfor(fr (2) or fi(2) or ..or fr_i(2) according as
n=km—(k—1)or km— (k—2) or ..or km)...)) = fx (Fp_, (2))

= = [y (fl ( <fk—2 (Fr]f:(lkfl) (Z>>>>> '

Here all F!, F?, ..., F¥ are entire functions.
For two non-constant entire functions f(z) and g(z), the inequality
log M (r, f(g)) < log M(M(r,g), f) (1)

obviously holds. Also we need the following definitions.

Definition 1.1. The order ps and lower order Ay of a meromorphic function is

defined as
: log T'(r, f)
pf = lim sup ——=
r—oo  lOgT
and lou T
Ay = lim inf 8L S)

r—00 lOg T

If f is entire then
log log M(r, f)

=1
e N T
and low loa 1
Ap = lim inf og log M(r, f)
r—00 logr

Definition 1.2. The hyper order py and hyper lower order Xf of a meromorphic

function is defined as
loglog T'(r, f)

i
pr="m>r log r

and los loa T
3 — lim inf 2810870 S)

r—00 lOg T

If f is entire then
e logf MG f)
py = lim sup ————>

r—00 log r
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and

)\f = lim inf M
r—00 logr

Definition 1.3. A function Af(r) is called a lower prozimate order of a meromor-
phic function f if

(i) Af(r) is nonnegative and continuous for r > ry, say;

(11) N¢(r) is diﬁer@ntmble for r > 1y except possibly at isolated points at which
)\f(r —0) and X\ s(r+0) exist;

(111) lim, )\f(r) = Ay < o0;

(1v) lim, o rXf( )logr =0; and

(v) liminf, A;(’:)) =1.
Notation 1.4. Following Sato [10] we write logVz =z, explz = 2 and logl™a =
log(log™z), expl™z = exp(expl™ ) for m € N,

Throughout we assume fi, fo,..., fr etc. are non constant entire functions
having respective orders py,, p,, ..., ps, and respective lower orders Ay, Ay, , ..., Ag,.

2.Lemmas
The following lemmas will be needed.

Lemma 2.1. [3] Let f(z) be an entire function. For 0 <r < R < 0o, we have

R—i—r

T(r, f) <log" M(r, f) <

CT(R, f).

Lemma 2.2. 9] Let fi(z) and fa(z) be two entire functions. Then we have

70 £ = 1ot (0 (5.22) + 0. 1)

Lemma 2.3. [5] Let f be an entire function. Then for k > 2,

1 [kfl
lim inf o8 — (T 1) =

Lemma 2.4. [7] Let f be a meromorphic function. Then for §(> 0) the function
A M) s an inereasing function of T

Lemma 2.5. [8] Let f be an entire function of finite lower order. If there exist
entire functions a; (i = 1,2,3........... n; n < oo) satisfying T(r,a;) = o{T(r, f)}

and
n o T(r,f) 1
=1 m —— = —.
Zé(az,f) then lm logM(r, f)
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Lemma 2.6. Let fi(2), fa(2),..., fx(2) be k entire functions such that 0 < Ay, <
pg, <o00;i=1,2,....k. Then for any e (0 <& <min{As, \s,, ..., As. }) and for all
large r we have

(Pfi_y +€)log M (r, fi) +O(1)when n = km, m € N
logh"11 T, Fl) < (pf._, +€)log M (7, fr—1) —i—O‘(l) whenn=km—1, meN
(pp, +e)logM (r, f1) + O (1) whenn=km—(k—1), meN
and

Aoy —e)log M (5=, fi) + O(1)when n = km, m € N
log" 1 T(r, F) > (Apeoy —€)1og M (5=, fr1) Jr.O(l)when n=km—1 meN
(A, —e)log M (3=, f1) + O (1) when n = km — (k — 1), m € N.

Proof. For (> 0) from Lemma 2.1 and (1) for all large values of r

T(r,Fy) < logM(r,Fy)
< log M(M(r, F; ), f1)
< M, Byt
e., log T(r,E)) < (pp +¢)logM(r,F?_ )
< (pp +e)log M(M(r, F,}_y), f2)
< (pp +o)M(r, F )]pf2+€
Therefore, log® T(r, F}) < (py, +¢)log M(M(r, E}_,), f3) + O(1)
< (o +OM(r, Fy_ )l nte + 0(1).
So, log[S]T(r,Fg) < (pg,+e)logM (M (r,E>_,) . f1) + O (1)
< (o o) [M(r F)] +0(1).
Therefore, log" U T(r, FY) < (ps._, +¢)log M(r, fr) + O(1)when n = km, m € N.

Similarly,
log" ™ T(r,F}) < (pp_, +€)log M(r, fr1) + O(1) whenn=km—1, m €N

and log" YT (r,Fy) < (pg, +e)logM(r, f1) +O(1)
when n=km — (k—1), m € N.
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Again for € (0 < ¢ <min{As,, s, ..., As, }), we have from Lemma 2.1 and Lemma
2.2 for all large values of r

T(r,F,) = T(r fi(F,_)

1 1 r
s = 4 ()
> 3logM(8M<4,Fn1)+0(1),f1)
,r, )‘f1
>
e. , logT(r,F}) > ()\fl—s)logM< 1)+0(1)
> _ T
> (A =T (3. F2) +0(1)
1 1 ,
> (A =)z logM (M (5. B, ) +0(1), f2 ) +0(1)
11 /7 A2 e
> _ _ _ — 3
> -9y 50 (5 Es)| o
So , logP'T(r FY > ()\fQ—e)logM<42,F§’ 2>+O(1)
e, logl T(n FY) = (o —e)log M (5. Fiy) +O(1).
Then log" 27T (r, F)) > (A, )10gM(4n 5o S0 fi). 2)
So, log" U T(r, FYy > (A, )10gM(4n 17fk) O(1)when n = km,m € N.

log" T(r,F}) > (A, —¢)log M (@L_pfkﬂ +0(1)

whenn=km—1,méeN

and log[”_l]T(r,Fl) > ()\fk—a)logM<4n 1,f>+0(1)
when n =km — (k—1),m € N.

This completes the proof.

3. Main Results
In this section we present the main results of the paper.
Theorem 3.1. Let fi, fo..., f be k entire functions having positive lower orders.
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Then
log["_l] T(r, F})
lim inf nlo <03 M
lm rli}loo T(T, fk) o Pl "
log™ 1 T(r, F1) A
lim su nl> bl
r—)cI>)o T(Ta fk) o (4n_1))\fk

when n = km, m € N.
Proof. Assuming 0 < Ay, < py, < 0o, we have from Lemma 2.6 for arbitrary ¢ > 0

log[”’l} T(r,F!) < (pg_, +€)log M(r, fi,) + O(1) (3)

when n = km, m € N.
Let 0 < e <min{l, Af,, Ap,, ..., Ap }. Again since

T
lim inf M =1,
r—00 ,,)\fk(r)

so there is a sequence of values of r tending to infinity for which
T(r, f) < (1+e)r*u), (4)
Also for all large value of r
T(r, fi) > (1 —e)r (), (5)

So we have for a sequence of values of r tending to infinity and for any 6(> 0)

log M (r, f) < 3T (2r, fr) < 3(1+¢) (2r) M +0 1
T(r, fr) - Tl fy) — 1—c¢ (27,))\fk+6—/\fk(2r) A7 ()
3(]‘ + 6) 2)\fk+6
- 1—¢

as rMe 972 i an increasing function of r.

Since €, 6 > 0 be arbitrary, so we have

lim inf —logM(r, Ii)

A k
r—00 T(’I", fk) < 3.2, (6)

Therefore from (3) and (6) we get

[n—1] 1
lim inf log r@ k)

<3 AT,
r—00 T(?‘, fk) = 9Pfi
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when n = km, m € N.
Again from Lemma 2.6 for n = km, m € N we have

. r
log* T B > (Ap, — ) log M (. fi) +0(1)

> (Aj, —&)T (%, fk) +0(1)

(gi=r) ™"
> (Ap, —e)(1—¢)(1+0(1)) ooy by ()
(2r) 5-Ap, (=T)

Again since 7M7) is an increasing function of r, we have
/r->‘fk (T)

log" T, ) 2 (s = €)1 = €)1+ OW) v

for all large values of r.
Therefore by (4) for a sequence of values of r tending to infinity
1-— T(T, fk)

€
(O

log[nil] T(T, Fé) > ()\fkfl - 5)

Since € and § are arbitrary, so

)\fk—l

. log" T (r, F})
lim sup .
<4n—1)>‘fk

r—00 T(T, fk)

This completes the proof.

v

Corollary 3.2. Let fi, fo, ..., fr be k entire functions having finite lower orders.

Then
log" YT (r, F1) N
lim inf L < 3pg 200
o rgloo T(T, fl) B Pi ,
1 [n—1] T Fl
r—00 T(Ta fl) (471—1) N1

when n =km — (k—1), m € N.
Theorem 3.3. Let fi, fo,..., fr be k entire functions having positive lower or-
ders. Also there exist entire functions a; (i = 1,2,3........... n; n < o0) satisfying

T(r,a;) = o{T(r, fr)} asr — o0 and

25(% fe) =1
=1
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Then
log" U T(r, F1

n

7T>\fk71 < 1
————— <lim su
(4n—1))\fk - r_fo T(r, fr)
when n = km, m € N.
Proof. For 0 < e <min{1, A, As,, ..., A\s, } we have from Lemma 2.6. for all large
values of r

< TP frr

log" ™! T(r, F})
T(Tu fk) N

= ()‘fkﬂ - 6)

log M (5=, fx)
T(r, fr)
log M (gr. fi) T (5= fi)
Tt d) TR

From (4) and (5) for a sequence of values of r — oo and for 6 > 0 we get

(Ao, —€) + O(1), where n=km

o). (1)

r r \* J
T (=, fr) L l-e (=) " 1
T(r, fr) lL+e (12 1)Afk+5—Afk(4nT—1) ()
an=
1—¢ 1
- 1 + ¢ (4n—1))\fk+5
as rMe 972 (M i an increasing function of r.

Again €, 0 > 0 be arbitrary, so using Lemma 2.5, we have from (7)

log™ U T(r, F1 TS
1- Y n > k—1 .
WA T 0 f) © @y

If py,, = oo, the second inequality is obvious. Let py , < oo. Therefore the
second inequality follows from Lemma 2.5 and Lemma 2.6.
This completes the proof.

Corollary 3.4. Let fi1, fa, ..., fx be k entire functions such that Ag,, Agy, ..., Mg, (>
0) are finite. Also there exist entire functions a; (i = 1,2,3........... n; n < 00)
satisfying T'(r,a;) = o{T(r, f1)} as r — oo and

Z (5((%, fl) =1.

Then
logn—U T(r,F}

n

& < lim su
@ty = AR T )

< TP
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whenn =km — (k—1), m € N.

Theorem 3.5. Let fi, fo,...,fr be k entire functions such that 0 < Xy, < py, <
00,1t =1,2,....k. Then forl=0,1,2,3, ...

)\ lo [n+1] T Fl 1 [n+1] T Fl =
2l < lim inf °8 (r. Fy) < lim sup ©8 (T’(l)”> < Pik
P r—=oo log T(r, fk ) r—oo log T'(r, f,/) Af

when n = km, m € N, where f denote the I-th derivative of f.
Proof. When n = km, m € N, then for given £(0 < ¢ < min{As, As,, ..., Ap }) we
get from Lemma 2.6 for all large values of r

logh" ™! T(r ) = (A, —)log M (5. i) +O()
(s =T (o ) +O(1),
So, log"™*! T(r, F}) > 1ogPlT( g fk>+0(1).

v

So for all large values of r

log["H} T(r,F} S logm T (M%l, fk) log =

> ; : +o(1). (8)
log T(r, f,gl)) log = log T'(r, fkl))
Again since
o logT(r, fi)
lim TSEEO Tr’k = Pfe>
so for all large values of r and arbitrary € > 0 we get
log T'(r, f,gl)) < (ps, +¢)logr. (9)

Since £ > 0 is arbitrary, so from (8) and (9) we get

log" U T(r, F1) - log? T (35, fx) (logr—log4"_1>

log T'(r, f,il)) N log 7= (ps, +¢)log r
1 [n+1] T Fl X
So, lim inf o8 (T’(l)”) > Zk (10)
r=eo log T(r, fp)) P

Again from Lemma 2.6 for all large values of r

log" ™! T(r,Fy) < (ps, +¢)log M(r, fi) + O(1)

log"t 1 (r, F1 logl M
fe. —8 (r’(l)"> < log” M(r, (];f) +o(1). (11)
log T(r, f.”) log T'(r, f.”)
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Since o
lim inf —IOgT(T’ fi )

=00 log r

= /\fw

so for all large values of r and arbitrary (0 < € < Ay, ) we have

log T(r, f) > (A, — ) log - (12)

Since € > 0 is arbitrary, so from (11) and (12) we have

1 [n+1] T(r. F! —

< R (13)
r—oo log T'(r, f,gl)) Afi

From (10) and (13) we get the result. This completes the proof.

Corollary 3.6. Let fi, fo,....fx be k entire functions such that 0 < Ay, < py, <
00,1 =1,2,....k. Then forl=0,1,2,3, ...

A log"™ T(r, F}! log" ™ T(r,F}) P
2N < lim inf o8 (T’(Z)") < lim sup °8 (r’(l)") < Ph
Ph r=ee Jog T(r, f17) r—oo log T(r, i) Af

when n = km — (k — 1), m € N where f denote the I-th derivative of f.

Theorem 3.7. Let fi, fo,..., fx be k entire functions such that 0 < Ay, < py, <
00,1 =1,2,....k. Then

[n] 1 i !
Afe < lim inf log™ T(r, F)) log™ T'(r, F,,) < P
Pty r—00 log T( fk) r—00 10g T( 7fk’) )‘fk

when n = km, m € N.
Proof. When n = km, m € N. Then for given (0 < ¢ < min{As,A\p,-..; Ap })
from Lemma 2.6 and Lemma 2.3 for all large values of r we have

og" ™M T(r,EY < (ps,_, +¢)log M(r, fr) +O(1)
ie. T(r,F)) < log® M(r, fr) + O(1) (14)
) log i T(r,F log!” M(r, fi)
Y g T g S g T0nfi)
ie. lim inf —log["] I(r, F,) 1. (15)

r~oo log T'(r, fr)
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Again since

_ r
log!" ™ T(r, F)) > (\j,_, —€)log M (F,fk) +0(1)

S0,

o Ty T () (o lent Y

log T'(r, fu) — log (pg, +¢)log r
log™ T'(r, F? A
e, Tim inf 28 ThFL) o An (16)
=00 log T(T7 fk) Py

From (14), we get for all large values of r

log T(r,F log!? M(r, fr) logr

< 1
log T(r. fr) — ogr tog7(r 7y W
log!" T(r, F
- lim sup 8L F) - pne (17)
roo 10gT'(r, fr) Af,

Also from Lemma 2.6,

log" I T(r, FY) = (O, —2)log M (55, ) +0(1)
. . r
e, log" T(rF) > log® M (1 fy) +O(1). (18)

We have from (5) for all large values of r and for § > 0 and (0 < e < 1)

r (4 - 1)/\fk+5
log M <—, ) 1-— -
og An—1 Ir > ( 5) (4nT,1)Afk+67)\fk(74nTil)

1 — & by r
2 (4n71)Afk+5T 70

since r M2 (") ig an increasing function of r.

Therefore by (4) we get for a sequence of value of r — oo
1—¢ 1
1 +¢(47-1)
, r

ie. log? M (25 f) = logT(r, i) +O(1). (19)

,
log M (5. i) = T )
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Now from (18) and (19)

’ log["} T(r,F
im sup ————"~
o log T(r, fi)

So from (15), (16), (17) and (20) we get the result when n = km, m € N.
This completes the proof.

Corollary 3.8. Let fi, fo, ..., fr be k entire functions such that 0 < Ay, < py, <
00,1 =1,2,.... k. Then

> 1. (20)

A log!™ T(r, F}! log™ T(r, F}
2 < Him inf o8 (r )SlghmsupOg—M<&

o S T o Tog T f) ™ A

whenn=km— (k—1), m e N.
Theorem 3.9. Let fi, fo,..., fx be k entire functions such that 0 < Ay, < py, <
00,1 =1,2,....,k. Then for1=0,1,2,3,......

log!" T(r, F} log" T(r, F}
pr. o log T'(r, fk ) roo log T(r, f1)) — A

IN

when n = km, m € N.
Proof. Let n = km. Then for given (0 < ¢ < min{As, A, ..., A, }) we have from
Lemma 2.6 for all large values of r

log" ™! T(r,F}) < (pg_, +2)log M(r, fi) + O(1)
ie. log" T(r,FY) < log® M(r, fi) +O(1).

We know that "
r—00 log r

Now
_ log!" T(r, Fl)

lim sup ————2~ —(1)

r—oo log T'(r, fk ) r—oo log T(r, f.”)

log® M(r, i)  logr
P00 log r log T(r, f,ﬁl))
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Again from Lemma 2.6, we have for all large values of r
_ r
log™ ! T(r FY) > (g, — <) log M (g, fi) + O()

(s —9) () 00)

ie., log" T(r,E}) > (A —e)log r+O(1).

v

Also
log T(r, f,gl)) < (ps, +¢)log r.

Therefore,

log T'(r, ,il)) (P, +€)log r

Since € > 0 is arbitrary we get

log[”] T(r,FY - (A, —€)log 7+ O(1)

log™ T(r, FY) X
log™ T{r, Fu) ([;> > e (22)
r=% log T'(r, f’) Pfe

Therefore from (21) and (22) we have the result for n = km, m € N.
This proves the Theorem.

Corollary 3.10. Let fi, fa, ..., fx be k entire functions such that 0 < Ay, < py, <
00,1 =1,2,....k. Then for 1 =0,1,2,3, .....

Ph = Jog T(r, f{") =0 log T(r, f{7) ~ An
when n =km — (k—1), m € N.

Theorem 3.11. Let fi, fo, ..., fr be k entire functions such that 0 < Ay, < pg < 00
and pf,, Pfys - P, < 00. Then for1=0,1,2,3,......

1 [n—l]T Fl
lim —& (r, Fr)

N 0 for all natural number n(> k).
e T(exp(r), fi)

Proof. Suppose n = km, m € N. Then by Lemma 2.6 for all sufficiently large
values of r and (0 < e < Ap)

logn—1 T(rEY) < (ps_, +e)log M(r, fi) + O(1), log M(r, fi) < rPi*e
and T(exp(r),fl(l)) > o
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So
[n 1] 1 Pf. e
T(T F ) < (pfkfl + 8)7” k + 0(1>
= =9
T(exp(r), f") er
ogl~UT F1
lim (. F) =
r=e Texp(r), f)

When n = km — 1, m € N. Then since

log"™ T(r, Fy) < (pj_y +)log M(r, fur) +O(1)
and  log M(r, fr_1) < 1P
SO
lim log"~ 1 T(r, F1) _
" Tlexp(r), fi)
Similarly for n = km — (k — 1), m € N,

Remark 3.12. The condition py,, pty, ..., ps, < 00 is the necessary for Theorem
3.11, which is shown by the following example.
Example 3.13. Let fi = expz, fo» = expPz, f3(2) = expPlz, .., fi(2) =
explfl (). Then \f, = ps, =1 and pp, = pg, = ... = pj, = 0.

Now when n = km, m € N

(k+1)

F!' = expl="" 2.
Therefore,
3T(2r,F}) > logM(r,F,) = exp[(kgl) “Uyp
1 1
ie. T(r,F}) > —exp[%"_” r
3 2
So, log"UT(r FY) > exp[(kgl)”] g +o(1).
Also

T(exp(r). () = <

Therefore when n = km, m € N

log™ 1 T(r, Fl) > exp[@”} 5 +o(1)
T(exp(r), /1) e/m

— 00 as r — OoQ.
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Similarly when n = km — 1,km —2,....km — (k—1), m € N.

Corollary 3.14. Let f1, fo, ..., fr be k entire functions such that 0 < Ay, < py, < 00
and pf,, Pfys - P, < 00. Then forl =0,1,2,3,...... and forn =km—(k—1),m €
N

1 [n—1] T(r. F}

=% T(exp(r), fi)

Theorem 3.15. Let fi, fo,..., fr be k entire functions such that ps, < Ay _, <
P, <oo. Then fork=0,1,2,3,....

=0 for all natural number n(> k).

1 [n—1] T Fl

0 =0 whenn=km, m ¢ N.
e T(Tv kfl)

Proof. We have from Lemma 2.6 for (> 0) with py, +¢ < Aj,_, — € and for large
values of r

log["_l] T(r,F)) < (pfo_y +€)log M(r, fr) + O(1),log M(r, fi) < rPhte
and T'(r, f,gl_)l) > pMee1E

So
[n—1] 1 pf, e
log T(T7Fn) < (pfk—1+8)r k +0(1)
(l) - )\f —&
T(Tv kfl) [
1 [nfl]T Fl
ie. lim =8 (nFa)

1
e T(Ta lg—)l)

This completes the proof.
Corollary 3.16. Let fi, fo, ..., fr be k entire functions such that py, < Ay, < pg, <
oo . Then for k =0,1,2,3,...... ,
1 [n—1] T Pl

r—00 T(T, . )

=0 whenn=km—(k—1),m eN.

In [7] Lahiri and Datta proved the following theorem.
Theorem A. Let f and g be two transcendental entire functions such that

(1) 0 <Ay < py <00, (i) A\f>0, and (u) 6(0; f) <1
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Then for any real number A

I log T'(r, fog)
im sup =00

forl=0,1,2,3, ... .
Theorem 3.17. Let fi, fo, ..., fr be k transcendental entire functions such that

(Z) 0< )\fk < P < 00, (”) /\fk—1 >0, and (Z”) 5(0;fk—1) <1
Then for any real number A

log" ! T'(r, Fl)
lim sup
r—oo log T(r4, fk )

forl=0,1,2,3,...... and n = km,m € N.
Proof. When n = km, m € N then from (2)

log[”_% T(r, Fg)

Vv

(Noa = ) log M (i3, fe-afi) + O(1)
(s = T (G fiafi) +0(1)
ie, log[n—l} T(T‘, Fi) > logT (p,fk_lfk> +O(1) .

Y

So
lim sup log" U T(r, F1 > Jim su log T (35, fi—1fx)
r—00 log T(TA ’gl)) o =00 ]Qg T(TA’ ’gl))
r <l)>
> lim sup 1OgT(‘“‘__2’fk‘1fk) g T <(4" 2) - Ji (23)
B 1
Again )
O]
lim sup 0 > Mk (24)
r—00 log T(r4, f,) P

Therefore from Theorem A we have the result by using (23) and (24). This com-
pletes the proof.

Corollary 3.18. Let f1, fa, ..., fr be k transcendental entire functions such that

(1) 0 < Ap, < pp, <00, (i) A, >0, and (iir) 5(0; fr) <1
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Then for any real number A

. log" T (r, F})
lim sup D, =
r—oo log T(r4, f”)

for1=0,1,2,3,...... andn=km—(k—1),m € N.

1]

2]

[10]

[11]
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